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ON PHRAGMEN-LINDELOF’S PRINCIPLE* 


BY 
LARS V. AHLFORS 


In the first part of this paper we give a proof of Phragmén-Lindeléf’s now 
classical principle,t which is simpler and yields more detailed information 
than any of the proofs hitherto known. Our procedure consists in proving a 
theorem in finite terms, similar to Hadamard’s three circles theorem, from 
which the asymptotic statement is shown to follow by a very simple and 
transparent reasoning. A certain symmetry in the result is obtained by allow- 
ing the functions considered to have two possible singularities, one at 0 and 
one at ©. The ultimate theorem is the sharpest possible and contains all pre- 
vious results, including those of the brothers Nevanlinna.{ 

In Part II we generalize Phragmén-Lindeléf’s principle to harmonic func- 
tions of m variables. The methods of Part I are seen to carry over without 
any difficulties. The result is particularly interesting in so far as the sym- 
metry of the two-dimensional case is not maintained, the extremal functions 
corresponding to the two singularities being now essentially different. 


Part I 


1. Let f(s) =f(«+iy) be analytic in the strip 7: —7r/2Sy<7/2, and sup- 
pose further that | f(~+i/2| <1 for every x. Under these fundamental as- 
sumptions two alternatives are possible: 

(a) The inequality | f(s)| <1 holds for all s in T. (The situation is then 
governed by theorems such as the lemmas of Schwarz and Julia, etc., and 
shall not concern us further.) 

(b) The set of points s in T with | f(s)| >1 is not void. 

In the sequel we shall always suppose that the second alternative takes 
place. 

Some of our results are stated for a finite interval (x1, x2). In that case it 
will be noted that the arguments and results are not based on any assump- 


* Presented to the Society, April 10, 1936; received by the editors March 24, 1936. 

{ E. Phragmén and E. Lindeléf, Sur une extension d’un principe classique de l’analyse et sur 
quelque propriétés des fonctions monogénes dans le voisinage d’un point singulier, Acta Mathematica, 
vol. 31 (1908), pp. 381-406. 

t F. and R. Nevanlinna, Uber die Eigenschaften analytischer Funktionen in der Umgebung einer 
singularen Stelle oder Linie, Acta Societatis Scientiarum Fennicae, vol. 50 (1922), No. 5. 

R. Nevanlinna, Uber die Eigenschaften meromorpher Funktionen in einem Winkelraum, Acta 
Societatis Scientiarum Fennicae, vol. 50 (1922), No. 12. 
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tions regarding the function outside of the interval with which we are con- 
cerned. For the sake of convenience we shall not further repeat this remark. 

Consider now the set of points for which |f(s)| >1. Obviously this set is 
composed by certain open regions Q, none of which is finite. We choose ar- 
bitrarily a region 2 and propose to study the behavior of f(s) within this re- 
gion. As a preliminary result we notice that | f(s)| =1 on the boundary of Q, 
and that this boundary is made up of analytic arcs, some of which may be 
segments of the lines y= +2/2. We also remark that the boundary may form 
an angle, namely, at points where f’(s) =0. 

Denote by A, the set in which the line x =? intersects the region 2. We 
introduce the notation 


(1) m(x) = J log | f(x + iy) | cos ydy 


and complete the definition by setting m(x)=0 if A, is void. The function 
m(x) is evidently non-negative and continuous.* 

Differentiating (1) at a point x, where the boundary of © has no vertical 
tangent and forms no angle, we first obtain 


0 
m’(x) -{ — log| f(x + iy) | cos y dy, 
A, OX 


z 


since log | f| =0 at the endpoints of the segments forming A,. One more dif- 
ferentiation gives 


a? dy [? 
(2) m"'(x) = f log| f| cos y dy + — log | f| cosy—], 
A, Ox? Ox dx |; 


where the sign |; means that we have to form the sum of the values of the 
expression under the sign for all upper endpoints of the intervals A, and sub- 
tract the corresponding sum for the lower endpoints. 

Observing that A log |f| =0 the integral may be transformed and inte- 
grated by parts as follows: 


| 008 9 ay 
A 


Ox? 


-f — log| f| cos y dy 
A 


a a 
-{ — log| f| sin y dy — — log| f| cos y 
a, Oy dy 


1 


0 2 
f log | f| cos y dy — — log| f| cos y 
A; oy 


1 


* The idea of introducing a quantity like m(x) is due to the brothers Nevanlinna (loc. cit.) who 
consider j > log |f| cos y dy. This integral evidently represents the sum of the m(x) for all regions 2 
and is consequently not less than every single m(x). 
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Substituting in (2) we finally obtain the formula 


9 


0 dy 
m!"(x) = + (~tog| tog] ) os y 
Ox dx dy 1 


Here the terms of the finite sum are all seen to be non-negative, and we obtain 
(3) m’'(x) = m(x). 

We still have to consider the obviously isolated irregular values where one 
of the exceptional circumstances occurs. First of all it may happen that a 
line « =¢ contains a whole segment lying on the boundary of 2. It is then easy 
to prove that the one-sided derivatives m’(t—0) and m’(t+0) exist, and that 
m'(t—0) <m’(t+0). At a point with vertical tangent and at a corner m’(x) 
is seen to be continuous, while m’’(x) may fail to exist. 

These remarks complete the proof of 

THEOREM 1. The function m(x) satisfies the differential inequality 
(3) m’'(x) = m(x) 


except at certain isolated points. At these exceptional points m'(x) is continuous 
or presents a positive jump. 

The sign of equality holds if and only if A, coincides with the segment 
(—2/2, or is vacuous. 

2. The solutions of the differential equation $’’(x) =¢(x) are (x) =ae? 
+ e-*. We are going to show that the curve C: Y =m(x) is convex with re- 
spect to this family of functions. 

Suppose that the curves Y=m(x) and Y =¢(x) intersect in two points 
with the coordinates x; and x2(>4,), and let these be the nearest points of 
intersection so that there are no common points between x; and x2. The dif- 
ference w(x) =m(x) —¢(x) has a constant sign in (x1, x2) and satisfies the dif- 
ferential inequality w’’(x) =>w(x). This leads to a contradiction if w(x) is con- 
stantly positive. In fact, if :i<4< --- <¢, are the irregular points between 
x, and x2, we have 


+ 0) + [w(t + 0) — — + 
+ [w’(t, + 0) — w(t. — 0)] — w’(x2 — 0) = 0, 
since all the terms are non-negative. Using the mean-value theorem we can 
rewrite the expression in the form 
+ 0) — w(t; — + + 0) — — 0)] 
= — + (te — (Ex), 
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and now conclude that it is negative. It follows that C lies under the curve 
Y =¢(x). 

More precisely, if x; and x2 are any two roots of the equation m(x) =¢(x) 
we may conclude that either the strict inequality m(x)<@(x) holds 
for all #;<x<x2 or m(x)=¢(x) in the whole interval. For if x’ is a com- 
mon point between x; and x2, the development of w(x) at x’ must be 

‘of the form c>0, k21, whence w’”’ (x) 
= —2k(2k—1)c(x—x’)**-2+ ---, and this is clearly incompatible with the 
inequality w’’(x) >w(x). 

The particular solution ¢(x) which intersects Y = m/(x) at x; and 2 is cal- 
culated from the equation 


o(x) 
m(x:) =0. 
m(x2) e72 
Expressing the inequality m(x) < (x) we get 
THEOREM 2. For 
m(x) e* e* 
(4) m(x;) e "1/20 


m(xX2) e72 
or 


m(x,) sinh (x2 — «) + m(%e2) sinh (x — 


sinh (X2 X1) 

If the sign of equality holds for one x between x, and x2, then it holds for all. Sup- 
posing m(x1) and m(x2)>0 the equality holds if and only if |\f(s)| >1 at all 
points between x, and x2. 

The last assertion is an immediate consequence of the remark concerning 
the sign of equality in the condition (3). 

The simplest functions for which the limits are actually attained are those 
of the form 


f(s) = exp (ae* + Be~*), 


where a and £ are constants. If, for example, a>0 and 8<0 it should be 
noticed that m(x)=0 for x <} log (—8/a), and that m’(x) has a jump at the 
endpoint of this interval. 

3. In order to study the possible shapes of the curve C: Y = m(x) we fix 
an arbitrary point x» with m(x,) >0. For convenience we suppose that x») =0 
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and write m)o>=m(0), mj =m’(0). The curves Y =¢(x) passing through the 
point (0, mo) are given by $(x) =ae?+(mo—a)e~*, the slope at x=0 being 
2a— my. Through every point with x0 passes one and only one curve of the 
field with a=a(x). For 0<a<mp» the curves tend towards infinity in both 
directions. The two curves a=0 and a=mpy are exponential curves, and the 
curves a<0 or >mp intersect the x-axis at x =} log [(a—mo)/a]. 

The slope m¢ at x =0 corresponds to a=}(mo+mzy ). From Theorem 2 we 
infer that C does not cut any of the curves a>}(my+mz¢ ) in the half-plane 
x>0, nor any of the curves a <}(mo+mz¢ ) in the half-plane « <0. Moreover, 
the values of a(x) are steadily non-decreasing as x increases. Hence a(x) must 
tend to definite limits as « tends to plus or minus infinity. 

From these remarks we can easily deduce all the statements in 


THEOREM 3. For every C one of the following mutually exclusive statements 
is true: 

(a) m=lim,...m(x)e~* and n2=lim,._..m(x)e* exist and are positive; 

(b) lim,._..m(x) =0 and >0; 

(c) lim,..m(x) =0 and >0. 

If |mé| <mo, C is of type (a); if mi =mo, C is of type (a) or (b); and if 
mg < —mp, C is of type (a) or (c). 


The proof follows immediately from the fact that a is increasing. The 
normal situation in the cases (b) and (c) is of course that m(x) vanishes iden- 
tically from a certain point on. 

If C is known to be of the type (b), then by Theorem 3 the inequality 
m'(x) =m(x) must hold for all x, for x=0 was only a representative for an 
arbitrary point. This differential inequality is equivalent with the fact that 
m(x)e~* is a non-decreasing function. Hence we obtain the more precise 


THeoreM 4. /f the curve C is of type (b) the function m(x)e-* is non-decreas- 
ing, and for a curve of type (c) m(x)e? is non-increasing. 


All these results refer to the m(x) of a single region 2. The same proof can, 
however, be given also if m(x) is formed with respect to any number of re- 
gions Q, including the case considered by the brothers Nevanlinna, where 
m(x) refers to all regions ©. 

4. We shall finally interpret our main result for the more familiar case of 
a function analytic in a half-plane. 


THEOREM 5. Let the function f(z) be analytic in the closed right half-plane 
and suppose that | f(z)| <1 on the imaginary axis. If we write 


a/2 
m(r) = log | f(re**) | cos do 


—s/2 ' 
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the function m(r)/r is non-decreasing and consequently tends to a positive limit 
as ro, unless m(r)=0. 


The proof is obtained by taking log z as independent variable. There is 
only one alternative, since the curve C must obviously be of the type (b). 

Remark. It is interesting to show that m(r) =nr implies f(z) =Ae?”, where 
A is a constant of absolute value 1. In §4 we already proved that Y = m(zx) 
coincides with a curve Y =¢(x) if and only if |f| >1 for all interior points. 
Hence we must have | f(x)| >1 in the whole half-plane and the function can 
be continued to the left half-plane with | f(z)| <1. The entire function f(z) 
has no zeros and is easily seen to be of the first order at most. Consequently 
it is of the form Ae“, where |A| =1 and c must be real and positive. The 
computation of m(r) yields c=27. 

In the classical principle of Phragmén-Lindeléf the object of consideration 
is the maximum modulus M(r) =maxj,).,|f(z)|. Comparing with m/(r) we 
have M(r) =>4m(r), whence we obtain 


lim inf > 0 
moe r 
Whether the limit of (log M(r))/r always exists we have not been able to de- 
cide. 

The conditions of Phragmén-Lindeléf’s principle are usually weakened 
by supposing that f(z) is analytic only in the open half-plane and that 
lim sup |f(z)| <1 as z approaches a point on the imaginary axis. The most 
convenient way of extending Theorem 1, and hence all subsequent results, 
to this case would be first to consider a slightly smaller rectangle 1, <x* <%e, 
| y| <a/2—e and to apply the theorem to the function f(s)/u, where yu is the 
upper bound of || on the horizontal sides of the rectangle. A simple passage 
to the limit would then yield the desired result. 


Part II 


5. Phragmén-Lindeléf’s principle is essentially a theorem on harmonic 
functions of two variables. It is natural to ask whether a similar theorem 
holds for harmonic functions of ” variables. We shall show that our method 
can easily be generalized to this case. 

Let the function u(x, - - - , x,) be harmonic in some part of the n-dimen- 
sional space and consider one of the regions Q in which uw is positive. We shall 
suppose that Q lies entirely in the half-space x,20. In addition we require 
that uw shall be regular, and consequently =0, at all boundary points of Q, 
except possibly at the origin ard at infinity. The problem consists in studying 
the behavior of u in the region Q. 
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Consider the intersection A, or 2 with the sphere x? +x? + --- +”? 
In close analogy with the two-dimensional case we define 


m(r) = u cos dw, 
J 4; 
where sin ¢=x,/r and dw is the central projection of the surface element on 
the sphere of radius 1. 
A first differentiation is easy to carry out and yields 


Ou 
m'(r) = — cos ¢ dw 
4, 
since u vanishes on the boundary of 2. The direct computation of the second 
derivative is rather intricate, so we prefer to make use of Green’s formula 
which is well known to hold in dimensions. 
According to Green’s formula we have 


when the integral is extended over a closed surface. Take this surface to be 
the boundary of the part of Q lying in the region r; <r <72 and let the normals 
be outer normals. Then A,, and A,, contribute together 


— r™m’(r). 


ry 


On the boundary of 2 we have u=0,x 20, and 0u/dn <0. The corresponding 
part of the integral is thus seen to be non-positive, and we conclude that 


r™—"(m(r) — rm'(r)) 
is a non-increasing function of r. 


In order to get a simple differential inequality we introduce x = log r as in- 
dependent variable. We then get 


d dm dm d*m 
dx dx dx dx? 


and finally 
d*m dm 


This inequality holds whenever m’’ exists. At irregular points one proves 
readily that m’ is continuous or has a positive jump. 


Ox, Ou 
o-f %— }de, 
on on 
dx? dx 
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The easiest way of handling the differential inequality is to make the sub- 
stitution = me "!?-Dz, The inequality goes over into 


2 2 
= = (=) 
dx? 2 


and we are now in a position to apply the results already proved. In the first 
place we find that the curve C: Y =u (x) is convex with respect to the family 
of curves Y =ae"*/?+e-"*/. Expressing this result in terms of r we get 


THEOREM 7. In n dimensions the relation (4) is replaced by 
m(r)rn/2-1 nl2 


—n/2 


org 

We note that the sign of equality holds for harmonic functions of the 
form ax,+6x,/r". 

Theorem 3 is immediately carried over if we replace m(x) by u(x) and the 
exponentials e** by e+"*/*. The numbers 4: and 7 of the theorem are thus de- 
fined by m=lim,...m(r)/r and n2=lim,.om(r)r"-. 

We conclude the paper by a complete statement of the assertions corre- 
sponding to Theorems 4-5 of the first section. 


THEOREM 8. Let u(x, + - - , Xn) be harmonic and positive in a region Q con- 
tained in the half-space x,=0. Suppose further that u is regular and =0 at all 
boundary points of Q, except possibly at the origin and at infinity. The expres- 
sion 


m(r) = f u cos @ dw 
4 


has the following properties: 
The limits 
m/(r) 


m = lim and ne = lim m(r)r"“ 
r r—0 
exist and one at least is positive. 
If m=0 the function m(r)/r is non-decreasing, and n.=0 implies that 
m(r)r"-! is non-increasing. 


We remark that the maximum modulus M(r) is greater than m(r) multi- 
plied by a certain constant. Hence we conclude that one at least of the rela- 
tions lim,...M(r)/r>0 and lim,.»M(r)r"-! >0 is true. The extremal functions 
are x, and x,/r". In two dimensions one of these is obtained from the other 
by an inversion, but in higher dimensions they are essentially different. 


Harvarp UNIVERSITY, 
CAMBRIDGE, Mass. 


EXTENSIONS OF THE FOUR-VERTEX THEOREM* 


BY 
W. C. GRAUSTEIN 


1. Introduction. The “Vierscheitelsatz” states that an oval has at least 
four vertices, that is, that the curvature of an oval has at least four relative 
extrema.j It is the purpose of this paper to investigate the extent to which 
the theorem can be generalized. 

In order that the theorem make geometric sense, it is essential that the 
curve under consideration be closed and have continuous curvature. Beyond 
these assumptions the only restriction placed on the curve is that it be regu- 
lar. Initially, to be sure, it is assumed that the curve contains no rectilinear 
segments, but this restriction is eventually lifted. 

By the angular measure of a regular curve shall be meant the algebraic 
angle through which the directed tangent turns when the curve is completely 
traced. The angular measure of a closed regular curve is 27, where 1 is zero 
or an integer which can be made positive by a suitable choice of the sense in 
which the curve is traced. Closed regular curves may thus be divided into 
classes K, (n=0,1, 2, - - - ), where the class K,, consists of all the curves of 
angular measure 

A closed regular curve is an oval if (a) it has no points of inflection and 
either (b;) it is simple or (be) it is of class K;. Of the latter conditions we shall 
choose the condition (bz). This condition is, in fact, weaker than the alterna- 
tive condition (b;). In other words, the simple closed regular curves constitute 
a subclass of the curves K,.{ 

It turns out that the four-vertex theorem is true for every simple closed 
regular curve except, of course, a circle. Fundamental in the establishment of 
this fact is the analysis of a certain kind of arc which, on account of the simi- 
larity of its shape to the curved portion of the Greek capital omega, is called 
an arc of type 2. The most significant property, for the purpose in view, of an 
arc of this type is that, when it is traced so that its curvature is non-negative, 

* Presented to the Society, September 3, 1936; received by the editors June 16, 1936. 

+ The theorem seems to have been first published by Mukhopadhyaya, New methods in the 
geometry of a plane arc, Bulletin of the Calcutta Mathematical Society, vol. 1 (1909), pp. 31-37. 
For other proofs, see, for example, Kneser, Bemerkungen tiber die Anzahl der Extreme der Kriimmung 
auf geschlossenen Kurven, Heinrich Weber Festschrift (1912), pp. 170-180; Blaschke, Die Minimal- 
zahl der Scheitel einer geschlossenen konvexen Kurve, Rendiconti di Palermo, vol. 36 (1913), pp. 220- 
222; Bieberbach, Differentialgeometrie, pp. 23-27. 


t See, e.g., H. Hopf, Uber die Drehung der Tangenten und Sehnen ebener Kurven, Compositio 
Mathematica, vol. 2 (1935), pp. 50-62. 
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the curvature has always at least one minimum interior to the arc (Theorem 
2, §4). By means of this property the four-vertex theorem is established for 
ovals which contain rectilinear segments (§6) as well as for ordinary ovals 
($5). To establish the theorem for every simple closed regular curve it is 
found necessary to bring in, also, the theory of directed lines of support 
($§7, 8). 

Examples are given in §11 to show that the four-vertex theorem is not 
true for all the curves of any given class, K,, of closed curves. However, there 
exists in each one of these classes a subclass of curves for which the theorem is 
true. When = 2, this subclass consists of all the curves which contain an arc 
of type 2 and possess points of inflection. If »=0 or n =1, the subclass con- 
sists of all the curves containing an arc of type Q; the prescription of points 
of inflection is unnecessary in either of these cases. It is to be noted that the 
subclass of the class K, thus defined contains, in addition to the simple closed 
curves, many types of curves with double points. 

In a recent paper* the four-vertex theorem for an oval was given a new 
form which is more discriminating and also more in keeping with the theorem 
as a result in the large. The theorem in its new form states that an oval has 
at least four primary vertices. By a primary vertex is meant an extremum of 
the curvature which is greater than or less than the average curvature ac- 
cording as it is a maximum or a minimum. The present paper, whose methods 
are largely qualitative rather than quantitative, deals with the theorem in its 
original form. Extension of the theorem in its new form is left an open ques- 
tion. 

2. Regular plane curves. A plane curve admitting a parametric represen- 
tation in terms of real single-valued functions of a real variable which are of 
class C’’ in a certain interval and whose first derivatives never vanish simul- 
taneously in this interval is known as a regular plane curve of class C’’, and 
the parameter in question is called a regular parameter. For such a curve the 
arc s is a regular parameter and hence the curve has regular parametric equa- 
tions of the form x =x(s), y=y(s). 

If ¢=¢(s) is the single-valued function of s of class C’ which measures 
the directed angle from the positive axis of « to the directed tangent to the 
curve at the point P:s=s, the curvature at P is given by 1/R=dd/ds. 

The curvature at P is positive or negative according as the curve in an 
immediate neighborhood of P lies to the left or to the right of the directed 
tangent at P, is zero if P is a point of inflection, and changes sign when the 
direction in which the arc is measured is reversed. 


* Graustein, A new form of the four-vertex theorem, Monatshefte fiir Mathematik und Physik. 
Wirtinger Festband (1936), pp. 381-384. 
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From the definition of ¢, it follows that dx/ds=cos ¢, dy/ds=sin ¢. 
Hence, we obtain, as regular parametric equations of the curve, 


(1) v= f cos ¢ds, y= f sin dds, 
0 0 


where 
(2) ¢= 


provided merely that the point Po:s=0 is taken as the origin of coordinates 
and the directed tangent at P» as the positive axis of x. 

The angle ¢ is, by definition, the directed arc of the tangent indicatrix, 
&=cos ¢, n=sin ¢, of the given curve. This arc is measured positively in the 
counterclockwise direction on the circle which bears the tangent indicatrix 
and negatively in the opposite direction. 

By the angular measure of the arc P,P; of the given curve, where P; and 
P, are the points s=s, and s=s2 respectively, we shall mean the quantity 
¢2—¢1, where ¢; is the value of ¢ for s=s,;,i=1, 2. This angular measure may 
be thought of geometrically either as the algebraic angle through which the 
tangent to the curve at P turns when P traces the arc P,P from P; to P, or 
as the algebraic arc length of corresponding arc of the tangent indicatrix, 
when correspondingly traced. It may be positive, negative, or zero. The an- 
gular measure of a circle is, for example, +27, depending on the direction in 
which the circle is traced, and the angular measure of a lemniscate is zero. 

3. Arcs of non-negative curvature. Consider a regular curvilinear arc of 
class C’’ which contains no rectilinear segments and whose curvature is of 
one sign or zero. Trace the arc in the sense which makes the curvature non- 
negative, and denote the initial and terminal points of the arc so traced by 
A and B respectively. Measure the directed arc length from A and choose 
coordinate axes so that the complete arc, AB, is represented by equations (1), 
0<s<l, where / is the length of the arc. 

It will be convenient to use, instead of (1), the parametric representation 
of the arc AB in terms of the angle ¢. Since d¢/ds=>0, OSs <1, and the arc 
AB contains no rectilinear segments, ¢ = ¢(s) is a non-decreasing function of 
@ and s=s(@) is a single-valued function of ¢, defined over the interval 
0<¢SX, where J is the angular measure of the arc AB. Thus, the desired 
parametric representation is 


¢ 
(3) f R(¢) cos f R(¢) sin ¢d¢, 
0 0 
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At the points of the interval 0<¢<A) at which 1/R=0, the integrals in 
(3) are improper but convergent. Except at these points, R = R(@) is a con- 
tinuous function of ¢ and ¢ is a regular parameter for the curve. 


Lemna 1. Let AB be an arc of non-negative curvature with no rectilinear seg- 
ments, represented by equations of the form (3), and let =A, Pi, Px, Ps,---, 
be the points on it for which 6=0, 6=1/2, 6=3r/2, - - - , respectively. 
Then the arc PoP, is rising to the right, conce.2 upward; the arc P,P: is rising 
to the left, concave downward; the arc P,P; is falling to the left, concave downward; 
the arc P3P, is falling to the right, concave upward; and so forth.* 


From the relations (3) we have dx/d#=R cos ¢, dy/dp=R sin @, and 
d*y/dx* = sec* ¢/R, and hence the lemma follows. 


Lemma 2. The arc AB of Lemma |, if it does not cut itself and never gets 
below the tangent L at A, has the character of an inwinding spiral. The only 
point on it, other than A, at which the tangent can coincide with L is the point 
P4:¢=2n, and P, is then to the left of A. 


Let the tangents at the points Py)>=A, P,, P2, - - - , defined in Lemma 1 
be To =L, Ti, T2, - - , respectively. By Lemma 1, lies above and T, 
lies below T:. If JT; were also below 7, the arc P,P, would cut 7» and the 
hypothesis that A B never gets below Ty would be contradicted. Thus, 7; lies 
below T, ana ilies above or is coincident with 7». Therefore, T, cuts the arc 
PP; in a unique point C, other than P». 

The point P, lies to the left of C on T, and hence to the left of Po if Ts =To 
and C =P). For, if Ps were to the right of C or coincided with C, P, would be 
outside the open region S,; bounded by the arc PoP», the lines T», T; and any 
line parallel to 7; which is to the left of both 7; and A, whereas the point 
P:¢=7+¢, €>0, is, for € sufficiently small, in S:; but, by Lemma 1, the arc 
P,P, cannot leave S; except over the arc PoP, and the arc AB would then 
have cut itself. 

Consider, next, the open region S; bounded by the arc CP;P, and the line 
segment P,C. The arc P,P, is entirely in S, since, by Lemma 1, it is above the 
line T,=P,C and cannot intersect the arc CPP. In particular, then, 7; is to 
the left of 71, and 7% is below 7>. 

The argument now begins to repeat itself. Since Ps, is in S2, T, cuts the 
arc P,P, in a point D to the left of Ps, and the arc P,P; lies in the open region 
S; bounded by the arc DP,P, and the line segment P,D, and so forth. Thus, 
the lemma is fully established. 


* In using here, the terms “right,” “left,” “upward,” “downward” and similar terms, we assume 
that the coordinate axes to which the arc AB is referred are so visualized that they appear horizontal 
and vertical respectively, with the x-axis directed to the right and the y-axis directed upward. 


i 
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4. Arcs of type 2. We shall say that an arc AB is of type 0 if (a) its curva- 
ture (when it is traced from A to B) is non-negative and it contains no recti- 
linear segments; (b) the tangents at A and B are identical; (c) it lies on one 
side of the common tangent, L, at A and B; and (d) it does not cut itself ex- 
cept that B may coincide with A. 

As in §3, we shall assume that the arc AB is referred to A as origin of 
coordinates and to the directed tangent at A as axis of x, and we shall think 
of it as represented by equations of the form (3). 


Lema 3. The anguiar measure of an arc AB of type Qis 2x and the terminal 
point B lies to the left of the initial point A, if it is not coincident with it. 


These facts follow directly from Lemma 2. 


Lemna 4. The curvature of an arc AB of type Q cannot be monotonic, unless 
it 1s constant. 


The points A and B have respectively the coordinates y4=0 and 


f Rsin ods + f R sin 
0 


It is evident that, if R is not constant, yg would be positive if R were non- 
increasing, and negative if R were non-decreasing. But, by property (b) of an 
arc of type 2, ys=ya=0. Thus, the lemma is proved. 


Derinition. An arc AB of angular measure 27 whose curvature (when the 
arc is traced from A to B) is non-negative is said to overlap itself with re- 
spect to a point K on it if, when K is taken as the origin of new coordinates 
(#, §) and the directed tangent at K is chosen as the #-axis, the point B is 
horizontally to the left of the point A with respect to the new axes: #4 —x, >0. 


Lemma 5. An arc AB of type Q fails to overlap itself with respect to every 
point on it for which r/2<¢<3n/2. It does overlap itself with respect to every 
point on it for which 0S or provided merely that B does 
not coincide with A. 


If B=A, there is evidently no overlap with respect to any point of the 
arc. If BA, the results stated follow directly from the fact that the tangents 
at B and A are identical and B is to the left of A (Lemma 3). 


Lemma 6. If the curvature of an arc AB of type Q has just one extremum 
interior to the arc AB, this extremum must be a minimum. 


By an extremum of the curvature shall be meant a point of the arc AB, 
or of the corresponding interval 0 <¢ <2z7, at which the curvature has a rela- 
tive extremum, or a segment of the arc, or the interval, for which the curva- 


14 W. C. GRAUSTEIN [January 


ture has a constant relatively extreme value with respect to neighboring seg- 
ments on either side of it. In the latter case, the extremum shall be said to be 
interior to the arc AB, or the interval 0 <¢<2z, only if the segment in ques- 
tion contains neither end point of the arc, or the interval. 

We shall establish the desired conclusion by showing that the opposite 
one leads to a contradiction. If the single extremum of 1/R is a maximum, 
1/R can vanish only at A or at B. Hence, R is continuous interior to the arc 
AB, has a single extremum, a minimum, interior to the arc AB, and may be- 
come infinite at A or at B. 

The curve which consists of the graph of the function R = R(¢), 0<¢<2z, 
and the portions of the lines ¢ =0 and ¢ = 27 which lie respectively above the 
points ¢=0 and ¢=2r of this graph when these points exist, is a continuous 
curve and hence possesses a horizontal chord of length z. It follows from the 
conditions on R(@) that, if c is the height of this chord above the y-axis, 
R(@) Sc for the portion of the graph having the same projection on the ¢-axis 
as the chord and R(¢) 2c for the remainder of the graph. Hence, if y is the 
abscissa of the midpoint of the chord, 


I R(#) cos (6 — < 0. 
0 


When we set ¢—y =5, the integra! J becomes 


0 0 


where #4 and #, are respectively new abscissas of the points A and B, re- 
ferred to the point K:¢=v7 on the arc AB as origin and the directed tangent 
at K as axis of Hence, #4 —%,>0. By construction, 7/2 < y Thus, 
the arc AB overlaps itself with respect to a point on it for which 7/2<@ 
< 3/2. But, herewith we have the desired contradiction to Lemma 5. 


THeoreM 2. The (non-negative) curvature of an arc of type Q has at least 
one minimum interior to the arc or is constant throughout the arc. 


Assuming that the curvature is not constant, we conclude that it has ex- 
trema in the closed interval 0 <¢@ < 2z7, since it is continuous in this interval. 
Furthermore, it is not monotonic, by Lemma 4, and hence has at least one 
extremum in the open interval. If it has just one, this must be a minimum, by 
Lemma 6, and if it has more than one, at least one must be a minimum in 


any case. 
The arc (3) for which 


R=a-+sin (¢/2), a>1, 
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is readily shown to be an arc of type Q with a single extremum, a minimum, 
interior to it. 

5. Ovals. By an oval we shall mean here a closed regular curve of class C’’ 
with no rectilinear segments whose curvature is always of one sign or zero 
and whose tangent indicatrix is a circle traced just once. We shall assume that 
the oval is so traced that the curvature is non-negative. The angular measure 
is then 27. 


LemMA 7. An oval is an arc of type Q with respect to every point on it. 


If A is a point of an oval, the oval may be considered as an arc AB of 
non-negative curvature, where B=A. It will follow that this arc is of type Q 
if it can be shown that it lies to the left of the tangent at A and does not cut 
itself. But these properties follow without difficulty by application of Lem- 
ma 1. 

By a vertex of a closed curve we shall mean an extremum of the curva- 
ture, as defined in §4. 


THEOREM 1. An oval, not a circle, has at least four vertices. 


The curvature of the oval has in any case two extrema, a maximum and 
a minimum. Let A be the point of the oval, or a point of the segment thereof, 
for which the curvature has a minimum. By Lemma 7, the arc AB, where 
B=A, is of type Q, and hence, by Theorem Q, its curvature has at least one 


minimum interior to it. Thus, the curvature of the oval has at least two min- 
ima and therefore at least two maxima. 

6. Flattened ovals. A closed regular curve of class C’’ which contains one 
or more rectilinear segments and, when properly traced, has non-negative 
curvature and angular measure 27, we shall call a flattened oval. 

It may be readily proved by use of an extension of Lemma 1 covering the 
case of an arc of non-negative curvature with rectilinear segments that a 
flattened oval lies to the left of every directed tangent and does not cut itself. 
Hence, we conclude the following proposition. 


Lemma 8. A flattened oval with only one rectilinear segment may be thought 
of as consisting of an arc AB of type Q and the line segment BA. 


The curvature of a flattened oval of this type has a minimum on the line 
segment BA and, by Theorem Q, at least one minimum interior to the arc 
AB; and that of a flattened oval with more than one rectilinear segment has 
at least as many minima as there are rectilinear segments. Thus, we pass to 
the following result. 


THEOREM 2. A flattened oval has at least four vertices. 
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7. Lines of support. Let C be a closed regular curve of class C’’ without 
component line segments. 


Lema 9. If C, or an open arc of C, lies wholly on one side of a line L except 
for one or more points on L, then L is a non-inflectional tangent to C at each of 
these points. 

By hypothesis, C has neither “corners” nor cusps. Hence, in passing 
through a point P, C crosses every line through P, including the tangent 
at P, unless this tangent is non-inflectional. 


DEFINITION. A directed line L shall be called a line of support of the curve 
C if C is tangent to L and lies wholly to the left of L except for its one or more 
points of contact with L. 


Lemma 10. The curve C has a unique line of support in every oriented direc- 
tion. 

A pencil of parallel and similarly directed lines admits a unique di- 
chotomy such that all points of C are to the left of every line of the first class 
and at least one point of C lies on, or to the right of, an arbitrarily chosen 
but fixed line of the second class. Clearly, there is no “last” line in the first 
class. There is then a “first” line, L, in the second class. Evidently, C lies 
wholly to the left of Z except for one or more points on it and, therefore, by 
Lemma 9, C is tangent to L at each of these points. Thus, L is the unique line 
of support in the given oriented direction. 

DeriniTIon. A line of support of the curve C shall be called a simple, or 
a multiple, line of support, according as it is tangent to C in one point or 
more than one point. 


Lemma 11. If the directed tangent Ty to the directed curve C at a point Po 
is a simple line of support, the directed tangent to C at every point in a certain 
neighborhood of P» is a simple line of support. In this neighborhood of Po there 
exists a parametric representation of C in terms of the directed angle from T» to 
an arbitrary line of support and this parametric representation is identical with 
a representation in terms of the arc of the tangent indicatrix. 


We refer C to Po as origin and 7) as x-axis, and measure the arc s from Pp. 
By hypothesis, the curvature of C at Po is positive or zero, and, if zero, does 
not change sign at Po. Hence e>0 exists so that at all points of the arc 
P_,. Po P,, that is, at every point P, of C for which —e<s<e, the curvature is 
non-negative. It follows, by Lemma 1, that, if T, is the directed tangent at 
the arbitrary point P, of this arc, the arc lies to the left of T, except for the 
point P,, provided that ¢€ is so chosen that the angular measure of the arc is 
less than 
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The directed distance D(s, 5) from T, to a variable point on the comple- 
mentary arc P.P_.,, that is, to an arbitrary point P; for which e<5<]—e, 
where / is the length of C, is a continuous function of s and 5. Moreover, it 
follows from the fact that T> is a simple line of support that D(0, 5), the di- 
rected distance from 7) to P-, is bounded away from zero for e<5</l—e. 
Hence, a positive constant 5<e exists so that for every 7, for which 
—5<s<6, D(s, 5) fails to vanish for e<5</—e. Consequently, the tangent 
T, at every point P, for which —5<s<6 is a simple line of support, and the 
first part of the lemma is proved. 

The arc P_sPoP,, since its curvature is non-negative, admits a representa- 
tion in terms of the directed angle ¢ from the positive x-axis to an arbitrary 
directed tangent; see §2. But the directed tangents to the arc are all simple 
lines of support of C and constitute precisely the lines of support of C in the 
oriented directions of these tangents. Hence, the angle ¢ can be thought of 
as the angle from the positive axis of x to an arbitrary one of these lines of 
support, and the second part of the lemma is established. 

8. Simple closed curves. We shall mean by a simple closed curve a closed 
regular curve of class C’’ which contains no rectilinear segments and no 
double points. 


Lemma 12. A simple closed curve all of whose lines of support are simple is 
an oval. 

Lemma 11 implies in this case that the lines of support of the given curve 
C envelope a closed continuous arc of C which when properly traced has 
non-negative curvature and angular measure 27; in other words, an oval. 
But C is a connected curve without double points and consists, therefore, 
only of this oval. 


Lemma 13. A simple closed curve, not an oval, has at least one multiple line 
of support. 


This follows directly from Lemma 12. 


Lemma 14. The directions of a directed simple closed curve at two points of 
contact with a multiple line of support are the same and the number of inflections 
in an arc of the curve joining the two points, unless infinite, is even or zero. 


Consider the open region S bounded by the multiple line of support, L, 
and one of the two arcs of the given curve C joining the two given points of 
contact of C with L. If the directions of C at the two given points were op- 
posite, there would exist two points neighboring respectively to the given 
points and belonging to the second arc of C joining the given points, one of 
which is inside S while the other is outside S, and hence the second arc of C 
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would have to cross either the first arc or L. In either case an hypothesis 
would be contradicted. Thus, C has the same direction at the two given 
points. 

Let C now be directed so that the common direction at the two points is 
that of L. Then C lies to the left of its directed tangents at the two points. 
Moreover, since L is a line of support, neither of the points is an inflection. 
Therefore, in sufficiently restricted neighborhoods of the two points, the cur- 
vature of C is non-negative and hence the number of inflections in each arc 
of C joining the two points, if not infinite, is even or zero. 


Lemma 15. If an arc of a simple closed curve which joins two points of con- 
tact of the curve with a multiple line of support contains no poinis of inflection, 
the arc, when suitably traced, ts of type Q. 


Let the given curve C be directed as in the paragraph preceding the 
lemma, and denote by A and B respectively the initial and terminal points 
of the arc of C in question. Then the arc AB has non-negative curvature, and 
obviously has the remaining properties required of an arc of type 0. 


Lemma 16. A simple closed curve with no points of inflection is an oval. 


It suffices to show that all the lines of support of the given curve C are 
simple, for Lemma 12 will then apply. Suppose there were a multiple line of 
support, L, tangent to C at the distinct points A and B. Then, if C were 


properly traced, both of the arcs AB and BA would be of type 2, by Lemma 
15. Consequently, if Z were thought of as horizontal, each of the points A 
and B would be to the left of the other on Z, by Lemma 3. This is absurd, 
and accordingly C has only simple lines of support. 

9. The four-vertex theorem for simple closed curves. We prove the fol- 
lowing theorem: 


THEOREM 3. A simple closed curve, not a circle, has at least four vertices. 


A simple closed curve C obviously has no inflections, an even number, or 
infinitely many. Inasmuch as there is at least one vertex between each two 
points of inflection, the theorem is true, though trivial, if there are more than 
two points of inflection. 

If there are no points of inflection, the curve C is an oval, by Lemma 16,* 
and hence has, according to Theorem 1, at least four vertices, unless it is a 
circle. 

There remains the case in which there are just two points of inflection. 

* It seems preferable to employ here the simple Lemma 16 rather than the more powerful propo- 


sition that every simple closed curve, properly traced, has angular measure 27 (see, e.g., Hopf, loc. 
cit.), for thereby the proof of Theorem 3 is effected without appeal to this proposition. 
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The curve C cannot, then, be an oval, and hence has, by Lemma 13, at least 
one multiple line of support, L. Let A and B be two points of contact of C 
with L, and consider the arcs AB and BA in which they divide C. According 
to Lemma 14, one of these arcs must contain both points of inflection of C. 
The other arc contains, then, no point of inflection and is therefore, by 
Lemma 15, of type 2. Let this be the arc AB, traced from A to B, and denote 
the complementary arc now by B/,/.A, where J; and J, are the two points of 
inflection. 

Since we are now tracing C so that the direction at A is that of the di- 
rected line L, the curvature of the arc /;A BJ, is non-negative, whereas that 
of the arc J,J2 is non-positive. 

Inasmuch as the arc AB is of type Q, it follows, from Theorem Q, that 
1/R has a minimum interior to the arc AB and hence interior to the arc 
I,ABI,. But 1/R surely has a minimum interior to the arc J,J2. Thus, 1/R 
has at least two minima and so must have at least two maxima. Conse- 
quently, C has at least four vertices. 

10. The four-vertex theorem for flattened simple closed curves. A closed 
regular curve of class C’’ without double points which contains one or more 
rectilinear segments we shall call a flattened simple closed curve. 


THEOREM 4. A flattened simple closed curve has at least four vertices. 


The proof of Theorem 3 rests ultimately on Lemmas 1-6, 9-16 and Theo- 
rem {2. Theorem 4 will be established if it can be shown that these propositions 
remain valid in all essentials when rectilinear segments are admitted as com- 
ponent parts of the curves and arcs, including arcs of type 2, which are dis- 
cussed in them. This is indeed the case, as inspection, in view of the following 
remarks on the more pertinent points at issue, will show. 

Though the given curve or arc does not admit, along the component recti- 
linear segments, a parametric representation in terms of the arc ¢ of the 
tangent indicatrix, the angle ¢ may still be thought of as a parameter for 
the curve or arc, provided it is agreed that to certain values of ¢ shall corre- 
spond, not points, but segments of straight lines. In keeping with this agree- 
ment, the meaning of the term “point” must be broadened, on occasion, to 
include rectilinear segments. In particular, by a “point of inflection” may 
be meant either a point at which the curvature changes sign or a rectilinear 
segment along which the curvature changes sign with respect to neighboring 
arcs, one on each side of the segment. Again, a line of support will be simple 
if it is tangent to the given curve either in just one point or along just one 
rectilinear segment. In this connection, it should be noted that the parametric 
representation mentioned in Lemma 11 may fail in the sense above described. 
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However, the only proposition dependent on Lemma 11, namely, Lemma 12, 
is still valid. Of course, this proposition, and also Lemma 16, has to do with a 
flattened oval as well as with a flattened simple closed curve. 

Inasmuch as the parametric representation (3) is employed to establish 
Lemmas 4 and 6, the possibility of the extension of these lemmas must be 
particularly scrutinized. Both lemmas deal with an arc AB of type ©. There 
can be no rectilinear segment interior to AB by the hypothesis of Lemma 4, 
and, if there were one in the case of Lemma 6, this lemma would be obvious. 
It may, therefore, be assumed in both cases that a rectilinear segment occurs 
only at an end of the arc AB. When such segments are suppressed, the proofs 
of the original lemmas are valid and guarantee the desired extensions. 

11. Further extensions of the theorem. In this paragraph we shall under- 
stand by a closed curve any closed regular curve of class C’’, with or without 
rectilinear segments. 

Curves of class K,. We have shown that every simple closed curve, other 
than a circle, has at least four vertices. As is well known,* the simple closed 
curves form a subclass of the class K,, consisting of all closed curves with 
angular measure 27.7 

It is not true that every curve of the class K, has at least four vertices, 
as will be evident shortly from an example. However, there exists a subclass 
of K, which includes, besides all simple closed curves, many types of curves 
with double points, for which the four-vertex theorem holds, namely, the sub- 
class of curves which contain arcs of type 2 with or without rectilinear segments. 


THEOREM 5a. A closed curve of angular measure 2m which contains an arc 
of type Q has at least four vertices or is a circle. 


Since the angular measure of an arc of type 2, when properly traced, is 27, 
the given curve is either an oval or has inflections. In the former case Theo- 
rems 1 and 2 apply, and in the latter, the general argument in the proof of 
Theorem 3 in the case of inflections is valid. 

For the purpose of giving examples of curves of class K, which have just 
two vertices, we need conditions of closure for a curve when it is given by its 
intrinsic equation. 

It is known that, if 1/R is a real, single-valued, continuous function of s 
in the interval — © <s<o,and 

4) = 
( 


0 


* See, e.g., H. Hopf, loc. cit. 
t Here, and later, we assume that every closed curve is so traced that its angular measure is 
non-negative. 
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then the equations 


(5) cos @ds, y=f sin @ds 
0 0 


represent a regular plane curve of class C’’ for which s is the measure of the 
arc and 1/R is the curvature. This curve is closed and of length / if the func- 
tions x(s) and y(s) in (5) are periodic with / as their smallest positive common 
period. 


LemMA 17. A necessary and sufficient condition that the curve (5) be closed 
and of length lis that 1/R be a periodic function of s with the period | such that 


(6) o(l) = 2nz, n an integer or zero, 


l l 
(7) f cos ¢ds = 0, f sin dds = 0, 
0 0 


and that | be the smallest positive period with these properties. 


Suppose that the curve is closed and / is its length. Then, x(/) =y(/) =0 
and equations (7) hold. Furthermore, differentiation of the identities 


(8) a(s+l)=x(s), ys +l) = 

leads to the relation, 

(9) o(s + 1) = o(s) + 2nz, 

whence it follows that ¢(/) =2n7z and, on differentiation, that 1/R is periodic 
of period /. 

Conversely, the assumption that 1/R is periodic of period / such that (6) 
holds yields (9) and, by means of (9) and (7), the identities (8) are readily 
established, and the curve is closed. Moreover, since / is the smallest positive 
period of 1/R for which (6) and (7) are valid, / is the length of the curve. 

It is evident that ¢(/) =2n7 is the angular measure of the curve. In other 


words, the curve is of class Ky. 
Consider, now, the curve with the intrinsic equation 


1 
(10) —=acoss+1, a>o. 
R 
Inasmuch as 1/R is periodic with period 27 and has just two extrema in a 
period interval, and since 
o(s) =asins+s, 


so that (27) =2z, this curve is a closed curve of class K, with just two ver- 
tices provided merely that a be so chosen that 
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n=f cos (a sins + s)ds = 0, f sin (asin s + 5)ds = 0. 
0 0 


It is found that J,=0 and that /,= —4F(a), where 
F(a) = f sin (a sin s) sin sds. 
0 


When sin s is replaced by ¢ and the integral is integrated by parts, it turns 
out that F(a) =af(a), where 


1 
f(a) -f (1 — #*)'/? cos atdt. 
0 


Hence equation (10) represents a closed curve of the desired type for every 
value of a for which f(a) =0. 
It is readily shown that the function f(a) satisfies the differential equation 


3 
f(a) + + f(a) = 0 


and that | f’(a)| <1/3. Hence | f’’(a)+f(a)| <1/a, and it follows that f(a) is 
an oscillating function, with infinitely many zeros. 

The smallest zero is-approximately (11/9)7; the corresponding closed 
curve (10) has the shape of a figure eight with a loop in one lobe, interior to 
the lobe. The next zero is about (41/18)z and the corresponding curve looks 
like a figure eight with two loops, one within the other, in the one lobe and a 
single loop in the other lobe. The curve corresponding to the mth zero has n 
loops in the one lobe, and »—1 in the other. All the curves are analytic and 
are symmetric in the y-axis. 

Since a curve of class K, with no inflections is an oval and one with more 
than two inflections surely has at least four veriices, a necessary condition 
that a curve of class K, have just two vertices is that it have just two points 
of inflection, with the two vertices separated by them. It would appear, then, 
that every curve of class K, with just two vertices has the general character 
of one of the infinite set of the curves just described. 

Curves of class Ko. The counterpart of Theorem Sa is true also in this case. 


THEOREM 5b. A closed curve of angular measure zero which contains an 
arc of type Q has at least four vertices. 

For, since an arc of type 2, properly traced, has angular measure 27, the 
given curve has inflections and therefore the general argument in the proof 
of Theorem 3 applies. 
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A lemniscate is a simple example of a curve of class Ko which has just two 
vertices. 

Curves of class K,, n=2. The analog of Theorem 5b (or 5a) is not true 
for a curve of angular measure greater than 27, inasmuch as in this case it 
does not follow from the hypothesis of the theorem that the curve has inflec- 
tions, and there actually exist curves without inflections which have only two 
vertices and yet contain an arc of type Q. A limacgon with a double point is, 
for example, a curve of class K2 with these properties. 

It is, however, true, as is readily verified, that the following variation of 
Theorem 5b (or 5a) holds. 


THEOREM 5c. A closed curve of angular measure greater than 2x which has 
inflections and contains an arc of type Q has at least four vertices. 


It is not difficult to give an example of a closed curve of positive curvature 
belonging to any prescribed class K,(m2=2) and having just two vertices. 
For this purpose we note that, since we are assuming 1/R positive, equations 
(5) may be replaced by the equations 


(11) r= f R cos y=f R sin 
0 0 


and that Lemma 17 then becomes: 


Lemma 18. A necessary and sufficient condition that the curve of positive 
curvature (11) be a closed curve of class K,, is that n be the smallest positive in- 
teger such that R= R() is periodic of period 2nx and 


2nr 
(12) f R cos ¢d¢ = 0, f R sin ¢dd = 0. 
0 0 


By means of this lemma it is readily verified that the curve with the in- 
trinsic equation 


R=a+cos—, o> 
n 
where x is an integer greater than unity, is a closed curve of class K,. That 
the curve has just two vertices is obvious. In particular, if m =2, the curve has 
the same general character as the limagon with a loop. 
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ON THE SUMMABILITY OF FOURIER SERIES{ 


BY 
W. C. RANDELS 


1. Notation. We shall use the following notation which is similar to that 
of Hille and Tamarkint [2]. We shall use f(x) to denote a function periodic 
of period 27 and integrable over (—7, 7). The Fourier series of f(x) is 


ja. 


The class of such functions and their related Fourier series is denoted by L. 
We define 


1 t 
(1.1) f(x) = lim |- {f(a +t) — f(x t)} cot 
2 
and associate with it the series 


— i> sgn nf,ei™, 
We call the class of such series and their related functions Z. If f(x) ¢ B.V. 
on (—7, 7), we denote by L’ the class of functions f’(x) and their related 
series, § 


1 7 
dif(x+ t) +i 


n=—oo 


and by L’ the class of functions 


(1.2) f(s) = tim +o + fla 1) 24(2)} cot —| 


and their related series 


T Presented to the Society, January 2, 1936; received by the editors March 7, 1936. 

} The numbers in brackets refer to the references at the end of the paper. 

§ The Stieltjes integral used in this paper is the Young-Stieltjes integral over the open interval 
so that /” .dif(x+1) need not be zero. This usage differs from that of Hille and Tamarkin [2]. 
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where 
|_| 


SUMMABILITY OF FOURIER SERIES 


| 


We shall use the symbol fT for any one of these four classes. A function 
of class E will be denoted by F(x) and the general term of the associated 
series by A,(x). 

We define 


(1.3) t) = f(x +4) + f(x — — f(x), 
(1.4) o(L, t) = f(x +t) — f(x 2), 


(1.5) doll, 1) = nar, 


(1.6) ) = 
(1.7) go(L’, t) = f(x + t) — f(x — t) — 2éf’(x), 


(1 .8) o(L’, t) = o(L, t). 


We let E(F, f) (E(F, f)) be the set of points « where f (x) (f(x)) has a definite 
value and ¢(L, as t—0 as t-0). If ¢ B.V. on (—7, 7), 
we define E(Z, f) as the set of points where F(x) has a definite value and{ 


ff 2) | = of) as to. 
0 


We now consider the transformation of a series defined by means of a 
matrix dm, (m,n=0, 1, - - - ) in the following manner 


Tn(Z, x) ~ Am|njA n(x). 
We make the restriction on a,,,, that it define a regular method of summabil- 
ity, that is: 


(1.9) >> | ann — Sameal <A, A not depending on m, 
n=0 


(1.10) dmn 1 as m— ©, for every n; 


and that the series 


(1.11) D> amjnjA n(x) 


tByf. | do(2)| we mean the total variation of ¢(¢) on the interval (a, 6). 
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be a Fourier series (cf. Hille and Tamarkin [3]). Then 7,,(Z, x) is considered 
as a function of class LZ associated with (1.11). Thus T,,,(Z, x) may be defined 
even though (1.11) does not converge. We denote the method of summability 
determined by the matrix @,, by %. 

If Ey stands for a set of points at which F(x) has a definite value, we can 
make the following definitions: 


DEFINITION 1. A method of summation % is said to be (X, Er)-effective if, 
whenever F(x) ¢3 and xc Ep, 


(1.12) T,(Z, x) — 0 asm om, 


DEFINITION 2. A method % which is (XZ, Er)-effective is said to be: 

(i) F-effective, if Ey =E(F, f), 

(ii) F-effective, if I=L, Er =E(F,f), 

(iii) L-effective, if Ey =E(L, f), 

(iv) L-effective, if I=L, Evy =E(L,f), 

(v) L’-effective, if I=L’, Er=E(L’, f), 

(vi) L’-effective, if I=L’, Er=E(L’, f). 

2. T=L. By a theorem of Fekete [1] the most general factor sequence 

|a,} carrying a Fourier series into a Fourier series occurs when 


Gn 
>> — sin B.V. on (— 7, 2), 
n=1 


1 Gn 
+ — f f(x — sin nt. 


n= 1 n=1 


Then, if we let lim, ..4€mn=4m, 


n 


1 am Amn — 
T n(L, x) = amofo + —{ f(a+ >> — sin nt + >> ——— sin nth ; 
T n n=1 


n=1 


But 


so that 


and 
|| 
; 
2 
sin nx —x-T 
n=1 n 2 
0 ‘ x=0, 
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p> sin ntl = Amf(x) — Amfo. 


/ 


Therefore for our problem we need only consider 


1 = Amn — Gm 
(@mo — Gm) fo + —f f(a+ bd} — sin 
n=1 n 
Hence it involves no loss of generality to suppose that a,,,—-0 as n—, and 
we shall do so from now on. 
Using Abel’s method of partial summation we get 


ann Cos nx Omn{Sn(X) — Sn—i(x) } 


n=1 


+ > { — An,n+1 }Sn(x), 


sin (n + 4)x 


n 
4+ cos vx = 
v=1 


2 sin 3x 
Hence, by (1.9), 


a n 


> sin nx 


n=1 
is absolutely continuous on every interval not containing the origin. More- 
over, again by Abel’s transformation, 


— sin nx = DY (amn — — sin vx 
n=1 


n=1 n v=1 Vv 


and, since the partial sums 


are bounded, the function 


n=1 
is continuous at the origin and so, since it is of bounded variation by hy- 


pothesis, it must be absolutely continuous on the interval (—7, 7). Hence 
we can write 


1937] 
n=1 
where 
S,(2) = — 
n 1 
> — sin vx 
v=1 v 
=. , 
» —— sin nx 
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1 adm sin (n + 


n=1 2 sin t 


1 amo Ami sin (n + 
— x t mn Um,n dt 
94 2 2 + 2 sin 

1 sin (w + 
—f fa (ann — 
n=0 2 sin 


and 


x) (x) = ~ > (gas = 


n=0 2 sin Rt 


By the Riemann-Lebesgue theorem 


sin nf 
f {= (n + 3) = n 
0 


2 sin 


so that, by the regularity of Y, 


sin nt 


T,(L, x) — f(x) = ~ feu, Oman — On,n+1 dt+o(1)asm—~. 


n=0 J 

For convenience we define 

1 ad 

Ta = —{ t) — — sin nt dt. 

us 0 t n=0 

We also define 
= > = Om,»+1) 
0S v<mu 
Then (1.9) can be written 
(2.1) f | dqm(u)| <A. 
0 

Then 


1 1 
Tn = t) — H,,(mt)dt, 
0 t 


H,,(t) = sin utdqm(u). 


28 

where 
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In this notation the familiar necessary and sufficient condition for F-effec- 
tiveness is that there exist an M such that 


f d<M. 
0 


We wish to find a condition which will play a similar role for L-effectiveness. 
We introduce 


[log, m] 
Hn= >> max |4H,(é)|. 


We shall consider only methods of summation for which there exists a con- 
stant B such that 


(2.2) | Hn(t)| < Be. 


This condition is always satisfied for methods defined by trapezoidal matrices 
since for such methods there is an N such that gn(#) = @mo for u>N, and hence 


| Hn(t)| = f sin ut dgm(u) f [— amo + q(u)] cos ut du| < ANt. 
0 0 


We now propose to show that if (2.2) is satisfied 
(2.3) Tm = 0(Hm) + 0(1) 


and furthermore that this result is the best possible in the sense that, if 
as m—, then for every sequence {d,,} such that d,, | 0 
as m—> © it is possible to find a function f(x) and a point x ¢ E(L, f) such that 


(2.4) Tm O(dmH m). 


This implies that a necessary and sufficient condition for L-effectiveness of 
methods of summability satisfying (2.2) is the existence of an M such that 
(2.5) Hn <M. 


In order to prove (2.3) we notice that by the Riemann-Lebesgue theorem 
for every a 


7 sin nt 
t) dt =o(1) 


so that by the regularity of 


1 
(2.6) f ¢(L, t) H,,(mt)dt = o(1) 


Moreover, if x¢ E(L, f), 


| 

| 
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1 
f o(L, t) H (mia 
0 


fee t) + if $(L, t) ~ 


1/m ma 1 
Bm | t)| dt + if ¢(L, — 


[log, ma] ala 
o(1) + o( | f | at) 
1 


n=0 2"StS2" 
= + o(H,,) uniformly in m asa— 0. 
Then (2.3) follows from (2.6) and (2.7) by a familiar technique. 

In order to show that this result is the best possible it is sufficient to prove 
that for every fixed a it is possible to find a function f(x) and an integer m 
such that 

1 1 
(2.8) —{ S(O) — H > Hn 
/m 


1 


and there is a constant K independent of a such that 


(2.9) | f(@)|dt< Kt, t<a. 


/m 


For, if d,|0 is given, then making use of the Riemann-Lebesgue theorem 
and the regularity of % we construct by induction a sequence of integers 
{m;} and functions f;(x) such that m)>=1, and 


(2.10) D (dn)? < 
i=1 


i 1/mj-1 1 
(2.11) fi) <3, j<i, 
4 


1/m, 

(2.12) f fit) — Hn (mit)dt > 

1/m; t 


and 
1 


Mi-1 


1 t 
(2.13) —f | f(t) | dt < Kt, t< 
1/m; 


We define 


30 
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1 1 
|x|), 
mM; j—1 


f(x) = 


0, «=0, 


Then at ¢)=2f(t) and, by (2.13), if 1/m;<t<1/mi, 


fi o(L, t)| dt = 2 > (dang f 


1/mj;- t 
| dt + fa | a 


/m; 1/mi 


< 2Kt>> (dm,;)'!? = o(t) as t 0, 


so that the point x=0 is in E(L, f). Moreover 


1 1 
Ta, = — f o(L, t) — Hm,(mit)dt 
Tv 0 t 


1 1/ mj; 1 1 1/mj-1 1 
f O(L, t) — + — (L, — Hm,(mit)dt 
t w 1m; t 
1 
oma 


1 
o(L, t) Hm (mit)dt. 


By (2.2) 


mM; 


1 1/ mj 1 1/ mj; 
| t) H < f | t)| dt = o(1) 
Tv 0 0 


and by (2.11) 


1 ad 1 


j=1 


o( (dn) = O(1). 


j=1 


1/ mj-1 1 
f 
1/m; 


Finally by (2.12) 


1/ mj-1 1 


us 1/m,; 


2(dm,)'/? 1/mi-1 1 — 
f Hm,(md)dt > 2(dm,)!!? Hm,;, 
1/m; 


so that 
Tm; > — 0(1) — O(1) ¥ O(dm:H m,)- 
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It only remains now to prove the existence of an f(x) and an m with the 
properties (2.8), (2.9). We notice that 


| Hn(t)| = f sin ut dqm(u)| < f | dqm(u)| <A, 
0 0 
so that for a fixed a<1 
[log,ma]—1 [log, m] 
max | > >> max | A, (t)| — A(| log a| +1). 
n=0 


Then since 77, f © as m—,we can find an m so that H,,=H,, and m also 
may be chosen so that 


[log, ma]—1 


max |> 


n=0 
We call the point on (2”, 2+!) where H,,(¢) has maximum absolute value 2m». 
The function H,,(t) is continuous and hence there will be an interval Jn. 
containing x,,, and contained in 2"*") such that for CJnn 


(2.14) m(%mn)— Hm(x) | <4] |. 


Then J,,, is defined as the interval into which J,,, is carried by the trans- 
formation «’=x/m. It is clear that J... is contained in (2"/m, 2"*!/m). We 
denote the length of Jn by €nn. We define 


sgn Hy (Xmn) 
» £CJan, 05 2 S log, me — 1, 


Emn 
f(x) = 
0, elsewhere on (—. 


m 


The function f(x) satisfies (2.9), for, if 2"/m<t<2"*!/m (0<n<log: ma—1), 


1/m 1 


m 


/m 
By (2.14) 
1 a 1 1 [log,ma]—1 
—f — H,,(mx)dx = — — Hm (mx)dx 
1 son H(Xmn 
=— H »(mx)dx 
v=0 Emn 
[log, ma]—1 4 Hu», [log, ma]—1 pen) 
> Emn > | Hn(Xmn) | > Hm, 
n=0 Emn n=0 


so that (2.8) is satisfied and our proof is completed. 
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3. T=L. Fekete [1] has shown that a necessary and sufficient condition 
that a factor sequence a, carry a series of Z into a Fourier series is that 


a, 
>> — cos nte B.V. on (— 72, 7); 
n=1 


and 


i> an{ frei”* — > cos nih 


n=1 n=1 


Therefore 


T,(L, x) = ~ + cos nth 


n=1 
We make the hypothesis that a,,,—>0 as n> . This condition is essential here 
because 


1 
>> — cos wt¢B.V. on (— 7) 
n=1 


and therefore the argument of §2 does not apply. Then 


> Amn sin nt = mn {5n(t) S,-1(t)} = (mn = Salt), 
n=1 


n=1 n=1 
where 


" n 1 t cos (n + 4)t 
= >> sin = — — cot — + ———_——- 
Hence, by (1.9), 


Amn 
g(t) = >> — cos nt 
n 


n=1 


is absolutely continuous on every interval not containing the origin and, 
since g(—0)=g(+-0), g(#) can be considered as continuous at the origin so 
that, since by hypothesis g(#) is of bounded variation, it must be absolutely 
continuous on (—7, 7). Then 


— cos + cos + 
2 sin 3 
— cos + cos (n + 4)t 


2 sin 3¢ 


1 
Ta(Z, 2) = — = 


1 
—f (Amn Om,n+1) 
T 0 n=1 


_ 
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By the Riemann-Lebesgue theorem 


cos (xn + 
f oZ, 4 at = o(1) as 0, 
0 2 sin 3 t 


so that by the regularity of % 


T.(L, x) = —f o(L, t) +— dt + o(1) asm— 
us 0 2 2 t 


where 
= f cos utdqm(u). 
0 
By the definition of f(x) and the regularity of % 
ad ~ t ~ 
“= f o(L, t) cot — dt— f(x) asm 
1/m 2 
if x ¢ E(L, f), and also, 
l/m = 1 t 1 
cot — — =o(1) 
0 2 2 t 


so that 


1 jm 1 
Ta(Z, = — f — {= + } 
0 


1 
+ —f ¢(L, t) H,,(mt)dt + o(1) 
1/m 


We make a hypothesis analogous to (2.2), namely, 
(3.1) | @mi — Hm(t)| < Be. 
Then, if x ¢ E(Z,f), 


1 _ 1 
| —f o(L, t) — {— ani + (mt) 
wdo t 
Bm 1/m 
<—f | o(L, t)| dt = o(1) asm 


We shall prove that, if « ¢ E(Z, f), 


(3.2) f t) — Hn(mt)dt = + o(1), 
l/m t 
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[logs m] 
Hn= >> max | @Z,()|. 
out 


If a is fixed, by the Riemann-Lebesgue theorem and the regularity of Y, 


« 
t) H,,(mt)dt = o(1) 


and 
1 
T 


f o(L, t) — H,,(mt)dt = —f o(Z, 
1/m t m/ t 
= o( > max J | f 
0 


ant 
= 0(H,,) uniformly in m asa— 0, 


so that (3.2) must be satisfied. 

We would like to prove that this result is the best possible. The method 
of §2 however does not seem to be capable of doing this without some addi- 
tional assumption. We choose to assume that 


(3.3) f —| H,,(mt)| dt < K. 
1/m 
This condition is not completely arbitrary for it is analogous to the neces- 
sary and sufficient condition for F-effectiveness mentioned in §2. It is known 
to be sufficient for F-effectiveness but has not been proved to be necessary. 
It will be seen from the proof that some slightly less restrictive condition 
such as j 
m) 
min k&<1, 

could be used. a 

We define Hn= max,<m/, and we wish to show that, if © asm—, 
and {d,} is any sequence such that d, | 0 as m—, we can find a function 
f(x) and a point x¢ E(Z, f) for which 


Fm O(dm Hm). 


As in §2 it is sufficient to show that for a fixed it is possible to find a func- 
tion f(x) and an integer m for which 
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1 =~ 

(3.4) — Hn(mx)dx > Hn, 
1/m x 


t 
(3.5) f | f(x) | dx < Ct, C not depending on a or m, 
1 


/m 


and 
* f(x) 

(3.6) dx| <D, D not depending on a or e. 
& 


For, following the procedure of §2, we construct a sequence of functions f;(x) 
and integers m; such that m)>=1 and 


(3.7) (dn)? < 


i=1 
1 
(3.8) Six) — Hnfmix)dx| <1, 
1/m; x 
1 1/mi-1 _ a 
(3.9) — Hn(mix)dx >Hm,;, 
x 


(3.10) f - | fix) | dx < Ct, i< 
1/m, i 


and 


(3.11) prs as| < D, 


x 


Then f(x) is defined by 
( 1 
(dm,)'/? sgn af (| 
f(x) i-—1 
l 0, -wrSxS-1, 
At x=0, )=2f(0) and, if 1/m;<t<1/mi-r, 


fi dt = f 


j=i+1 


1/ mj-1 t 
|dx + fle) | ax 


/ mj, 


< 2Ct (dm;)'!? = o(t) as 0. 


j=i 


Since (cot ¢/2—2/t) is a bounded runction, the existence of 


mMi-1 
|| 
mM; Mi-1 
1 1 1 
mM; Mi-1 
(i = 1,2,---) 
is 
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= lim | - ~ t) cot 


is equivalent to the existence of 


lim | - o(Z, f fx) — 
«0 Tv € t j=l 7 1/m; x 

and by (3.7) and (3.11) the second sum converges. Therefore the point «=0 
is contained in E(L, f). Finally 


1/mi-1 


Ta, = f O(L, t)Hm,(mit)dt + O(L, t)Hm(mt)dt 
1 


/m; 1/m;-1 


i-1 


O(dm,Hm,). 


> — o( 

We now need only construct a function f(x) and an integer m with the 
properties (3.4), (3.5), and (3.6). First 


| H(t) | = f cos utdgn(u)| < A, 


0 
so that 


[log, ma]—1 [log, m] 


max > >> max | #,(t)| — A(| log a| +1), 
+1 nao 2"Sts2"t1 


and therefore if Hn? as m— , we can find an m so that 


[log, ma]—1 
> max |@,(t)| — 2K > 
where K is the constant of condition (3.3). We call the point on (2*, 2+") 
where H7,,(t) attains its maximum absolute value xmn. Since H m(t) is continu- 
ous there must be an interval J,,, containing x», and contained in (2", 2+") 
such that for x ¢J 


| Hn(Xmn) — H,(x) | < n(%mn)- 


We call the point on (2", 2"+!) where H,,(#) attains its minimum absolute 
value &mn. Then (3.3) implies that 
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lim | - —f o(L, 2) =. 
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By (3.11) 
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[log, m] 


| < K. 


n=0 


We can find an interval G,,, containing #n. and contained in (2, 2"+") such 
that for x CGinn 


| Hn(Fmn) — Hm(x)| < n(Xmn)- 


We may suppose without loss of generality that the lengths of Jm, and Ginn 
are equal. We denote by Jan (Gan) the image of Jmn (Gm) under the trans- 
formation x’=x/m and we call the length of J x ay €mn- Then f(x) is defined by 


( 8 n Am mn 
Tx Sg (x ) [loge ma] — 1), 


Emn 


sgn An(%mn 
0,1,---, [log ma] — 1), 


Emn 


1 


0, elsewhere on a}. 
m 


The function f(x) satisfies (3.4), for 


f(x) H,.(mx)dx 


1 (log, ma]—1 1 1 
=— > { Mx) — H,(mx)dx + _ — 


us n=0 x Gmn x 


maJ—1 [logy ma}—1 
>< | | -s > max | | 


n=0 n=0 m 


[log, ma]—1 [log, ma]—1 [log, ma]—1 


>4 | An(xmn)| — 8 | 8 | 


n=0 n=0 


~ 


t 
f | f(x) | dx < — < < 16zt, 
1/m m 


If 2"/m<t<2"+!/m, [log. ma|—1, we have 


and (3.5) is satisfied. If 2"/m<«<2"+!/m, (n=0, 1,---, [loge ma]—1), 


38 
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[log, ma}|—1 8 sen Hn Xmn 8 sgn Hn Xmn 
v=n+l1 Emn Gn €Emn 


m dx 
+ f(*) — 84 
2"/m x 
which proves (3.6) and completes the proof of the theorem. 

4. T=L’. In this case we again make the restriction that dm,—0 asn—©. 
This involves no loss of generality for, if T7,,(L’, x) ¢ L, then we must have 
NOmnfr—0 as n—«, whenever f’(x) is in L’. This can only be the case if 
as We have 


n=0 2 sin 3¢ 
where 
n+ 
— Om L on (— 7, 72). 
sin gt 
Hence, if xc E(L’, f), 
sin (n + 3)t 


2 sin 


1 


We wish to determine a necessary and sufficient condition for L’-effectiveness 
when the conditions 


(4.1) | Hm(t)| < Be, 


[log, m] 


(4.2) > max |Z,(t)| <M 


n=0 2"S#52"*1 
are satisfied. The required condition turns out to be 
sin (w + 
(4.3) — 0asm—o fori>O. 
n=0 2 sin 3¢ 
This condition is necessary for, if it is not satisfied, let 4) >U be a point where 
sin + 4$)é 
— > 0. 
m— oc n=0 2 sin ato 
Then, if f(x) is defined by 
sgn x, to <|x| <7, 
sta) = 
0, 0<|«| “=f, 


at x=0, o(L’, t)=2f(é) and f’(0)=0, 
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t 
f | do(L’, 7) | = 0, tS bh, 
0 
so that the point x=0 is contained in E(L’, f). But 


sin (n + 
TAL’, x) Omif (x) do(L’, (Amn Om,n+1) 1 
rio n=0 2 sin $¢ 


1 (n + 4)to 
+2 sin to 


which does not tend to zero as m—© so the method cannot be L’-effective. 
The condition (4.3) is sufficient, for 


Tn(L’, x) — amf'(x) = ~ (@mn — Om,n+1) sin (« + 9) 


n=0 2 sin 3¢ 
sin (n + 3)t 


2 sin 


+ do (L’, )> (Amn Om,n+1) 
us a n=0 
Since sin ((n+4)t)/(2 sin (3#)) — (sin nt)/t is bounded, if x ¢ E(L’,f), 


1 sin (n + 


pet 2 sin 34 
1° 1 

= —f doy(L’, t) H,,(mt) + o(1) uniformly in m as a— 0, 


and, by (4.1) and (4.2), 


1 1/m 1 Bm 1/m 
do o(L’, t) H < —f | do (L’, t) | o(1) asm—> 
0 0 


1 1 
l/m t 
[log, ma] 
= o( max | H(t) | f | dbo(L’, t/m) ) 
0 
= 0(1) uniformly in m asa— 0. 
Finally, if (4.3) is satisfied, since 
sin (n + (- ) 
1f* sin (n + 
—f do (L’, )> (Amn Om,n+1) = o(1) asm—O, 
a 


By putting these results together we have the proof of sufficiency. 


40 
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5. £=L’. In this case as in the case considered in §4 the condition 
Amn—0 as n— © js essential in order that 7,,(L’, x) ¢ L. Then 


T,(L’, x) = dif(x +t) >> dmn sin nt 


n=1 


— cos ft + 


n=l 2 sin 3¢ 


1 — cos + cos (wm + 
= do (L’, t) (@mn — Gm,n+1) —. 


0 2 sin 3t 


We shall assume that 
(5.1) | ami — Hn(t)| < Bt 


and 
[log, m] 
(5.2) max | F,(t)| <M, 

and we propose to find a necessary and sufficient condition for L'-effective- 
ness. This condition is 

cos (n + 4)t 

sin 3¢ 

The condition is necessary for, if it is not satisfied, let 4) >0 be a point 

such that 


lim | (@mn — @m,n41) ————— 
me | sin 
Then we define 
to, 


1, 
x)= 
) <x < lo. 


For this function at x=0, $o(Z’, t)=2f(t) and 


1 


@=—f d¢oo(L’, t) cot — = — — cot —- 
f'(0) on o(L’, t) 


t 
f | doo(Z’, t)| = 0, for t <b, 
0 


S27; 
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so that the point x=0 is contained in E(Z’, f). But 


ll 


— cos + cos + 4)t 
Tall’, x) —f d¢(L’, (mn Om,n+1) : 


n=l 2 sin 


cos + 4)t 
(0) + > (mn Om,n+1) 


n=l sin 


which cannot tend to f’(0) as m—> and hence the method is not L’-effective. 
If (5.3) is satisfied and x ¢ E(L’,f), 


ae = cos (n + 4)t 
a n=1 2 sin 


do(L’, t)am: cot —— f'(x) 


— cos 3¢ + cos (n + 3)t 


1 1/m 
—f do (L’, (@mn 


2 sin ht 
—f do(L’, Om,n+1) + o( f | do (L’, t) ) 
0 n=1 0 


m 1/m ae 
=0(™ |) + of) = o(1) as m— 
and 
i/m n=1 2 sin 
cos nt 


1 ~ 
doo(L’, (@mn Am,n+1) 


= o( > max H(t) | f | dgo(L’, t/m) ) + o(1) 
0 


n=l 


+ o(1) 


= 0(1) uniformly inmasa—>o. 


Therefore conditions (5.1), (5.2), and (5.3) are sufficient for L’-effectiveness. 


6. A necessary condition. We shall consider methods of summability for 
which 


(6.1) f | dqm() | > 0 uniformly in m as N > © 
N 


and 
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(6.2) dm(u) — g(u) as m —> ©, over an everywhere dense set. 
The definition of g(u) could be extended to the whole interval (0, ©) by set- 
ting 

g(u) = ${q(u + 0) + g(u — 0)} 


and g(u) would have the property 
<4. 
0 


Under these assumptions we have 


H,,(t) > H(t) = f sin ut dq(u) 


0 


for 


N 
m = i — 


and, by (6.1), 
f | dg(u) | +f | dgm(u) | > 0 uniformly in m as N— ~, 
N N 


and for N fixed 
N 
f sin utd {qm(u) — g(u)} | 
0 


51 f gala) du + | ga 0) 0)| 
=o0(1) aam—o, 


Combining these results we see that 7,,(t) H(t) as mo. 
We propose to show that a necessary condition for L-effectiveness, if (2.2) 
is satisfied, is 


(6.3) > max | H(t)| < M. 


n=0 2"StsS2"* 


If (6.3) is not satisfied then for every M, we can find an N such that 


>| An) | > M, 


n=0 


43 
|| 
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where #, is a point on (2", 2+!) where H(t) attains its maximum absolute 
value. We choose m>2* so that 


| Hm(tn) — H(tn) 


M 
< OsnZcN. 
2N 


Then 
[log, m] N M M 
> max |Z,(t)| > S| | -—>—) 
n=0 2 2 


and hence H,, cannot be bounded. Therefore condition (6.3) is necessary for 
L-effectiveness. 
After the same fashion it can be shown that, if (6.1) and (6.2) are satisfied, 


H(t) > H(t) = f cos utdg(u) asm—>o, 
0 


and, if (3.1) and (3.3) are satisfied, then a necessary condition for L-effective- 
ness is 


(6.4) > max | H(t)| < 


7. Methods of the closed cycle. As an application of these results we shall 
consider the problem of methods of the closed cycle. For such methods 
Amn=a(n/m). The function a(x) may be considered to be defined everywhere 
on (0, ©). Then (1.9) implies that 


da(x)| <A, 


and we have, at every point of continuity of a(z), 


[um] 


Qm(u) = o( ) — a(0) — a(u) — a(0) 


m 


so 


so that the conditions of §6 are satisfied. Therefore, if (2.2) is satisfied a neces- 
sary condition for L-effectiveness is 


(7.1) max | 


aut 


SUMMABILITY OF FOURIER SERIES 


H(t) = sin ut da(u). 


We propose to show that this condition is also sufficient. Since H(t) is 
bounded and, by (2.2), | H(#)| <Bé, the function (1/t)H(t) ¢ Lz on (0, «). 
Therefore it will have a Fourier transform contained in Lz, and since, 
if a(x)—0 


1 
-f cos uta(u)du, 
0 


(2/m)*/*a(x) will be this transform. Condition (7.1) implies that (1/t)H(t) ¢ L 
and therefore 


2 ai 1 
a(x) = -f cos xt — H(t)dt. 
0 t 


By the Fubini theorem, if H(—?#) = H(#), the function 

1 1 

—f + t) — H(mt)dt 

t 
will be integrable on (—z, 7), since (7.1) implies that (1/#)H(#) ¢ L on (0, 0). 
Let us now consider its Fourier series. We have 

1 1 1 
gine —f f(x +2) H(mt)dtdx 
T 


1 1 
= —f — H(mt) f(x + 
2rd 


= H(mt)fne™dt = fra(||/m). 


Therefore 


1 - 1 
—f f(x + ~ > a(| 2| /m){ + , 


T,A(L, x) = ~ + 2) = ~ t) H(mt)dt. 


Now, if x ¢ E(L, f) and (2.2), (7.1) are satisfied, 
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or 
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1 pum Bm (lm 
t) | < —f | o(L, t) | dt =o(1) 
0 T 0 


1 t\ 1 
J o(L, t) H(mt)dt | = (z, H(t)dt | 


> max | H(t) | o(z, 


n=[log,ma] 2"<ts2"*! 


- of max | |) = o(1) as m—> 


n=[log,ma] 


Finally 


| f t) — = | “o(z, 
t 


[log, ma] 
< max | H(t) | 
0 


awe 


= of > max | H(t) | ) = 0(1) uniformly in m asa— 0. 


ond 


From this it follows that (7.1) is necessary and sufficient for L-effectiveness, 
if (2.2) is satisfied. This result was conjectured by Paley in an unpublished 
paper but was not proved. 

Similarly, if 


H(t) = feos ut da(u) 


it can be shown that 


1 
T(E, 2) = — f ) —(— 1 + 
0 


and, if (3.1) and (3.3) are satisfied, a necessary and sufficient condition for 
L-effectiveness is 


(7.2) >> max | H(t)| < 
8. Discussion. From the preceding work there would seem to be apparent 
differences between F-effectiveness, L-effectiveness, and L’-effectiveness and 
also between /’-effectiveness, L-eftectiveness, and L’-effectiveness. Examples 


46 
and 
| 
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have been given (see Paley, Randels, and Rosskopf [4] and Randels [5, Parts 
I and II]) showing that these differences are essential. It would be of interest 
to find relations between effectiveness for Fourier series and for conjugate 
series. One trivial result in this direction is possible, for we have seen that 
the L-effectiveness problem is not changed if ¢,=lim, ...@mn #0 while our dis- 
cussion of [-effectiveness is only valid if a,=0. It is clear then that it is pos- 
sible to construct methods of summability which are L-effective but not 
L-effective. It would be of much more interest to find out if this is still pos- 
sible when a,,=0. 

It is natural to ask whether it would be possible to dispense with the con- 
ditions (2.2) and (3.1) and still get necessary and sufficient conditions. It 
appears to be quite definite that this method cannot accomplish this. 
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CONVERGENCE IN VARIATION AND RELATED TOPICS} 


BY 
ANTHONY P. MORSE 


1. Introduction. In recent paperst by Adams and Clarkson and by Adams 
and Lewy the notions of convergence in variation and convergence in length 
have been examined. In AC it has been shown that if a sequence converges 
in variation and satisfies certain further restrictions which are clearly needed, 
the sequence of reciprocals converges in variation. The central purpose of the 
present paper is to determine so far as we are able the transformations which 
when applied to sequences of functions, preserve various types of conver- 
gence, such as convergence in variation or length and other types which we 
shall introduce. This paper also leads us to certain generalizations of results 
in AC and AL, such as Theorem 5.4 wherein convergence in length is seen 
to be invariant under addition and multiplication when only one of the limit 
functions is absolutely continuous. 

In §2 we assemble certain preliminary definitions, notations, and conven- 
tions. §3 is devoted to preliminary theorems and lemmas, among them being 
Theorems 3.1 and 3.2 which might be of interest in themselves, their full 
power, in fact, not being used in this paper. Theorem 3.2 is a substitution 
theorem for Lebesgue integrals which is more general than other theorems 
of this type known to us in literature. Certain results in §3 are, however, ob- 
vious analogues of results in AC. Transforms of sequences are discussed in §4, 
wherein Theorems 4.1 and 4.2 form the kernel of the paper. The remainder 
of the paper consists largely of various applications of these two theorems, 
convergence in length being discussed in §5 together with convergence almost 
in the mean, uniform convergence in length in §6, and strong convergence 
in §7. Certain miscellaneous applications are made in §8; these include Theo- 
rem 8.1 which points out a necessary and sufficient condition for convergence 
in the mean, and Theorems 8.3 and 8.4 which are generalizations of a theorem 
of Plessner. 

2. Notation; preliminary definitions and conventions. In this paper we 
shall consistently use x, y, ¢ to denote real numbers or variables, and use the 


+ Presented to the Society, October 31, 1936; received by the editors May 22, 1936. 

t Adams and Clarkson, On convergence in variation, Bulletin of the American Mathematical 
Society, vol. 40 (1934), pp. 413-417. Adams and Lewy, On convergence in length, Duke Mathematical 
Journal, vol. 1 (1935), pp. 19-26. Hereinafter these papers will be referred to as AC and AL, respec- 
tively. 
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letters X, Y, &, , V, n, u,v, U, V with or without subscripts to denote real- 
valued functions. All other functions are to be regarded as complex functions 
of a real variable unless the contrary is expressly stated. We shall also em- 
ploy a and b with or without subscripts to designate real numbers with a <0. 

If Q is a condition involving x, then E [Q] is a set defined as follows: A 
point x belongs to E[Q] if « satisfies the condition Q. We use the notation 
[x1, 22] to denote a closed interval. 

If f is a function and if [a, b] is included in its domain, then the symbol 
T.*(f) (read the total variation from a to b of f) will be used to denote the 
least upper bound (finite or infinite) of numbers of the form 


k 

j=1 
where --- <t,=b. We define 7,*(f) = and T.°(f) =0. 
If T.2(f) < ©, then f is said to be of b.v. (bounded variation) on [a, 6]. Since 
it will sometimes be necessary to display the variable with respect to which 
the total variation is taken, we employ the notation 7;,f(é) as an alternate 
for T.*(f). 

We shall use a.c. as an abbreviation for absolute continuity and employ 
p.p. to denote almost everywhere (presque partout), and designate the outer 
measure of a set R by |R|. It will also be convenient to refer to Euclidean 
space of m dimensions as simply u-space. Furthermore, a function will be said 
to be increasing on a set if it is strictly increasing there, a function will be said 
to be monotone on a set if it is either non-increasing or non-decreasing there. 

The following convention, will be used throughout the paper. If f is de- 
fined on [a, 6], then the function f’ is defined on [a, b] by the following rela- 
tions: 

f'(® =the derivative of f at ¢ wherever it exists finite, 

f’(# =0 for all other ¢ on [a, 6]. 

We also agree: If [a, 6] is the domain of f and if lim,.0,f(¢+/) exists for 
aSt<b and if lim,.0,f(¢—h) exists for a<t<b, then f(t+) and f(t—) are de- 
fined for ¢ on [a, 6] as follows: 


f(a —) = f(a); f(b +) = f(b); f(t +) ~ +h), aSt<b; 


fit-) =limft-), a<tsb. 
h-0+ 


We shall denote by CR the set of all finite-valued complex functions whose 
domain is [0, 1]. If f and g are any points in CR and if a is any complex 
number, then by f+ g is meant that point G in CR such thatG(é) =f(¢) + g(¢) for 
ton [0,1], by f-g is meant that point G in CR such that G(#) =f(é) -g(é) for ton 
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[0, 1], by ef is meant that point G in CR such that G(é) =(a) -f(é) for ¢ on 
[0, 1]; and, provided f does not vanish on [0, 1], by a/f is meant that point 
G in CR such that G(#) =a/f(t) for t on [0, 1]. We denote by J and 6 the ele- 
ments of CR defined respectively by 


I(t) = 4, = 0; 


If f is in CR, then ||f||, read norm of f, is defined as | f(0)| +7 c'(f). The space 
BV is a subspace of CR defined by BV =(CR) -E|| f|| << ] and the subspace 
RBV is defined by RBV =(BV)-E [f is real ]. 

Totally distinct from these spaces and used merely for convenience is the 
space CC defined as the space of continuous functions on the finite complex 
plane to the finite complex plane. 

In concluding this section we lay down the following definitions. 

DEFINITION 2.1. If fis a point in CR and ¢ is a function whose domain in- 
cludes the range of f and whose range is included in the set of finite complex 
numbers (finite complex plane), then ¢:f is defined to be that point G in CR 
for which G(é) =#{f(d)}, O<#S1. 

DEFINITION 2.2. If Y is a real point in CR and w is a function on a part 
of two-space to one-space and if u(t, Y(é)) is defined for ¢ on [0, 1], then by 
(u| Y) is meant the real point V in CR such that ¥(é) =u(t, Y(é)), OSé#S1. 

DEFINITION 2.3. Convergence in variation. By f,—v—fo, read f, converges 
in variation to fo, is meant this: f, is in BV for n=0, 1, 2, - - - ; fr(t)—>fo(4) 
for ton [0, 1]; || 

DEFINITION 2.4. Uniform convergence in variation. By f, —uv—fo is meant 
this: f, —v—fo with f,(¢)—fo(t) uniformly for ¢ on [0, 1]. 

DEFINITION 2.5. Convergence in length. By Y,—l—>Yo is meant this: Y, is 
in RBV for n=0, 1, 2,--- ; 7+iY,)—v-(J+7Y)). 

DEFINITION 2.6. Uniform convergence in length. By Y,—ul—Y is meant 
this: Y,—/—Yo; Y,(#)—Yo(t) uniformly for ¢ on [0, 1]. 

DEFINITION 2.7. Strong convergence. By f,—s—fo is meant this: f, is in 
BV for n=0, 1, 2,--- ; —fol| 0. 

DEFINITION 2.8. If @ is a point in m-space with a=(ai, a2,---, Gn,) 
and a point in m2-space with B=((1, --- , Bn,), then ao B is the point 

3. Preliminary results. In this section certain preliminary results will be 
actually proved while others which are quite simple or well known will simply 
be stated both for completeness and for use later. 

From the definition of total variation it is clear that if a<c<b with f 
defined on [a, 6], then 7.°(f) =T.°(f)+T72(f). Another corollary is the fol- 
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lowing semi-continuity property: the relation f,,(¢)—>fo(é) for ¢ on [a, 6] implies 
lim inf,..7(f,)=T@(fo). It is likewise easily verified that the relation 
fn—2—fo with fo continuous implies f, —uv—>f (see AC, Theorem 2 and corol- 
lary to Theorem 4). 

Of considerable use is the following 

Lemma 3.1. The relations f,—v—fo and f,—uv—fo imply respectively the 
relationst S,(t)—So(t) for t on [0, 1]; Sn(t)—So(t), uniformly for t on [0, 1] 
where S,(t)=To'(fn) for t on [0, 1]. 

Several properties of the norm in CR are now set forth in the following 
lemma. 


Lemma 3.2. If f and g arein CR and ais a complex number, then 
+ all S +ilell, [yell = 


The first two relations are quite simple. We sketch a proof of the last 
which is seen to reduce to proving 


N N N 
( > | Qn — > | bn 2 > | Andy |, 
n=0 n=0 


n=0 


where a, and b, are complex numbers (n =0, 1, - - -, and =0- 
Suppose the above relation, which is obviously true if NV is replaced by 9, to 
be true for NV replaced by an integer k with O0<k<WN. Then it follows that 


k k 
(| + a. - | + > | bn = 
n=0 


n=0 


k 
=| — ae | — be] +| — | bn — 


n=0 


k k k 
n=0 


n=0 n=0 


>| — — bx) + — + (digs — b,)ax| 


k k+1 
+ | Gnd, — | = > | — | 
n=0 n=0 
This induction completes the proof. 
The following two lemmas are particular cases of Minkowski’s inequality. 


t AC, corollaries to Theorems 2 and 5. The proof given there holds equally well for the functions 
considered here. 
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Lema 3.3. If 0<a;<)b; (for j7=1,2,---,k), then 


k k k 2-1/2 
ares 
j=1 i=1 j=1 


Lemma 3.4. If X and Y are summable on [a, b], then 


b b 


{( J dt) + ( J vin | a) 


Lema 3.5. If X is a function defined on [a, b], then X’ is measurable on 
[a, 

This is a corollary of a theorem found in Saks, Théorie de l’Intégrale 
(Chapter 3, p. 47, Theorem 1). 


Lemma 3.6. Let [a,b] be the domain of the function X and denote 
E[|X’()| >0] by P. If D is a set of measure 0, then the set P-E[X()eD] 
is likewise of measure 0. 

Let Q=E [X(é)eD] and suppose | PQ| >0. Define =E [X’(#) >0]. There 
is no loss of generality in assuming | P:Q| >0. P; being measurable, it is easily 
established that there exist positive numbers €,, €2, and a closed set C such 


that 
X(t2) — X(t 
CeP,, |P:—C| <| 
le — 

if eC, treC, and 0<|t—t| <e. Thus |CQ| >0, so that there exists an inter- 
val [ao, bo] of length <e: for which |CQ[ao, bo]| >0. Defining C* =C- [ao, bo] 
and (* =C*-Q we observe |(Q*| >0 and C* is closed, so that if X, is defined 
on C* so as to coincide with X and defined on the remainder of [ao, bo], which 
is made up of a set of non-overlapping intervals, by linear interpolation then 
it appears that X, is continuous and increasing on [do, bo] with 


| Xi(te) | 2 te — t|, (ao S th, te S bo); Xi(t) = X(t), (teC*). 


The continuity of X, follows from the existence of the derivative of X at all 
points of C*. Let 7 be defined on the interval [Xi(ao), X1(bo)] by the rela- 
tion +{X,(é)} =t (aoStSbo). Clearly 7 satisfies a Lipschitz condition on 
[X.(ao), X1(bo)], and thus transforms the set D-[Xi(ao), X1(bo)] which is 
of measure 0, into a set D* of measure 0. But 


O* = C*0 = C*E[X(t)eD] = = C*D*. 


Hence the contradiction |Q*| =0. 
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Coro.iary 3.1. Let [a, b] be the domain of X and let [a, B| include its 
range. If ¥, and 2 are finite-valued functions defined on |a, B| and equal p.p. 
there, then for almost all t on [a, b], X(t) } X'(t) =o { 

THEOREM 3.1. Let [a, b] be the domain of the function X; let |a, B| include 
its range; let V be a.c. on [a, B] and denote V{ X(t)} by G(#) for t on [a, b]. 
If X has a derivative p.p. on |a, b], then 


G'(t) = W'{ X()} x’) 
for almost all t on [a, b]. 


Let it first be noted that the theorem does not answer the question as to 
whether or not G is differentiable p.p.f We now proceed with the proof of the 
theorem. 

Let R=E[X’(/) =0]. If | R| =0 the next paragraph by itself furnishes a 
proof. However, in case | R| >0, it may be noted first that corresponding to 
e(>0) there exist positive numbers M, « and a closed subset C, of R, such 
that |R—C| <e with | X(t) —X(h)| <M|t—h| if teC, teC, and <a. 
Likewise readily verified is the existence of a function X; satisfying a Lip- 
schitz condition on [a, b] (the constant involved may be >M), and in addi- 
tion fulfilling: X,(#) =X(é) for t2C. Now X, and X both transform C into a 
measurable (closed) set C’ with 


|c’| sf 
Cc Cc 


But V being a.c. on [a, 8], transforms C’ into a set C’’ likewise of measure 0. 
Hence G transforms C into C’’, a set of measure 0, so that G’(#) =0 for almost 
all ¢ in C; for supposing the contrary leads immediately to a contradiction of 
Lemma 3.6. Hence, since « was arbitrary, we conclude G’(#)=0 for almost 
all tin R. Thus G’(t) =W’ { X(é) } X’( for almost all ¢ in R. 

However, upon denoting E [| X’(é)| >0] by P, it is seen from Lemma 3.6 
that 


w{X(t+ h)} 


{ In fact, from the work of N. Bary, Mathematische Annalen, vol. 103 (1930), p. 611, a definite 
answer to this question can be given. Let F be a continuous function nowhere differentiable on [0, 1]. 
There then exist functions G;, G2, G; and a.c. functions V2, Vs, such that 


G=1, 2, 3;05¢81). 


Thus at least one of the functions G,, G2, G; fails to have a derivative on a set of measure >0. 
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for almost all ¢ in P. Hence G’(t) =’ { X(t) } X’(é) for almost all ¢ on [a, 5]. 


Coroiiary 3.2. Let [a, b] be the domain of X whereon it is a.c. and let 
[a, B| include its range. If V satisfies a Lipschitz condition on |a, B| or if V 
is a.c. on [a, B| with X monotone on |[a, 6], then the function G defined by 
G(t)=W{X(t)} (a<t<b), is a.c. on [a, b] with for 
almost all t on [a, 6]. 


Coroiary 3.3. Let [a, b] be the domain of X; let [a, 8] include its range; 
let V be a.c. on [ax, B]; and denote V{ X(t)} by G(t) for t on [a, b]. If X has a 
vanishing derivative p.p. on [a, b|, then a necessary and sufficient condition that 
G is a.c. on a, b] is that V is constant on the range of X. 


Now combining Theorem 3.1 with Corollary 3.1 we obtain 


THEOREM 3.2. Let X be defined on |a, b] and differentiable p.p. there; let 
[a, | include the range of X; let W be defined, finite-valued, and summable on 
[a, and denote f2p(s)ds by V(x) for x on [a, finally let G(t)=¥{X(d} 


for t on [a,b]. Under these circumstances 


X(t) t 


X(a) 
if and only if G is a.c. on [a, b].t 
Lema 3.7. If f is defined on [a, b| then 


b 
Ta(f) 2 f | dt, 
the sign of equality holding if f is a.c. on [a, 6]. 


+ A slight modification in proof establishes: 

If W satisfies Lusin’s condition N on |a, p| (i.e., transforms sets of measure 0 into sets of measure V) 
and if X is continuous on [a, b| in addition to being differentiable p.p. there, then G'(t)=W' { X(t)} X"(t) 
for almost all t on [a, b). 

It may also be noted that a slight simplification in proof may be achieved by use of a theorem 
of N. Bary, loc. cit., p. 190. 

t This theorem is a generalization of results previously obtained by de la Vallée Poussin, these 
Transactions, vol. 16 (1915), p. 466, and by Fichtenholz, Bulletin de l’Académie Royale de Belgique, 
Classe des Sciences, ser. 5, vol. 8 (1922), p. 441. In the notation of the present theorem it was shown 
by de la Vallée Poussin that absolute continuity of X implies the equivalence of the following three 
statements: 

(ii) Gis a.c.; 

(iii) (s)} X"(s)ds exists. 

On the other hand Fichtenholz showed that a)solute continuity of G together with monotonicity and 
continuity of X implies (i). 


= 
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Lema 3.8. Let o be monotone and continuous on [a, 6]. If f is defined on 


[o(a), o(b) |, then 


a(b) 


Ti-af{o(t)} = | 


Lemma 3.9. If f is a.c. on [a, b] with f’(t) =u (constant) for almost all t on 
[a, b], then 


b 
f aes —| + 208 ah, 


where 5=b—a and A=f(b) —f(a). 


The lemma is clearly true in case A=0. In the alternative case we define 


F(t) =| A| (f® — f(a))A~ = E(t) + inf) (a<t<bd). 
Now (Lemma 3.4) 


b 6 
w= f lrola=f lrola= f 


> {fi volar)” 
=({ 


whence dt}2, so that from the relations 
b 
J 


6 6 


b 
f w= [alo] de = 


follows the relation 


S — | + 2(us —| Al). 
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THEOREM 3.3. If f, is an a.c. function in BV with | f, (t)| =n for almost all 
t on [0, 1] (n=0, 1, 2, ---), then the relation f,—v—f» implies \lfn—fol| +0. 


From 


f | () | dt = TH fa) 


we conclude u,—o. Let « be any positive number. There exists a partition 
(0 1) such that —fo(t;-1) | <e. Let- 
ting A,.,;=fn(t;) and 6;=t;—t4, (n=0, 1, 2,---;j=1,2,---, &), 
we have the obvious relation 


k tj k 
| — Ao, dt = Anz — | (n = 0,1, 2,---). 
jm j=l 
Use of Lemma 3.9 and Lemma 3.3 yields (for n=0, 1, 2, - - - ) 
k tj k 
f | (2) —An,j67"|dt (4.257 — | An; 
jm 


j=l 


k 
+ 2(und; — | Ani] S Ka, 


j=l 


j=1 j=1 


Combining these last two relations with the relation obtained by setting n =0 
in the last relation we conclude 


j=1 tj-1 


k 
< Kit+ (2 =0,1,2,---). 
j=1 
Hence 


lim sup f | fil (t) — fo (t) | dt 


S 2Ky = | (u + + 4( om | 


j=1 
S 2(€-2yo)'/? + 4e, 


the theorem following from the arbitrariness of e. 
4. Transforms of sequences in BV. We prove the following lemma. 


where : | 
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Lemma 4.1. If {X,,} is a sequence of functions in RBV satisfying the condi- 
tion 
| Xn(ée) — | M| — (0 =0,1,2,---), 


and if VY is a real function which satisfies a Lipschitz condition on every finite 
interval, then the relation implies the relation 

Let [a, be such that X,(é) is in [a, b] for =0, 1, 2,---. Let 
M,(>0) dominate V’(x) foras«<b;letP,=E[X,! (i) [X,/ =0], 
N,=E[X,! () <0] for m=0, 1, 2,--- and denote by P*, R*, N* those points 
on [0, 1] at which the metric density of Po, Ro, No respectively is 1; let {yp} 
‘be a sequence of functions continuous on [a, 5] and dominated there by M,, 
such that ’H,(x)dx—0, where H,(x) = |W’ (x) —y,(x)| for x on [a, b]. Since 
WV: X,, satisfies a Lipschitz condition, it becomes clear in the light of Corollary 
3.2 that the truth of the theorem is equivalent to showing F,,(/)—0 for ¢ on 
[0, 1], where F, is defined by 


F,(t) = f Xa(s)} Xs (8) — Xols)} Xe (5) | ds. 
0 


To establish this relation we shall prove the following: If {F,*} is any sub- 
sequence of {F,,}, then a subsequence {G,,} of {F,*} exists such that G,(#)—0 
fort on [0,1]. 

Since the sequence {F,,} is comprised of non-decreasing functions which 
uniformly satisfy a Lipschitz condition, it appears as a corollary of Helly’s 
theorem that there exists a subsequence {G,} of {F,*} and a function Gp 
satisfying a Lipschitz condition such that G,(#)—> Go(é) for ¢ on [0, 1]. 

Now let é) be any point of P* and denote [to, s] by Q, for O0Ss<1. From 
Theorem 3.2 follows the relation 


| f Xs (t)dt | +2 H,{X,(t)} | (| dt 


QsNn 


< f H,(«x)dx + 4M,M|0Q,N,! 


< f H,(x)dx + 4M,M{|Q,PoN,| +|Q.(Mo + Ro) | } 


81). 
Thus 


4 

aq 

j 
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{ Xol(t)} Xd (t) — X40 | 
< f + 4M,M | Q.(No + Ro) | 


for p=1, 2, 3,---; O<s<1; furthermore, since X,’ converges in measure to 
X¢, it may easily be seen that |Q,PoN,,| as n— and hence that 


lim sup f X,()} — vp { (| dt 


no 


< f H,(x)dx + 4M,M|Q,(No + Ro) | 


for p=1, 2, 3,--- ; 0<s<1. By combining these two relations with the ob- 
vious relation 


lim sup f | vol XS | at] = 0 
(p = 1, 2,3,--- ;0<5s81), 
we obtain 


lim sup | F,(s) — F,(to) | 


= lim sup f 


to 


b 
< 2f H,(x)dx + 8M,\M|Q,(No + Ro)| (p = 1, 2,3,---;055< 1) 


so that upon letting p— we conclude 
| Go(s) — Go(to) | = lim | G,.(s) — G,(to) | 


Slim sup | F,(s) — Fa(to)| S 8MiM | Q.(No + Ro) | 


for s on [0, 1]. Thus, since éo is a point at which the metric density of Pp is 1, 


| Q.(No + Ro) | _ 


0 


which implies G¢ 
If ¢) is a point of N*, a similar proof establishes G¢ (4) =0; if toeR*, then 
the relation G¢ (to) =0 is a consequence of the easily proved inequality 
lim sup | F,(s) — F.(t.)| 2MiM|Q.(No+ Po)| (OSs <1). 


no 
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Thus G¢ (#) =0 for almost all ¢ on [0, 1], and hence Go(#) =0 for ¢ on [0, 1]. 
This completes the proof. 
The following is now readily established. 


Lemma 4.2. If {X,} is a sequence of monotone functions in RBV satisfying 

the condition 

|Xn(te2) — Xa(tr)| M| te — (0 Sh, te S 1;n =0,1,2,---), 
and if Vis areal function which is a.c. on every finite interval, then the relation 
implies 

To show this, approximate W’ in the mean with bounded measurable func- 
tions and apply Lemma 4.1 and Theorem 3.2. It is of some interest to note 
that some of the functions which comprise {X,} may be increasing while 
others are decreasing. 

DEFINITION 4.1. Let « be a function on two-space to one-space. If there 
is a function A on one-space to m-space, a function B on one-space to m2- 
space, and a function U on (m,+m2)-space to one-space such that 

(i) A(x) =(Ai(x), Ao(x), , An,()), =(Bily), Baly), - - , Ba, (y)) 

(ii) all first partial derivatives of U(a1, ae, Bi, Be, Bn,) With 
respect to these arguments are continuous functions on (m+ 2)-space; 

(iii) u(x, y) U(A (x) B(y)) = U(A(x), A,,(x), Bi(y), B,.,(y)) 
for <x, 

(iv) on every finite interval either 

A and B are a.c., or 

A satisfies a Lipschitzf condition and B is a.c., or 

A is a.c. and B satisfies a Lipschitz condition, or 

A and B satisfy a Lipschitz condition; 
then u is said to be respectively either & or &: or R2 or Ris. 

DEFINITION 4.2. Let ¢ be a function in CC with ¢(x+7y) =u(x, y) +i0(z, y) 
for —« <x, y<~; let f be a point in BV with f=X-+7Y. If the functions 
u and v are R with X and Y monotone, or &; with Y monotone, or &2 with X 
monotone, or £12, then ¢ is said to be applicable to f. 

DEFINITION 4.3. Let Y be a point in RBV and let u be &. If Y is monotone 
or if wis Re, then wu is said to be applicable (R) to Y. 

DEFINITION 4.4. If ¢ is applicable to f and if 

| +) — = Trolo{(1— +NE+L)}] 
then ¢ is strictly applicable to f. 
¢ Throughout the paper we shall consider definitions which involve purely metric properties of 


a function on [a, 5] to one-space to be generalized in the customary manner to functions on [a, b] 
to m-space. 
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DEFINITION 4.5. If u is applicable (R) to Y and if for each ¢ on [0, 1] 
it is true that w{t, (1—d)V(é)+AYV(¢+)} is monotone in X for ¢ on [0, 1], 
then wu is said to be strictly applicable (R) to Y. 

Definitions 4.2 and 4.4 are formulated to facilitate the discussion of the 
following problem: Suppose f, = (X,+7Y,) —v—(Xo+iY 0) =fo and suppose ¢ 
in CC with ¢(x+iy) =u(x, y)+iv(x, y) for — 2 <x, y< oo. What conditions 
on ¢ will imply ¢:/,—v—@:fo? This is equivalent to asking what condition 
on ¢ will imply 
T; mo[u{ X,(t), + ivf X,(0, ] 

Xo(t), Vo(t)} + Xo(2), Yolt)}]. 


Definitions 4.3 and 4.5 will be used in connection with convergence in length. 


Lemna 4.3. Let o and g be in CR witha real and non-decreasing and o(0) =0, 
o(1) =1. If f=g:0 with f(t+) =g{o(t+)} fort on [0, 1], then 


Isl] = + 


where 


sgn a (t+) 


Let fo and a» be defined on [—2, 2] as follows: 

fol) =f, = ol 

fo(t) = f(1), ao(t) = o(1) (1<#s 2), 


fo(t) = = o(0) (—2s#<0), 
and let 


oo(t+r), 


Ao(t) = — | folt) — folt —)| — | fole +) fol |} (— 2S 2). 
The truth of the lemma is clearly equivalent to showing 


(g) = T fo) + T9(Ao). 


To do this let S=(0 =s9<s,<se< - - - <s,=1) be any partition of [0, 1] and 
let H(s’, s’’) be defined for OSs’ <s’’ <1 by 


=> | g(pi) — g(Pi-1) |, 


j=l 


where po=s’, p,=s’’, and g is one more than the number of points of S on 
E|s’<s<s’’| and pi<po< --- <p,-1 are these points (if any). Consider the 
set 


E= E[H(0, o(t)) fo) + | 
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and denote by E’ the set of those points which are left-hand limit pointsTt 
of E. Noting that —1eZ’ let P=sup E’ and suppose P <2 in an attempt to 
show that P =2. Since PeE’ there is a point P; (> —2) of E which is less than 
P but sufficiently close to P so that E[oo(P:) <s<oo(P—) ] contains no point 
of S. It is likewise clear that there exists a point P2 (>P and <2) such that 
E|oo(P+) <s<oo(Pz2) | contains no point of S. Now implies 


(1) H(0, oo(P1)) T=2(fo) + T-2(Ac) 
and from the fact that Ao vanishes everywhere on [—2, 2] except for a de- 


numerable set it follows that 


o (P+) 


— | — folP —)| — | +) — folP)| Tp,(Ao) (P< R < Pr) 


which implies 


P —), oo(P +)) 


< | folP) — folP —)|+| +) — folP)| + (P< R< Py). 
Furthermore the fact that E[oo(P:) <s<oo(P—)]+E[oo(P+) <s<oo(P2) | 
contains no point of S combines with the hypothesis of the lemma to yield 
H(a0(P1), oof P —)) + H(o0(P +), oo(R)) 
=| —) — fo(Ps)| +] fo(R) — +)| (P<R< Pi), 

so that upon adding (1), (2), and (3) we obtain, for P<R<P2, 
H(0, oo(R)) S H(0, oo(P1)) + H(o0(P1), oo(P —)) 

+ H(o(P —), oof P +)) + H(oo(P +), o0(R)) 
< +| folP —) — folPs)| +| folP) — folP —)| 

+ | folP +) folP)| + | fo(R) — +) | + +7, (Ao) 
S + 


This establishes P2 as a point of E’ which is a contradiction proving 2=sup E’ 
and hence that 


(2) 


(3) 


Dd | — g(sir) | = HO, 1) S T22(fo) + TH2(Ao), 


j=l 


which implies 
To(g) S To2(fo) + T2(Ao) 
since S was arbitrary. 


+ We define xo as a left-hand limit point of E if every interval [x, xo], where x<xo, contains 
a point of E as an inner point. 
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Now let 4, ta, ts, -- - be a denumerable set of points on [0, 1] which in- 
clude all points of discontinuity of Ao and define A,(¢) = Ao(t) for¢=h, fe, tn 
and A,(¢) =0 for all other on [—2, Clearly A,,(é)—Ao(é) for all ¢on [—2, 2] 
and inasmuch as 

it follows by induction that 


Toye) (8) Te (fo) + Te (Mn) 
for t’ <t’’ with ¢’ and ¢”’ both in the set obtained by deleting the points 
h, te, ts, -- - from [—2, 2]. This of course implies 
To(g) = T2(fo) + T2(An) 
whence, by semi-continuity 
To(g) = T-2(fo) + T~2(Ao) 
and the proof of the lemma is complete. 


Lemna 4.4. Let f=X+iY be in BV and denote T} (f) by wu. Let o be a non- 
decreasing function in RBV such that o(0) =0, o(1) =1 and wo(t) =To'(f) for t 
on [0, 1]. There exists a function g in BV having the following properties: 


(i) f= gio with = 
(ii) | g(se) — g(si)| S w| s2 — (OSs, 521), the sign of equality holding 


if-o(t—) or o(t) S51, s2S0(t+), whereOSt<1; 
(iii) if @ is any function in CC which is applicable to g, then 


= + To(a), 
where 


A(t) = 250 wo Af(t —) + (1 — ASO} ] — | — 1) | 


+ + (1 — +) - 


Define g=£+in as follows. Let so be any point on [0,1] and let 
to=inf E [o(t) >s0]. Now o(to—) Sso<o(to+) and we define 


g(so) = f(to) if so = o(to); 
to —) a(to) — soy + 50 — — 
= if o(to —) S so < ; 


o(to +) — o(to) 


| 
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As a consequence of 
(1) | f(t’) — ft’) | w| oft”) — oft’) | Os, 81), 


it is easily verified that g{o(#)} =f() and g{o(t+)} =f(t+) for ¢ on [0, 1]. 
Combining these last two relations with the definition of g and the relation 


| +) — =n] +) (0<#<1), 
we obtain 
(2) | g(s2) — g(si)| = — 51 | 
if o(t—) S51, Se or o(t) S51, (t+), where Hence 


o (t+) 


Toc-)(g) = o(t) — —)| +) — of) | 
=| — fe -)|+|sE+) (<t<1) 


while, on the other hand, from Lemma 3.8 it follows that 


sgn a(t) 


— | o:f) — o:f(t -)| 


o (t+) 


+ Tow (¢:g) —| +) — 
sgn t(t—1) a (t+) 
[Tee — | — —)| — | +) 6:f0| ]. 
Viewing the last two relations in the light of Lemma 4.3 establishes || ¢/| =|||| 
and ||@:g|| =||¢:/||+70 (A). It also follows that monotonicity of X or Y 
implies monotonicity of £ or 7 respectively so that from Definition 4.2 we 
conclude ¢ is applicable to g. 

To complete the proof of (ii) let s’ <s/ be any two numbers on [0, 1] 
and let =inf E[o(t)=s/ ] and =sup E[o(t) ]. Now If 
then o(t/ —) <s{ <s? <o(t/ +), so that the relation (2) implies the inequality 
| g(sf) —g(s’)| —si|. However, if t/ <é# then 

—) S si S +) S -) S sf S o(t{ +), 
so that (1) and (2) yield 
| g(s?) — g(st)| S| +)} — g(si)| +] —)} — glo(ti +)} | 
+ | (sf) — —)} | 
< plo(t! +) —sf} +| -) —f+)| -)} 
< plo(ti+) — si} + —) — +)} 
+ — —)} = — sf). 


The truth of (ii) is now apparent and the proof of the lemma is complete. 


A(t) = 2 


=2 
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We introduce here the notion of pseudo-absolute continuity. 

DeFIniTION 4.6. A function f defined on [a, 6] is said to be pseudo- 
absolutely continuous there if corresponding to every ¢«(>0) there exists a 
5(>0) and a finite point set E such that if { [a,, b,]} is any denumerable set 
of non-overlapping intervals on [a, 6] with ,[a,, empty and 
bn —an| <6, then | f(b») —f(an)| <e. 

We observe that a pseudo-a.c. function is of b.v. and is expressible as 
the sum of an a.c. function and a singular function of the saltus type (see 


Definition 6.2 below). 


Lemma 4.5. If f is a pseudo-absolutely continuous point in BV and if ¢ is 
any function in CC which is applicable to f, then o:g is a pseudo-absolutely 
continuous point in BV. 


There is no loss in generality in assuming ¢ to be real valued. 

Let X+iY =f. From Definitions 4.1 and 4.2 there exist functions A and B 
on one-space to m- and m2-spaces respectively which are a.c. on every finite 
interval and a function U on n;-space (73=1+Mm2) to one-space, all of whose 
first partial derivatives are continuous, such that 


o(x + iy) = U{A(x)o <a,y<o) 
with A satisfying a Lipschitz condition on every finite interval if X is not 
monotone and B satisfying a Lipschitz condition on every finite interval if Y 
is not monotone. Let 

C(t) = AL X()} o 1). 
Readily seen is the pseudo-absolute continuityt of C. Let S be a sphere in 
m3-space which includes the range of C. Now U satisfies a Lipschitz condition 


on S; i.e., there exists a constant M(>0) such that if y and y’ are any two 
points of S, then 


| U(y’) — U(y)| S M{ Euclidean distance between y and 7'}, 


so that, since ¢:f(/)=U{C()} for ¢ on [0, 1], the pseudo-absolute continuity 
of @:f becomes apparent. 
Since a continuous pseudo-absolutely continuous function is a.c. we have 


Coro tary 4.1. If f is an a.c. point in BV and if ¢ is any function in CC 
which is applicable to f, then :g is an a.c. pointin BV. 


Lema 4.6. If {gn} is a sequence of points in BV satisfying the relation 
| gn(t2) — gn(ts)| S M| te — (0 < th, te =0,1,2,--- 


t See footnote on page 59. 
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and if @ is any function in CC which is applicable to g, for n=0, 1, 2,---, 
then the relation ||g,—go|| 0 implies ||6:gn—@:g0|| 0. 

There is no loss in generality in assuming ¢ real valued. Let {gn,:} be any 
subsequence of {g,} wherein go,1=go. To prove ||¢:g,—@:g0|| 0 it is merely 
necessary to establish the existence of a sequence {gn,2} which is a subse- 
quence of such that First we note that of the 
sequence {g,,} there exists a subsequence {gn.2} wherein go2=go and 
XntiVn=8n,2 for n=0, 1, 2,---, which enjoys one of the following four 
properties: 

(i) X, and Y; are both not monotone; 

(ii) X, is monotone (n=0, 1, 2, ---) and Vi is not; 

(iii) X, and Y, are monotone (n=0, 1, 2,---); 

(iv) X, is not monotone and Y, is monotone (n=0, 1, 2, --- ). 

Now since ¢ is applicable to {g:,2}, there exist functions A and B on one- 
space to m- and me-spaces respectively and a real function U defined on 
m3-space (w3=m-+M2), all of whose first partial derivatives are continuous, 
such that 


o(x + iy) = U{A(x) <4, y< @) 
and such that C, defined by C,(#) =A {X,(é)} oB{Y,(¢)} (0<t<1) ,isana.c. 
function on [0, 1] to ms-space not only for n=1, but for n=0, 1, 2,---. 
Thus upon defining 

Cn,2(t), = Ca(t) and H(t) = U{C,(#)} 
we conclude H, is an a.c. point in RBV with H, =¢:gn,2 forn=0,1,2,---. 


Also follows the existence of continuous functions Di, De, ---, Da, on 
space to one-space such that (for »=0, 1, 2, - - - ) 


Hi (t) = Ca) } Cro (almost all ¢ on [0, 1]). 
p=1 
Since go is continuous, we conclude (X,+iY,) —uv—>(Xo+iYo) and hence 


C,(#)—>C,(t) uniformly for ¢ on [0, 1], so that 
lim Dp{C,(t)} = Dp{Co(t)} 


uniformly for ¢ on [0, 1]. Combining this with the relation 


no 


1 
lim (p =1,2,---,m), 
0 


(p = 1, 2,--+ , ms) 
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which is a corollary of Lemma 4.1 and Lemma 4.2, yields 


1 
(Be — Be | H/(t) — Hd (t)| dt 0. 
0 


Hence, since H,,(0)—>H,(0), we conclude ||¢:g,,2—@:g0|—0. This completes 
the proof. 

With this background we now turn to the proofs of the following two 
theorems. 

THEOREM 4.1. If is applicable tof, forn=0,1,2,--- and in addition if 
is strictly applicable to fo, then the relation f, —v—fo implies 


:fn fo. 

THEOREM 4.2. If ¢ is applicable to f, for n=0, 1, 2, - - - , then the relation 

fn—uv—fo implies 
o:fn — uv— fo. 

Let un =To'(fn), (n=0, 1, 2, - - - ). From Lemma 4.4 we conclude the exist- 
ence (for n=0, 1, 2, - - - ) of functions g, and o, in CR having the following 
properties: 

(i) o, is a non-decreasing function with a,(0)=0, o,(1) =1 and 
(f,) for O<tS1; 

(ii) with || gull; 

(iii) | gn(se) —gn(si)| Sun| s2—si|, (OSs1, se<1), the sign of equality hold- 
ing if o,(t—) or o,(t) S51, SoS0,(t+), where OSt<1; 

(iv) ¢ is applicable to g, and 

1 
gnl| = + To(An), 
where 


A,(t) = 2988 Theale — —) | 


+ + (1 — +)}] —| +) 
(0<t< 1). 


We divide the remainder of the proof of Theorems 4.1 and 4.2 into three 
parts. 
Part I. is a.c. for each n=0, 1, 2,--- and |\6:g.—:g0|| 0. 


From (i) and Lemma 3.1 follows the relation, ung,(t)—ooo(t) for ¢ on 
[0, 1] so that 


| gn(on(t)) — gn(oo(t)) | S| wnon(t) — wnoro(t) | 0 
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since From (ii) follows the relation {on(4) }—>go{ao(¢)} for ton [0, 1], 
so that upon combining the above relations we conclude 


gn{ao(t)} — gol ao(t) } 1). 


Now let so be any point on [0, 1] and note that there exists a point to 
on [0, 1} for which oo(t.—) SsoSoo(to+), so that either so=ao(to), or 
Fo(to—) <oo(to), or oo(to) <SoSao(to+). If So (to) then follows immedi- 
ately the conclusion g,(so)—go(so). Supposing now that oo(to—) S50 <ao(to), 
let 0<t;<tn<t3;< --- with ¢,—%) and denote by P any limit point of the se- 
quence {g,(so) }. Also let si =oo(to—) and s¢’ Pd =go(sd ), Po=go(so), 
and Po!’ =go(so’’). Thus 


| gn(So) oo(tp)} | < Bn So oo(ty) } 
| gn(sd’) £n(So) | S bn { so’ so} (n 0, 1, 2, 1, 2, 3, 


Letting n— and then p> and then using (iii) establishes 
| P— | S wolso— sd} =| Po— Po | 
| Po’ — P| S wof{ss’ — so} =| Po’ — Pol. 


Adding and using (iii) again yields 
| Po’ — Pi | S| P— +| Po’ — P| S — sé) =| Pd’ — Po | 


which implies equality in the last three relations which in turn implies Po = P. 
Thus gn(S0)—>go(So) if oo(to—) S50 <oo(éo). A similar proof of this relation holds 
if oo(to) <soSoao(to+), so that finally it is established that g,(s)—>go(s) for s 
on [0, 1]. 

From (iii) we conclude g, is a.c. with |g,’(s)| <n, for O<s<1; 
n=0,1,2,---.Hence (form=0,1,2,---) 


so that un=|g,’(s)| for almost all s on [0, 1]. Applying Theorem 3.3 yields 
l|gn—go|| 0. Letting M(>0) be such that u,<M for n=0, 1, 2,--- we see 
from (iii) that 


| gn(S2) — gn(si)| S$ M| s2— (0S 51,52 S1;”=0,1,2,---), 


so that Lemma 4.6 and Corollary 4.1 complete the proof of Part I. 
Part JI. (Proof of Theorem 4.1.) Since ¢ is strictly applicable to fo it is 
apparent from (iv) that Ao(#) =0, (0<#<1), and hence 


= fall 


(n = 0,1,2,---), 
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the equality holding if »=0. Thus ¢:/f, is in BV for n=0, 1, 2,--- and fur- 
ther, since ¢:/,(t)—>@:fo(t) for t on [0, 1], we have 

0 = lim sup||¢:g, — :gol| = lim sup||¢: — gol| 


= lim sup — 2 lim inf |}: — = 0 


by the semi-continuity property of total variation. 

The proof of Part II is now complete. 

Part III. (Proof of Theorem 4.2.) Since ||¢:gnl| ={|¢:f,|| we conclude as 
before that ¢:/, is a point of BV for each n=0, 1, 2, --- . Since, however, 
fn, —uv—fo it becomes clear that in this case 


fr(t +) > fo(t +) uniformly for ¢ on [0, 1], 
which used in connection with Lemma 4.6 readily establishes 
An(t) > Ao(t) 1), 
so that lim inf,....7! (A.) — To (Ao) 20. Hence 
0 = lim sup — 2 lim sup||4:gal| — 


> lim sup{|¢:f,|| — ||: fol] + lim inf To(An) — To(Ao) 


2 lim sup fal] — = lim inf — 2 0. 


Since $:f,(#)—>@:fo(t) uniformly for ¢ on [0, i], the proof of Part ITI is now 
complete. 

As a corollary we have 

Coroiary 4.2. If the function ¢ is in CC with o(x+iy) =u(x, y)+iv(x, y) 
for —x« <x, y< ©, where u, v have continuous first partial derivatives, then the 
relation f,—v—fo with fo continuous implies 


v— o:fo. 


If the transformation is that of raising to a positive integer power, Theo- 
rems 4.1 and 4.2 lead to 


Coro.iary 4.3. Let k be a positive integer. If f, —v—f and if corresponding 
to each t on [0, 1] there is a ray through the origin (of the complex plane) on 
which lie the points fo(t), fot +), and fo(t—), then 


fat — fol. 


Coro 4.4. If f, —uv—fo, then f,* —uv—f . 


2 
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Before concluding this section the following remark seems in order. If @ 
is in CC and satisfies a Lipschitz condition on every bounded set in the com- 
plex plane, then feBV implies ¢:feBV. Hence it is natural to inquire into the 
truth of the following statement. 


If oeCC and satisfies a Lipschitz condition on every finite set and if fo is 
continuous, then the relation f, —v—f implies $:f,—v—0:fo. 

That the statement is not true is illustrated by the following example. Let 
fr(t) =t+i/n for OStS1; n=1, 2, 3,---. Let fo(é)=¢. It is clear that 
fn—v—fo. Define 


sin 


u(x, y) = 


nia 


(n — 1)4xx 
sin? 
(n — 
if 1/nsy<1/(n—1), where n=2; 
sin rx 


u(x, y) = if y21; u(x,y) =0 if yO; 
us 


and let ¢(x+iy) =u(x, y) for — 2 <x, y<o. Since the first partial deriva- 
tives of u exist everywhere and are dominated by 3, it follows that ¢ satisfies 
a Lipschitz condition on the complex plane. But 


1 1 
lo: = f | cos dx = f cos* dx = (mn = 1, 2,3,---) 
0 0 


with ||¢:fo| =0 so that it is not true that ¢:/, —v—¢:fo. As a rough appraisal 
of the generality of Theorems 4.1 and 4.2 it is interesting to note that a func- 
tion in CC may be applicable to f, for 7=0, 1, 2, without satisfying a Lip- 
schitz condition on every bounded set in the complex plane. 

5. Convergence in length. As our first application of preceding results we 
have the following theorem, which is a result obtained in a different way in 
AL. 


THEOREM 5.1. The relation implies Y,—v-—Yo. 


Let =y, (— <x, y<@). Now gis strictly applicable to 7+7Y,, 
for n=0, 1, 2,--- and since (J+iY,)—v—(J+iYo) we conclude that 
¢$:(1+iY,) —v—@:(I+i¥o). Hence the theorem is established. 


5.1. The relation Y,—ul—YVo implies Y,—uv—Y 0. 


We introduce here the notion of a singular function. 


—— 
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DeriniTion 5.1. If f is of b.v. on [a, b] with f’(#) =0 for almost all ¢ on 
[a, b] then f is said to be singular on [a, 6]. 

A well known property of singular functions is this: Let f be a singular 
function in BV and assume g an a.c. function in BV. Then 


To(f + g) = To(f) + Tol), 
so that if either f(0) =0 or g(0) =0, it is clear that ||f+g|| =|! +]]g||. We are 
now prepared to prove the following 


THEOREM 5.2. If Vo is a singular function in RBV, then the relations 
and Y,—v—Y are equivalent. 


Supposing Y,,—v—>Y» we deduce the relation 


+ i¥o|| < lim inf ||7 + iY,J| < lim sup||Z + iY,|| < lim sup||Y,]| + |{7]| 


= + || ¥ol] = + = + ol), 
which proves Y,,—l— Yo. 

Application of Theorem 5.1 completes the proof. 

TuHeEorEM 5.3. If u is applicable (R) to Y, forn=0,1,2,--- and in addi- 
tion if u is strictly applicable (R) to Yo, then the relation Y,—l—Yo implies 

Define ¢(x+iy) =x+iu(x, y) for <x, Now ¢ is applicable to 
(1+iY,) for n=0, 1, 2, - - - . It is also strictly applicable to (7+7Yo). Hence 

THEOREM 5.4. If Xo is a.c., then the relations X,—l—X_ and Y,—1-Y> 
imply the relations 

(X,, + Y,,) (Xo + Yo), 
— 1— Xo¥o. 

Let W be a.c. on E[— ] with =Xo(x) for x on [0, 1]. Define 
u(x, y) =y—WV (x), uo(x, vy) =y+¥ (x); — 20 <x, y<oo. Thus by Theorem 5.3 
we have which implies (Theorem 5.2) that || X,,—Xol| +0 (see 
§2 for definition of @). Hence 


+ + Xn — Xo)|| + + — >||Z + oll, 
whence, by using the semi-continuity property of total variation, we deduce 


(Yn + Xn — Xo) Yo. 


+ This is a generalization of Theorem 6 in AL. 
If the assumption that Xo is a.c. is deleted the theorem ceases to be true. See AL, page 23. 


no 
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This gives, in view of Theorem 5.3, 
[w2|(¥n + Xn — Xo)] or (Yn Xn) (Vo + Xo). 
Now by Lemma 3.2 we have 

- (Xn — Xo) || Xol] 0, 
so that upon defining u3(x, y) =y¥(x), —© <x, y<, it is seen by Theorem 
5.3 that 

(u3|V,) (us|V¥o) or Xo¥n—1—> 
and since (Theorem 5.2) 

— Xo¥n) = [Yn + (Xn — Xo)] -—1-8, 

we conclude upon adding, being a.c., that 0. 


Lemma 5.1. Let X be an a.c. point in the space RBV. The relation 
for all real c implies (X+Y,) —v-(X+Y). 


Let [a, b] be a subinterval of [0, 1]. From Lemma 3.1 it follows that 


+ Cot + Vn(t)) + cat + Yo(?)) 
for all real c; and cz, whence we conclude 
(6+ Yn) (6+ 


where # is any polygonal function in RBV. 

Let {8,} be a sequence of polygonal functions in RBV such that as p> 
8,—I—X. From Theorems 5.4 and 5.1 follow the relations ||8,—X||>0 and 
(8, Yo) as po. Hence 


\|X + Yo|| lim inf || X + Y,]| lim sup ||X + Y,| 


< lim sup||8, + Y,|| + lim || X — 


= + Yol| + |X >||X+ as poo 
and the lemma is proved. 
THEOREM 5.5. The relation} (cI+Y,) —v—>(cI+Yo) for all real numbers c 
and the relation Y,,—l— Yo are equivalent. 
Let a(é) =f'Vé (s)ds and B(t) = Y(t) —a(t) for ¢ on [0, 1]. From the pre- 
ceding lemma follows 


{ We are indebted to Professor E. J. McShane for raising the question as to whether the rela- 
tion for all real numbers implies Yo. 


71 
n— no 
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(Y, —a)—9— 8. 
Since 8 is singular we deduce from Theorems 5.2 and 5.4 that 
and Y,—-—l-(a+8) 


From Theorem 5.4 the converse follows immediately. 
If Yo is a.c. then it appears, as a consequence of Theorems 5.1 and 5.4, 
that the relation Y,,—/—Y> implies 


fl Y/() —Yé()| 0. 


However, if Y> is not a.c., this conclusion need not be true. It is true, never- 
theless, that Y,’ converges to Y¢ in a manner intermediate between con- 
vergence in the mean and convergence in measure. To characterize this type 
of convergence we introduce the following definitions which may have some 
intrinsic interest. 

DerFIniTI0n 5.2. If f, is measurable on a set E for n=1, 2, 3,--- and if 
corresponding to every e>0 there exists a measurable set E, c E of measure 
>|£|—e such that 


lim | fm(t) — fa(t) | dt = 0, 
m,.n— E, 
then {f,} is said to be convergent almost in the mean on E. 

DeriniTI0n 5.3. If f, is measurable on a set E for n=0, 1, 2,--- and if 
corresponding to every e>0 there exists a measurable set EZ, c E of measure 
>| £| —esuch that 


| fa(t) — folt)| dt 0, 


then f, is said to converge almost in the mean to fo on E. 

If {f,} is convergent almost in the mean on E then it is easily seen that 
there exists a function fo defined on Z such that f, converges almost in the 
mean to fo on E. 

DerinitIon 5.4. By f, —u—fo is meant this: f, is in CR for n=0, 1, 2, --- 
and f, converges almost in the mean to fy on [0, 1]. 

THEOREM 5.6. The relation Y,,—l—Yo implies and is implied by the two 
relations Y,—v—>Yo and 

We have already seen (Theorem 5.1) that Y,—/->Y, implies 
We now propose to show that Y,,—/—Y> implies 

Define 
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a(t) = votsyas, B(t) = Yo(t) — a(t) for ¢ on [0, 1], 


and let e« be any positive number. The singularity of 6 implies, as is well 
known, the existence for each m=1, 2, 3,--- of non-overlapping intervals 
[@m,1, Dm,1], [Gm,2, 5 | Contained in [0, 1] such that 


Nm 1 
m 2” 


where An=>.~"[an,;, bm,;]. The absolute continuity of the function a@ 


j=l 
implies that (Y,—a)—/-—8 which in turn implies (Y,—a)—v—8. Letting 
A=4A,A:2A;3--- we conclude from Lemmas 3.1 and 3.7 that 


lim sup Y, (t) — Yd (2) | dt = lim sup | Y, (t) — a’(t) | dt 
A 


A 


Nm 
< lim sup f Y(t) — a’ (t)| dt =limsup>> | (t) — a’ dt 
n— Am j=l 


Nm Nm 1 
< lim sup >> -a=> <— (m = 1, 2,3,--+) 


j=1 m 
which implies /,| Y,’ — ()|dt-0. Clearly | A| so that from Defi- 
nition 5.4 follows the relation Y,’ —u—--Y/. 
Let us assume now that Y,—v—>Y, and Y,’ —u->Y 7. Define 
t 

a,(t) -f Y,(s)ds, B.(t) = —a,(t) for OS ¢S1;n=0,1,2,---, 

0 
and let «>0. There exists a set Ec [0, 1] such that | Z| >1—« and 


Denoting by E’ the complement of E with respect to [0, 1] it is seen thatthe 
last relation combines with 


f | (t) | dt + To(Bx) — 
E E’ 


| ad (t) | dt — To(Bo) = {T0(¥n) — To(¥o)} 30 
e BE’ 
to yield 


a,! (t)| dt + TH(Bx) — ad (t)| dt +0. 
(t) | dt + To(Bn) ji (t) | de 
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Thus from the relation 
Tino{t + i¥a(t)} — Trao{t + i¥o(2)} 
Tino {t + + To(Bx) — Trmo{t + — To(Bo) 


E 


f 1+ iad (| f [1+ ad (| 
E E’ 
< f | on! (0) — ad (t)| de + @| dt + 


-f | ced (1) | dt — T3(Bo) + 2| 
E’ 


which holds for m=1, 2, 3, - - - we conclude 


S lim inf + — Toft + Yo} 


< lim sup T;-0{t + — Ti-oft + i¥o()} 2| B’| < 2. 
The arbitrariness of e completes the proof. 

Corotiary 5.2. The relation Y,—l—Y, implies and is implied by the two 
relations Y,—v—Y, and converges in measure to Y¢ on |0, 1]. 

Convergence in measure implies almost convergence in the mean of a 
subsequence. 

An immediate consequence is 

THEOREM 5.7. Let and Y,,—l->Yo. Then a necessary and suffi- 
cient condition for is that 
furthermore, a necessary and sufficient condition for X,Y,—l—-X oY o ts that 
—v— X o. 

THEOREM 5.8. Let Y, be in RBV with P,(t) and N,(t) denoting the positive 
and negative variations of Y,, on [0, 1], (n=0, 1, 2,--- ; OSt#S1). Then the 
relation Y,—l—Y implies the relations and 

To prove this theorem verify first the relationst P,-—v—Po, N,—v—No, 
and 

3(Pn — Nn) —1— }3(Po — No), + Nn) — 3(Po + No). 
The desired conclusions are now immediate consequences of Theorem 5.7. 


+ AC, Theorem 1; AL, Corollary to Theorem 1. 
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6. Uniform convergence in length. Theorem 4.2 combined with the meth- 
ods used in proving Theorem 5.3 yields 

THEOREM 6.1. Jf u is applicable (R) to Y, for n=0, 1, 2,---+, then the 
relation Y.—ul—Y_ implies 

(u|Y») (u|Yo). 

We now recall the concept of an elementary step-function and of a singu- 
lar function of the saltus type. 

DEFINITION 6.1. A function f defined on [a, 6] is said to be an elementary 
step-function there if there exists a real number c on [a, b] and complex 
numbers 7, Y2, Y3, such that 


if OS t<c; = 72; fO = if Sb. 


DEFINITION 6.2. A function f of b.v. on [a, 5] is said to be a singular func- 
tion of the saltus type on [a, b] if there exist elementary step-functions 
fi, fe, fz, ++ - defined on [a, 6] such that 


n=1 
It is readily seen that a singular function of the saltus type is singular, 
though we shall not make explicit use of this property. From the definition 
of pseudo-absolute continuity it follows that if f is a pseudo-absolutely con- 
tinuous function in BV, then there exists an a.c. function a in BV and a singu- 
lar function 6 of the saltus type in BV such that f=a+8. 


Lemma 6.1. Jf 8 is an elementary step-function in BV, then the relation 
fn—uv—fo implies the relation 


(fr + B) — uv— (fo + B). 
There exist a real number c on [0, 1] and complex numbers 71, 2, Y3, 


such that B(t) if O<t<c, B(c) and B(t) if c<t<1, so that asa 
consequence of Lemma 3.1 it may be deduced that 


To (fn + 8) = Tino{fnlt) + 11} = To (fn) > To (fo) 
Tin0{ folt) + v1} = To(fo + B); 
| fn(c) + v2 — fale —) — +] fale +) + — fro) — v2 | 
—| folc) + v2 — fole —) — v1] +| fole +) + ¥3 — folc) — ve], 
Tes(fn + B) = Timer {falt) + v3} = > Tox (fo) 
= Tines{folt) + vs} = Ter(fo + B)- 


Combining these three relations establishes the lemma. 
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Lemma 6.2. If B (in BV) is a singular function of the saltus type, then 
the relation f,—uv—fo implies the relation (f,+8) —uv—(fot+8). 


There exist elementary step-functions fi, Be, B3,--- such that 
for t on [0, 1] with Hence T)1(B,—8)—0, 
where B,(#) =>) _B:(t). From the preceding lemma we conclude (by induc- 
tion) that 


lim + Byl| = |lfo+ Boll 1, 2, 3, 


Thus follows 
+ lim inf ||f, + 6|| < lim sup ||/, + 


lim sup ||f. + Bell + — Boll = [Ifo + Boll + — Boll 


S + + > as poo, 
and the proof is completed. 


Lemma 6.3. If Xo is an a.c. function in RBV, then the relations X,—l—-X 9 
and imply the relation (X,+iY,) —v—(Xo+iY>). 


Define a(t) = ¥o(0) +S. ¥'(s)ds, = Y(t) — a(t) for ton [0, 1] noting that 
Bis singular with 6(0) =0. From Theorems 5.1 and 5.4 we have || Y, —a{|—||6]| 
and since — X0||+0 we deduce || X,,+a||—|| Xo+ial|, so that 

|X, + é¥,|| = ||X, + i(¥, — + 
S + ial] + — > || Xo + ial] + || 
= ||Xo + i(a + 8)|| = ||Xo + dl, 
and the proof is complete (by semi-continuity). 

THEOREM 6.2. If Xo is a pseudo-absolutely continuous function in RBV, 

then the relations X,—ul—X and Y,,—ul—Y,. imply the relations 


(Xn + Vn) — ul—(Xo+ Vo) and X,Y, — ul— XoXo. 


Since X¢ is pseudo-absolutely continuous we conclude the existence of an 
a.c. function a in RBV and a singular function 6 of the saltus type likewise in 
RBV for which X)>=a+8. As a corollary of Lemma 6.2, (X,,—8) —ul—a, and 
since Y,,—ul—Y > it is seen from Lemma 6.3 that 

(X, — B+ iY,) — (a + 
so that using Lemma 6.2 again, yields 


(Xn + i¥,) — uv— (a+ B+ i¥o) = (Xo + i¥o). 


) 
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Letting ¢:(x+iy) =x+y and =xy for <x, we conclude 
from Theorem 4.2 that 
$1:(Xn + — uv — + i¥o), 
$2:(Xn + i¥n) — uv — G2: (Xo + i¥o). 
That is, 
(X, + V,) — Vo) and X,Y, — 


Application of Theorem 5.7 completes the proof. 

7. Strong convergence. It is at once apparent that strong convergence im- 
plies every other type considered in this paper, and also that it is invariant 
under addition and multiplication. It is natural to ask if Theorem 6.1 like- 
wise holds for strong convergence. The answer is yes, but before proving this 
we state as an obvious corollary of Lemma 4.5 the following 


Lemna 7.1. If Y is a pseudo-absolutely continuous function in RBV and u 
is applicable (R) to Y, then (u\Y)-is likewise pseudo-absolutely continuous. 
We are now prepared to prove 
THEOREM 7.1. If u is applicable (R) to Y, for n=0, 1, 2,---, then the 
relation Y,—s—Y implies 
(u|Y,) (u|Yo). 
Since Y> is in RBV there exist a continuous function a in RBV and a 


singular function 8 of the saltus type likewise in RBV for which Yo=a+f. 
Defining 


t 
t+ To(a) 
(t) 1+ Tia) ( ) 


it is seen that S is a continuous increasing function in RBV. Clearly there exists 
an increasing function W satisfying a Lipschitz condition on E [-—x <x<0@] 
which ¥{S(é)} O<tS1. Let A =a{W(s)}, B(s)= = B{W(s) mn(s) 
Y,,{¥(s)}, (OSs<1; n=0, 1, 2,---). Finally let m(x, y)=u(¥(a), 
—0 <x, 
First notice that 


V (82) WV (s2) 


| A (se) - A(s;) | < W(s2) — Y(s1) + Tv 
= (1+ To(a))(S{¥(s2)} — S{W(s:)}) = (1+ To (a))(s2 — 51) 


if 0 <s,<s2<1, which implies absolute continuity of A. Since 8 is a singular 
function of the saltus type, it may be seen from Lemma 3.8 that B is likewise 
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a singular function of the saltus type so that noting y»=A-+B establishes 
the pseudo-absolute continuity of 70. Now from the definitions involved and 
the fact that W is increasing and absolutely continuous it becomes apparent 
that if wis R, then m is R; if wis Ke, then m is R2; and since monotonicity of 
Y,, implies monotonicity of 7, for n=0, 1, 2, - - - , we conclude that m; is ap- 
plicable (R) to , for n=0, 1, 2,---. Another application of Lemma 3.8 
yields the relation 


— = ||¥x — +0, 
so that, since strong convergence implies uniform convergence in length, we 
may deduce successively (with the help of Lemma 7.1, Theorems 6.1 and 6.2) 
the following relations, 
an — ul—>no, — ul { (ter — — ul 
|| — > 0. 


Thus (Lemma 3.8) 
Tino{u(t, Ya(t)) — u(t, Yo(t))} = u[¥(s), VaC¥(s))] — u[¥(s),Yo(¥(s))]} 
{ u(¥(s), nn(Ss)) u(¥(s), no(s)) } { ui(s, nn(S)) uy(s, no(s)) } 
|| (2s Mn) (11|n0)|| — 0, 


which implies immediately 
|(u|¥.) — («| ¥o)|| +0 
as was to be proved. 
THEOREM 7.2. If fo is an a.c. function in BV, then a necessary and sufficient 
condition that f,,—s—fo is that 
(cI + fx) — 9 (cI + fo), 
for all real numbers c. 


The necessity being obvious we turn to the sufficiency. Let X,+7Y,=/, 
for n=0, 1, 2,---, and define 


gi(x+iy) =x, do(x+iy) =x+y, for <x, 


Since ¢; and ¢2 are applicable to (cJ+/,) for n=0,1,2,--- and strictly 
applicable to (cJ +fo) whatever real number c may be, we conclude 


(cI + Xn) —v—> (cI + Xo), (cl + Xn + Vn) — (cl + Xo + Vo) 


for all real numbers c. Whence, with the help of Theorems 5.5 and 5.4 follow 
successively the relations 
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Xn Xo, (Xn + Yn) —1— + Vo), Y,-1- Yo, 
|X. — +0, Yo] 0, lf. — foll +0 


and the proof is complete. 
8. Applications; generalizations of a theorem of Plessner and its converse. 
It is well known that if p>1 then the two relations 


f > f “fols)ds 1) 


1 1 
Pam f | soo Pa 
0 0 
imply and are implied by the relation 
1 
f | — folt) |"dt 0. 
0 


It is likewise well known that the theorem is not true for p= 1. The following 
theorem would therefore seem of some interest. 


THEOREM 8.1. If f, is a summable function in CR forn=0,1,2,--- , then 
the two relations 


1 1 
f | c + fa(t) | dt ~f | c + fol(t) | dt for all real numbers c, 
0 0 


imply and are implied by the relation 


f | fa(t) — fo(t) | dt +0. 


Obviously the last relation implies the first two. Assuming the first 
two relations to be true and defining F,(#)= fn(s)ds (for OSt¥<1; 
n=0, 1, 2,---), we note from the first relation that (ct+F,(t))—-(ct+F,)()) 
for ton [0, 1], and from the second relation that 


Timo{ ct + F,(#)} je + | f | c+ folt) | dt = Tino{ ct + Fol(t)} 


for all real numbers c. Hence 


(cI + F,) — v— (cI + Fo) for all real numbers c, 
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so that Theorem 7.2 implies 
1 
0 


which completes the proof. 
A result of Ursell combined with a theorem of Plessner establishes the 
following theorem:t 


Let f be a finite, real-valued, measurable function with period 1. If 


lim Tino{ f(t + h) — f()} = 0, 
then f is a.c. on [0, 1]. 
We now propose to generalize this theorem. First, however, it is con- 
venient to prove the following 


THEOREM 8.2. Let f be a finite, real-vaiued, function with period 1 which 
is measurable on a set of positive measure. If there exists a non-vanishing func- 
tion gin RBV such that 


lim f(t) + hg(t)} = 0, 
h—0 


then f is continuous on [0, 1]. 


Clearly there exists a closed set D on [0, 1] of positive measure relative 
to which f is continuous. Let 6 be the characteristic function of this set and 
denote /'8(x)dx by B(y) for — «2 <y<«. Now B satisfies a Lipschitz con- 
dition so that use of Theorems 7.1 and 3.1, Lemma 3.7, and Corollary 3.1 es- 
tablishes the relation 


= lim B(t + hg(t)) — B(t)} 


> lim sup f | B’(t + hg(t))(1 + hg’(t)) — BY(t)| de 
0 


= lim sup f | B(e + hg(t))(1 + — | dt. 
h-0 0 


Hence there exists a 59>0 such that || <5» implies 


+ + be’) | at < f \a() |ae, 


{ An elementary proof was given by N. Dunford, Bulletin of the American Mathematical So- 
ciety, vol. 41 (1935), pp. 356-358. 
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so that corresponding to each h* for which | h*| <5 there exists a point /* 
in D, such that f*+/*g(¢*) is likewise in D; for assuming the contrary leads 
immediately to a contradiction of the above relation. 

Let « be any positive number. Since D is closed there exists a 6, >0 such 
that, || <6; implies 


| hei) <> 


for all ¢ on [0, 1] for which ¢ and ¢+/g(é) are both in D. By hypothesis there 
exists a 62 >0 such that | 4| <6: implies 


Tinol ft + — 


Let 6 be the least of the numbers 40, 51, 52, and let 4) be any number <6 in 
absolute value. As we have seen, there exists a point ¢) in D such that 
to+Mog(to) is likewise in D. Hence 


| + hoglts)) — f(ts) | S| + hog(ts)) — — flto + + f(to) | 
+ | f(to + hog(to)) — f(to) | 


1 € € € 

< hog) — 6 
for 4; on [0, 1]. Hence f is continuous on [0, 1] and the proof is complete. 
It should be noted that the only place in the proof where a result of this 


paper is used is in proving 


lim f | B(t + hg(t))(1 + hg’(t)) — Bt) | dt = 0. 
h—-0 0 


However if g(/) =1 for ¢ on [0, 1], this relation is an immediate consequence 
of a well known theorem of Lebesgue, which in connection with the method 
used in proving Theorem 8.3 leads to a proof of the Plessner theorem which 
is independent of the preceding results in this paper. 

We now turn to 


THEOREM 8.3. Let f be a finite, real-valued function with period 1 which is 
measurable on a set of positive measure. If there exist a function gin RBV and a 
positive number r such that 


lim Tino {f(t + hg(t)) — f()} = 0 
h-0 


with | g(t)| >r for t on [0, 1], then f is a.c. on [0, 1]. 
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Let 5>0 be such that T/.oU(t, h)<1 for |h| <5, where U(t, h) 
= [f(t+hg(t)) ]g(t) for O<tS1, let a(t) =1/g(t), (OStS1); let 
ro=r— and note that <0, |a(é)| <ro for [0, 1]; let = (Et, h) 
for | h| <6. Since V is bounded on [—4, 5] and f is continuous by the previous 
theorem, the semi-continuity property of total variation shows that V is 
lower semi-continuous and hence summable on [—6, 6]. Let 

M(h) = sup s) (0s h S65) 


Ostsl,|s|sh 


remarking that M is monotone on [0, 6] and M(h)—0 as h--0+. Define 


1 t+h 
Fi) = — f(isds 
where 7:=6r7, and let S be any partition of [0, 1] with S=(O=t)<t, <tp 
< +++ <ty=1). 
From the relation 


1 h 
Fall) ft = — f 9) 
0 


1 ha(t) 


1 ha(t) 
0 


and the relation 


N 1 ha(tj) 1 ha(tj-1) 
—f U(t;, s)ds —{ s)ds 
h hdJo 


j=1 
1 ha(t;) 


ha(t;) 1 
—f U(t;, s) — U(tj-1, s)ds + > U(tj-1, s)ds 
0 


h ha(t;-1) 


1 hry 1 ha(tj) 
{— f | U(t;, S) U(tj-1, S) | ds + f M (hro)ds 
7 h —hro h h 


a(t;_4) 
1 hro N N 


| Ulti, s) — Ulti-s, s) | ds + M(hro) | — a(t;-1) | 


h J he, 


1 hro 
= V(s)ds + M(hro)||al| 
—hr 


we deduce (since S was arbitrary) the relation 


1 hry 
—f) f V(s)ds + (OS En). 


—hr» 
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Now, Lemma 3.2 yields the relation 


V(s) [| — fO)| + Tirol fe + se) — Srv, 
so that V(s)—0 as s—0. Hence 


lim 7o{F, — f} = 0, 


where F, is a.c. for 0<h<r, which implies, as is well known, the absolute 
continuity of f on [0, 1]. This completes the proof. 

From the results in §7 it is clear that a variety of theorems concerning the 
behavior of f(t+hg(t)) —f()} as h-0 (or as hR--0+, h-0—) can be 
readily proved. Among these is one which can be proved directly without 
great difficulty, and which forms the necessity part of the next and concluding 
theorem. This theorem is a simultaneous extension of Plessner’s theorem and 
its converse. 


THEOREM 8.4. Let f be a finite, real-valued function with period 1 which is 
measurable on set of positive measure. Let g be a non-vanishing function in 
RBV which satisfies a Lipschitz condition. Then a necessary and sufficient con- 
dition that f be a.c. on [0, 1] is that 


lim Tr-of flt + hg(®)) f(} = 0. 


Simply note that ¢+ g(t) increases with ¢ for / sufficiently small and apply 
Theorem 7.1. 


Brown UNIVERSITY, 
PROVIDENCE, R. I. 
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GENERALIZED DERIVATIVES AND APPROXIMATION 
BY POLYNOMIALS* 


BY 
W. E. SEWELU 


1. Introduction.} Let E be a closed limited point set in the complex z- 
plane, let the complement (with respect to the extended plane) K of E be 
simply connected, and let C denote the boundary of E. In the case where E 
contains interior points we shall denote by R the limited simply connected 
region whose closure is R= E and whose boundary is C. Walsh [1]t has shown 
that if R is a Jordan region and if the function f(z) is analytic in R and con- 
tinuous in R, then f(z) can be uniformly approximated in R by a polynomial 
in z. The best degree of convergence of approximating polynomials to the 
function depends upon the continuity properties both of the boundary of 
the region and of the function on the boundary. Reciprocally, under certain 
conditions continuity properties of the function on the boundary are a con- 
sequence of the degree of convergence of approximating polynomials. Ji zs 
the purpose of this paper to investigate the nature of the relation between con- 
tinuily properties and degree of convergence. 

This investigation can be divided into two parts which we shall call Prob- 
lem « and Problem 8. In Problem a either the continuity properties of the 
function f(z), analytic in R, are given in the closed limited simply connected 
region R, bounded by a Jordan curve C, and we study the degree of conver- 
gence of certain approximating polynomials in R, or the degree of conver- 
gence in R is given and we study the continuity properties of the function 
on the boundary C. In Problem a then we study degree of convergence where the 
function is not analytic in the closed region. 

In Problem B we study the degree of convergence of approximating poly- 
nomials on interior sets. Let w=¢(z) map the exterior of E conformally on 
the exterior of the unit circle, | w| =1, so that the points at «© correspond to 
each other, then the image in the z-plane of the circle | w| =p, p>1, shall be 
designated by C, (as above C will denote the boundary of £). If the function 
f(z) is analytic interior to a particular C, and continuous in C,, the closed 

* Presented to the Society, December 27, 1934; received by the editors February 29, 1936, 
and, in revised form, July 21, 1936. 

t I wish to express my thanks to Professor J. L. Walsh who proposed this problem to me and 
under whose direction this paper was written as a thesis at Harvard University. I am also indebted 


to Dr. W. Seidel who, during Professor Walsh’s sabbatical leave, gave me many valuable suggestions. 
t The number in brackets refers to the bibliography at the end of this paper. 
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limited simply connected region bounded by C,, the problem here is the rela- 
tion between the degree of convergence of approximating polynomials on E and 
continuity properties of the function f(z) on C,. 

Problem a for E a segment of the axis of reals has been widely studied.* 
Here we follow Montel [1] in describing the continuity properties of the func- 
tion by the order of its generalized derivative.f We also use to advantage the 
theory of approximation to functions analytic in closed regions.t{ 

In studying degree of convergence we need a close evaluation of the maxi- 
mum and minimum distances from the boundary C to the curve C,, which we shall 
call D(C, C,) and d(C, C,), respectively. Chapter I is devoted to an investiga- 
tion of these distance functions for various types of boundaries. We find for C 
a Jordan curve with corners that D(C, C,) SM2(p—1)*, d(C, C,) =>Mi(p—1)', 
where 0<sS1,1<t<2. For E an arbitrary closed limited point set whose com- 
plement is simply connected we show that d(C, C,) =Mi(p—1)?. 

Due to the fact that the generalized derivatives are defined by improper 
integrals evaluated along rectifiable curves, and to the fact that our method 
demands the absolute convergence of these integrals, Chapter IT is taken up 
with a discussion, principally by examples, of the types of curves along which 
the integral z—x|~-@|dx|, 0<a<1, converges. We show, for example, that 
there are rectifiable curves for which this integral diverges. 

In Chapter III the various properties of the generalized derivative which 
we need for application to approximation are investigated. Also for certain 
curves relations are established between Lipschitz conditions and generalized 
derivatives. 

Theorems of Bernstein [2], Riesz [1], Markoff [1], and Montel [1] on 
derivatives of polynomials are extended to generalized derivatives for various 
types of regions in Chapter IV. In considering Jordan curves with corners we 
obtain a generalization of a theorem of Szegé [2]. We show that if P,,(z) 
is a polynomial of degree n in z and | P,,(z)| <M on C, then for C an analytic 
Jordan curve | P,2(z)|§<MMi(a, C)n*, for C a curve with corners | P,2(z)| 
<MM,(a, C)n*', t<2, and for C the boundary of a limited simply connected 
region every boundary point of which is accessible (see §23) 


| Pe(z)| MM,(a, C)n*, 


where in all cases a>0. 


* See e.g., Bernstein [2], Jackson [1], Montel [1]. 

t Liouville [1], Riemann [1]. See also Weyl [1], Levy [1], Hardy and Littlewood [1, 2], 
Tamarkin [1], Doetsch [1]. For further references see the articles by Hardy and Littlewood, and 
Tamarkin. 

t Fora complete and excellent exposition of these results see Walsh [1 ]. 

§ f*(z) denotes the generalized derivative of order a of f(z). 
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In Chapter V we apply the results of the preceding chapters to obtain 
theorems on approximation by polynomials leading to solutions of various 
cases of Problem a. For example, if f(z) is analytic in R, a limited simply con- 
nected region every boundary point of which is accessible (see §23), and continu- 
ous in R, and if for every n there exists a polynomial P,,(z) of degree n in z such 
that f(z) —P,(z)| <M/n+,z in R, then f(z) has a bounded generalized derivative 
of order a’ <a/t on C, the boundary of R, where 2=t=1, depending on the con- 
tinuity properties of C. It should be noted here that the analyticity of f(z) 
in R, its continuity in R, and the continuity of an ordinary derivative of 
f(z) on C imply the continuity of this derivative of f(z) in the closed region 
bounded by C;* thus it is sufficient in establishing the results of this paper 
on approximation to assume the continuity merely of the function f(z) in 
the closed region. 

The last chapter is devoted to a study of Problem 8. Here we consider 
uniformly bounded functions as well as functions continuous in closed regions. 
As far as the relation between degree of convergence of a sequence P,,(z) to 
f(z) on E and the continuity properties of f(z) on C, we prove, for instance, 
that if E is a closed limited point set whose complement is simply connected, 
and if for every n there exists a polynomial P,(z) of degree n in z such that 
| f(z) — P,.(z) | <M/(n**'p"), a>0, p>1, z on E, then f(z) has derivatives of all 
orders a’ <a on C,, and show by example that this is the best result possible in a 
cerlain sense. 

CHAPTER | 


THE EVEL CURVES OF THE GREEN’S FUNCTION 


2. Definitions. Let E, K, C, and C, have the same meaning as above. The 
curve C, is a level curve of the Green’s function of K with pole at © and as p 
approaches 1 the analytic Jordan curve C, approaches the boundary C of E, 
however, if C is not a Jordan curve there may be points of C which C, does 
not approach. Let P be a point of C and define d(P, C,) as the greatest lower 
bound of the distances from P to the points of C,. Now we define d(C, C,) as the 
greatest lower bound of d(P, C,) as P traverses C, and D(C, C,) as the least upper 
bound of d(P, C,) as P traverses C. In a similar manner we define d(C,, C) 
and D(C,, C). We will investigate here the nature of the approach of C, to C 
by studying the functions d and D. In the case where C is a Jordan curve 
all of these functions approach 0 as p approaches 1; for an arbitrary boundary 
this is not necessarily true. Although C, is defined for every p>1 we are in- 
terested in the behavior of C, for p near 1, or at least for p uniformly bounded 
from infinity and hence this condition will be assumed in all our inequalities. 


* For a detailed discussion of this fact see Walsh and Sewell [1]. 
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In the above discussion, we have assumed that the set E is limited, we 
may consider the case, however, where R is an arbitrary simply connected 
region, containing, for definiteness, the point z=0, and denote by C the 
boundary of R. Let w=¢(z) map conformally the interior of R on the in- 
terior of the unit circle, | w| =1, so that the origins correspond to each other, 
and consider the interior level curve C, which is the image in the z-plane, 
under the inverse map, of the circle | w| =p, 0<p<1. We can define the func- 
tions d and D precisely as above and in general the results are valid for both 
interior and exterior level curves. Of course, in the case where R contains 
the point at © we can obtain no evaluation for D(C, C,). 

3. Smooth curves. Let C be an analytic Jordan curve and let w=¢(z), 
whose inverse is z=y(w), map the interior of C on the interior of | w| =1. 
Then we know that* 


(3.10) 0< Mi <|¥(w)|<N2< 0, for |w| <1, 


and hence by considering the difference quotient we have 
(3.11) d(C,C,) = Mil1—pl, 
(3.12) DC,C,) M2|1- pl, 


where M, and Mz are constants depending only on C. In the above evaluation 
we have used the analyticity of C only to establish inequality (3.10) on the 
first derivative of the mapping function in the closed unit circle. As a matter 
of fact inequality (3.11) and inequality (3.12) are valid in case the mapping 
function satisfies the inequality 

¥(wi) — ¥(we) 


(3.13) Ni >0, 
— We 


and the inequality 


(3.14) ¥(wi) — ¥(we) 
Wi — We 


respectively, both holding uniformly for | w,:| <1, | we! <1. 


DEFINITION 3.1. If inequalities (3.13) and (3.14) are satisfied, we shall say 
that “C is a curve of Type S.” 


The geometric properties of a curve of Type S are of interest. Seidel [1 ]+ 
has shown that the mapping function possesses the property (3.10), and 
hence satisfies the inequalities (3.13) and (3.14), provided 

* f’(z) denotes the first derivative of f(z). 


t See in particular pp. 213-220. See also Carathéodory [1], Chap. VI; Visser [1]; Kellogg [1]; 
Warschawski [1]. 
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(3.15) jw(s + hk) — w(s)| < M| hl, M 


where w denotes the angle between the positively directed tangent and the 
real axis and s the arc length along the curve. 

The same evaluations, (3.11) and (3.12), hold for d(C,, C) and D(C,, C). 
If suitably interpreted our definition and evaluations are valid for exterior 
level curves. Thus we have the following theorem: 


THEOREM 3.2. Let C be a curve of Type S. Then we have 
DC,C,) 


where C, is an exterior or interior level curve, and M, and Mz are constants de- 
pending only on C. 


4. Curves with corners. Let C be a Jordan curve consisting of a finite 
number of analytic Jordan arcs meeting in corners with exterior openings y:7, 
O<u.S2, R=1,2,---, p; let w=¢(z), whose inverse is z=y(w), denote the 
exterior mapping function, and consider the exterior level curves. If P is a 
point of C, not a corner, condition (3.10) is satisfied in a neighborhood of P 
due to the analyticity of the arc containing P, and hence we have inequalities 
corresponding to (3.11) and (3.12) for P, however the constants M, and M2 
are functions of P. In order to obtain a uniform evaluation we must investi- 
gate the behavior of C, near a corner. Let 2 be a corner with exterior opening 
um, 0<pS2, and consider the quotient 


[o(z1) — (ze) 


21 — 22 


(4.10) (21, 22) = 


where /=y if w=1, and ¢=1 if u<1, 2; and z in the closed exterior of C. We 
can show that | @(z:, ze)| is uniformly bounded by using the fact that in a suffi- 
ciently small neighborhood of a point not a corner the difference quotient 
of the mapping function is bounded in modulus due to the analyticity of the 
arc, and in the neighborhood of a corner the function ¢(z) can be written in 
the form* 


(4.11) $(z) — (zo) = — 20)'/#A(z), 


where X(z) is analytic in a neighborhood of the corner 2 lying outside of C, is 
continuous in the closed neighborhood, and (zo) #0. This gives us an estimate 
for both d(C, C,) and D(C, C,). 

In fact it is not necessary that the arcs be analytic so long as the differ- 
ence quotient of the mapping function is bounded in modulus on every proper 


* Osgood and Taylor [1], pp. 282-283. See also Warschawski [2], p. 324. 
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sub-arc, not containing an end point, of the arc joining two adjacent corners, 
and on this basis we will formulate the following definitions: 


DEFINITION 4.1. Let C be a Jordan curve composed of a finite number 
of Jordan arcs meeting in corners 2, 22,°**, Zp, of exterior openings 
Mil, Me™, and let the difference quotient of 
the mapping function w=¢(z), which maps the exterior of C on the exterior of 
| w| =1 so that the points at © correspond to each other, be bounded in modulus 
on each smooth sub-arc. Let t= if w.=1, and t=1 if <1. Then we shall 
say that “C is a curve of Type t.” 


Attention should be called to the fact that in Definition 4.1 we have ex- 
cluded an exterior opening of 27, i.e., ui=2. This is purely for convenience in 
later application; im fact all of the results of this paragraph are valid for 4,=2. 


DEFINITION 4.2. Under the same conditions as in Definition 4.1 let s=py 
if 4pS1, and s=1 if u,>1. Then we shall say that “C is a curve of Type s.” 
And now we can state the following theorems: 


THEOREM 4.3. Let C be a curve of Type t. Then we have 
d(C,C,)=Milp—1)', p>1, 18¢<2, 


where C, is an exterior level curve, and M, is a constant depending only on C, 


THEOREM 4.4. Let C be a curve of Type s. Then we have 
D(C,C,)< MAp—1)*, p>1, O<sK1, 


where C, is an exterior level curve, and Mz is a constant depending only on C. 
These results hold for interior as well as exterior level curves if the inter preta- 
tion of M2, tS Suitably modified. 


It is to be noted here that we have excluded the case where C has an ex- 
terior opening of zero. At such points the function D is large, in fact Szegé 
[2, pp. 57-59] has shown that a Jordan curve can be constructed with a 
zero opening for which D(C, C,) decreases at any preassigned rate, however 
slow. 

5. More general regions. In general, if 

¥(wi) — 


(5.10) , |wl21, | wl] 21, 
— w2)* 


considering the exterior map, is uniformly bounded we have D(C, C,) 
<M,(p—1)*. Under a similar hypothesis on the uniform boundedness of 
(5.10) from zero we have d(C, C,) = Mi(p—1)-. 
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Moreover, if the point 2) of C is mapped into a point w» of |w|=1, and 
the radius to wy cuts the circle | w| =p in the point w:, whose image in the z- 
plane is the point 2; on C,, we have 


(5.11) d(z0, C,) |as| = 


1 


by using the Schwarz inequality* we have 


1 1/2 
(5.12 d(z0, C,) (p — f | 


Consequently for a region with a boundary such that the square of the derivative 
of the mapping function is integrable absolutely along each radius, and the in- 
tegral is uniformly bounded for the entire circumference, we have 


(5.13) D(C, C,) M2(p — 


For the arbitrary simply connected region it is impossible to find a uni- 
versal function of p—1, say m(p—1), which approaches 0 with p—1, and such 
that D(C, C,) < Mem(p—1). In fact, given an arbitrary function of p—1 with 
the property mentioned, Szegé [2] has constructed a region (actually a 
Jordan region) for which D(C, C,) decreases at precisely this rate. 

6. The function d(C, C,) for an arbitrary simply connected region. We 
need the following lemma which follows directly from a result of Szegé [3]: 


Lema 6.1. Let R be a simply connected region in the 2-plane containing 
the point z=0. Let z=Y(w) map R conformally on |w| <1 so that the origins 
corres pond to cach other. Then we havet 


a 
lim |¥(w) — ¥(a)| => — (1 — p)?, 
16 
where 0<p<1, |a| =p, and |p'(0)| =a. 

An immediate consequence of Lemma 6.1 is 

THEOREM 6.2. Let R be an arbitrary simply connected region with boundary 
C. Then for the interior level curves we have 

d(C, C,) 2 M,(1 — p)?, 0<p<il, 

where M, depends only on R.t 


* For this method see Ahlfors [1], pp. 7-8. 

+ lim denotes the lower limit and is used here since ¥(e*®) may not be well defined. 

t Professor Ahlfors has called my attention to the fact that this result contains, in a sense, the 
following theorem of Lindeléf [1] (see e.g., Walsh [1, pp. 27-32]): 


1937] GENERALIZED DERIVATIVES 


For the exterior level curves we have 


THEOREM 6.3. Let E, with boundary C, be an arbitrary closed limited point 
set whose complement is simply connected. Then for the exterior level curves we 
have 


d(C, C,) 2 Mi(p — 1)?, p> 1, 
where M, depends only on E.* 


7. Relation between p and the capacity. Let E be an arbitrary closed 
limited point set in the z-plane whose complement K is simply connected. 
Let z=y(w) map K conformally on |w| >1 so that the points at © corre- 
spond to each other. Then 


w ww? 
by a rotation c can be made real and positive and we will assume this to be 
the case. This constant c is known as the capacity, or Robin’s constant, or the 
transfinite diameter, or the outer radius of the set E or of the boundary C of E. 
We shall use the term capacity in this paper. If we denote by 7 the capacity of 
C,, p>1, we have 


(7.11) r = pc,T 


a relation which will be found useful in our later work. 


THEOREM. Let R be a limited simply connected region in the z-plane containing the origin. Let A 
be the greatest diameter of R, and let 6 be the shortest distance from z=0 to the boundary C of R. When R 
is mapped conformally on the interior of | w| =1 so that the origins in the two planes correspond to each 
other, every point of R at a distance less than r less than 6 from C corresponds to a point w whose dis- 
tance from | w| =1 is less than 
2 log A—2 log 6 
2 log A—log (r) 

Let a be an arbitrary point of C, draw a circle of radius r about a and consider a particular C, 
which touches this circle. For this C, we have d(C, C,)<r, but by Theorem 6.2 we know that 
d(C, C,) = Mi(1—p)*. Thus we have pSr'/2/M,, and since p is precisely s(r) we obtain a much better 
upper bound for s(r). 

Also we can show by Lindeléf’s method and the above result that any Jordan arc in the circle 
|z—a| <r subtends an angle at w=0 which is in magnitude less than 


My\ "2 
4sin7 


* Professor Ahlfors has pointed out to me that this result holds for any set E whose comple- 
ment K is connected and regular in the sense that K possesses a Green’s function with pole at 
infinity. For a discussion of such sets see Walsh [1], pp. 65 ff. 

t See e.g., Walsh [1], pp. 74-75. 
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CHAPTER II 
IMPROPER INTEGRALS ALONG RECTIFIABLE CURVES 
8. Introduction and definition of curves of Type W. In this chapter we 
will investigate the behavior, convergence, and divergence in particular, of 
some improper integrals evaluated along rectifiable Jordan arcs or curves, 
especially of the integral 


(8.10) 0<a<1, 
k 


where the path of integration is an arbitrary rectifiable Jordan arc or curve. 
The following definition serves as a basis for this investigation: 


DEFINITION 8.1. A rectifiable Jordan arc or curve C shall be said to be an 
“arc or curve of Type W” if the integral (8.10) , where the path of integration is 
along C and k is an arbitrary but fixed point on C, converges uniformly in z, 2 on 
C. For =k we define [,|z—x|-| dx| =0, on a curve or arc of Type W. 

9. Properties of curves of Type W. Using the above definition we obtain 
the following properties: 

(9.1) If on a rectifiable Jordan arc or curve C the chord and arc are infinites- 
imals of the same order uniformly, C is of Type W. 


This follows from the fact that we can replace the curvilinear integral by 
a rectilinear integral in the neighborhood of the point z. 

(9.2) Rectifiable Jordan arcs or curves with continuously turning tangents 
are of Type W. 

This is an immediate consequence of (9.1). Thus analytic Jordan arcs 
or curves are of Type W. 

(9.3) A curve of Type S is of Type W. 

This follows from the fact that (8.10) converges uniformly in the case 
where C is a circle. 


(9.4) Curves of Type t and curves of Type s are of Type W. 


This is an immediate consequence of (9.3), (9.1), and the fact that one 
side of a triangle is of the same infinitesimal order as the sum of the other 
two. 


(9.5) Not all rectifiable Jordan arcs and curves are of Type W. 


The following example illustrates this proposition: 
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Let z=x+iy=(0, 0) and k=(1, 0), and consider the arc formed by the 
oblique (non-horizontal) sides of the triangles whose vertices are 


1 1 2n+1 1 
n n+1 2n(n +1) n3/2 


(9.6) There are curves of Type W whose chord and arc are not infinitesimals 
of the same order. 


An example illustrating this is obtained by replacing 1/n*/? in the above 
example by log n/n’. It is interesting to note here that if in this example we 
replace 1/n*/? by 1/n* the integral (8.10) converges for a<$—1, the curve is 
rectifiable for 8>1, and the chord and arc are not infinitesimals of the same 
order for 6 <2. 

10. Curves and regions of Type W’. An arc or curve of Type W’ is de- 
fined as follows: 


DEFINITION 10.1. Let C be an arc or curve of Type W. Let 2; and 2 be arbi- 
trary points, 21% 22, on C. Let 23 be a point of C distinct from 2, and 22, and let 22 
lie between* 2, and 23. If constants M, and M2, independent of 2, 22, and 2s, 
exist such that 


21 


for 22 arbitrarily near 23, we shall say that C is an arc or curve of Type W’. 


In case B>1 the constant Mz may be taken as zero since the first term of the 
right-hand side of the expression (10.10) becomes infinite as the point 2: ap- 
proaches 2;. 

A line segment is an arc of Type W’. Thus it follows that any rectifiable 
Jordan arc or curve of which the chord and arc are infinitesimals of the same 
order uniformly is of Type W’. Consequently curves of Type S, Type t, and 
Type s are of Type W’. 

In connection with curves of Type W’ we shall introduce a definition 
which will be found useful later. 


DEFINITION 10.2. Let R be a limited simply connected region in the z-plane. 
Let k be an arbitrary but fixed point of R. If k can be joined to an arbitrary 
boundary point ¢ of R by an arc y of Type W’ lying in R, and if there exist 
constants M, and M2 independent of § such that 

* Since C is a Jordan arc or curve the concept of “between” is well defined by fixing a direction 


on C; we may use the parametric representation with a preassigned direction on the line segment or 
the circle. 
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for points z on y and arbitrarily near £, we shall say that R is a region of TypeW’. 

The definition of a region of Type W is obvious and will not be stated ex- 
plicitly. 

The existence of a single point k in a region of Type W or W’ is sufficient; 
from this we can show that any two points of R can be joined by an arc of 
Type W or W’. 

Also it is clear that inequality (10.11) need be assumed only for z near 
the boundary, since by means, for example, of an interior level curve we can 
separate off a limited region bounded by an analytic Jordan curve. 


CHAPTER IIT 


GENERALIZED DERIVATIVES 


11. Definition of the generalized derivative. Let C be a rectifiable Jordan 
arc or curve in the z-plane and let f(z) be continuous on C. The ordinary de- 
rivative, if it exists, of the function f(z) at a point 2» of C is defined as follows: 


(11.10) tim — =| = f'(z0), 
ZJz=z9 


— 29 d 


z approaching 2 along C. The generalized derivative, if it exists, of f(z) at a 
point 2% of C is defined as follows: 


D? f(%0) = f(20); 


Ds f(s.) = — < 0; 


Pp 
D¢ f(z0) = pfs) | Os p-—i1SaK<p, 
where ? is a positive integer. Here the point & is an arbitrary but fixed point 
on C if C is a curve, and if C is an arc, & is one of the end points. The path of 
integration is along C in a fixed direction. The function Dsf(z), a<0, is a 
function of z defined on C and the ordinary derivatives of such a function 
are defined by (11.10). 

If a is a positive integer D#f(z) reduces to an ordinary derivative of f(z), 
since the exponent of (s—-x) in the integrand vanishes. If a is a negative in- 
teger, the function Ds f(z) is the integral of a single valued continuous func- 
tion evaluated along a rectifiable Jordan arc or curve. 
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In the case where a is not an integer the function (s—x)-«—! is multiple 
valued and care must be taken to choose a branch which varies continuously 
with z varying along C. First let us consider the case where C is a rectifiable 
Jordan arc and & one of its end points. We will cut the plane from k to 
along a path whose only point in common with C is k and which goes out 
to ~ along the positive real axis; this cut makes the plane a simply connected 
region. Let B= —a—1; by definition 


(11.12) (z = eBlog(z—k) = |2—k|+i6 are(z—k) | 


and the various branches of this function arise in the arg (z—). The function 
(z—k)* is a multiple valued function of z defined throughout the z-plane ex- 
cept perhaps at the point z=, where it can be defined by continuity as zero 
or infinity. We will define arg (s—) so that its limit as z approaches ~ along 
the negative real axis is 7. Thus we have in the simply connected region (cut 
plane) a well defined single valued analytic function of z. Now keep z fixed 
at an arbitrary point on C, 2k, and define arg (z—~x) for x on C, between k 
and z, in such a way that it takes the value arg (s—) determined above for 
x=k. If we hold z fixed on C the function (z—)* for x varying along C from 
k to z is a single valued analytic function of x. 

Now consider the case where C is a rectifiable Jordan curve and & is an 
arbitrary but fixed point on C. Cut the z-plane from k to ~ along a path 
whose only point in common with C, the closed limited region bounded by C, 
is the point k, and which goes out to ~ along the positive real axis. Due to 
the fact that & is a branch point we exclude the value z= from consideration, 
in fact for a reason which will be apparent later we will exclude z from a cer- 
tain preassigned two-dimensional neighborhood of k, for any fixed k. We will 
define the branch of (z—)* precisely as above. For (z—~)*, with z fixed on C, 
we will define the branch as above not only for x on C but also for x interior 
to C. It should be noted that x cannot make a loop around z since 2 is a 
boundary point and «x is restricted to lie on or interior to C. 

For the most general case let R be a region of Type W or W’, let k be an 
arbitrary point of R, and cut the plane from k to » along a path which goes 
to © along the positive real axis. This cut may contain points of R other 
than k, in any event we will exclude z from a two-dimensional strip containing 
the cut, and restrict z to lie on the boundary of R. We will restrict x to paths 
from k to z which contain no points of the cut. Under these restrictions our 
definition of the branch as defined above is valid. 

It is not necessary to restrict z to the boundary of R. We can let z be any 
point of R, in fact any point of the plane so long as we restrict x to paths from 
k to z which do not loop around z. 
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Thus we have in all cases a well defined single valued branch of the func- 
tion (z—x)* which varies continuously with z under the restrictions pre- 
scribed above. 

For a given rectifiable Jordan curve C the value of the derivative depends 
upon the choice of k, however, the existence of the derivative is independent 
of this choice. In fact we have 


fc — x)*f(x)dx -f — «x)Pf(x)dx + fe — x)8f(x)dx, 
k k ko 


or 


(11.13) ix — f(x)dx = fc — x)Pf(x)dx — — x)*f(x)dx, 


We can evaluate the derivative of the second integral directly since it is a 
proper integral, and thus we see that if a function has a bounded generalized 
derivative at a point z for a particular k#z, then it has a bounded generalized 
derivative of the same order for any ky between k and z. The expression (11.13) 
indicates the type of function which represents the difference in value of the 
generalized derivative for two distinct choices of k. 

Let f(z) be analytic-in a region R of Type W and continuous in R. Let k 
be a fixed point of R, and let C; and C2 be two distinct arcs of Type W joining 
k to a boundary point z of R, and lying entirely in R. We assume here that 
2k and that z does not lie on the cut; we also assume that C,; and C2 have 
no points in common with the cut except the point &, and, for simplicity, 
that C,; and C, intersect only at & and z. If we draw a circle y about z of radius 
r sufficiently small and let A be the region bounded by Ci, C2, and one or 
more arcs of y, we have by Cauchy’s integral theorem 


f @- =0, 
6 


where 6 denotes the boundary of A. Since f(x) is continuous and 8>—1 the 
modulus of this integral over the arc or arcs of y under consideration ap- 
proaches 0 as r approaches 0. Also the integrals along C; and C2 converge as r 
approaches 0 since C,; and C; are of Type W. Thus we have 


(11.14) (2 — x)Ff(x)dx = (2 — x)*f(x)dx, B>-—1. 
Cy 


Consequently the value of the integral is independent of the particular path 
chosen. 
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12. Derivatives of lower order. The proof which we give of the following 
theorem is only slightly different from that of Montel [1] for functions of a 
real variable, but it is fundamental in the development and there are some 
changes which should be pointed out: 


THEOREM 12.1. Let C be an arc or curve of Type W. Let f(z) be continuous* 
on C and admit a bounded generalized derivative of order a>0 on the set C”, 
i.¢., the set 2:2 on C, |z—k| >m>0, where m is a preassigned positive quantity 
and k is an arbitrary but fixed point on C. Then f(z) admits a bounded deriva- 
tive of any order a’ <a on C™. 


CasE I. 0<a’<a<1. By definition 


1 z 
D3'-*F'(z) = z— dx’; 


this expression is the derivative of 


1 z of 
T(a — a’) k 


= —— ] F'(x’)dx’ — 
Ta (x’) ) 


We can change the order of integration since the curve is of Type W and we 
have absolute convergence. Hence 


1 
(a — a’)I(a — a’) 


f (z — 
k 
Integration by parts is permissible and we have 


 Te- =f (2 — (x’ — x)-*f(x)dx. 


Since f(x) is continuous and C is of Type W we may change the order of 
integration and thus 


* For more general functions of a real variable see Tamarkin [1], Theorem 6, p. 227. 


Now form 
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Now make the transformation x’—x=i(z—<x), then 


It is well known that 
l(a — a’)P(1 — a) 


1 
(12.10) J = f (1 — = = —a,a-— a’), 
0 — a’) 


where the integral is evaluated along the axis of reals between =0 and ‘= 1. 
If the arc in question does not intersect the segment (0, 1) or intersects it 
only a finite number of times, we can use the same method as that employed 
in the preceding paragraph. If there are an infinite number of intersections, 
we can draw a circle of radius } about the point t=}; it is clear from our pre- 
vious results that J evaluated over either the upper or lower half of this circle 
is the same as J evaluated over the segment (0, 1). Also the original arc can- 
not intersect both the segment (0, 1) and the semi-circle an infinite number of 
times except in a neighborhood of 0 and of 1 since it is by hypothesis recti- 
fiable. In these neighborhoods we can take the limit since all three arcs are 
of Type W and the integrals over all three arcs approach 0 as the lengths of 
the arcs approach 0. Thus we have (12.10) in all cases. 
Hence 


1 z 
= Ta-e) - (g — x)-*’f(x)dx, 


and we know by hypothesis that J admits a bounded derivative 
= = Dz'f(z) = fs — 
dz l(a — a’) J, 
CasE II. 0< p—1 Sa’ <a<p. By definition 
D3 f(z) = F(z) ,* 
where 
F(z) = (2 — 


r — a) 
Let 


* The expression f‘)(z), where p is a positive integer, denotes the pth derivative of 


f@) 
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1 z 
= Dg’-*F)(z) = (s — dx’, 
— a’) 


z 1 z 2’ 
f ®(2’)dz’ = av f (2’ — (P) dx’ 
k a’) k k 


1 z z 
= —___ FO) (x’ av’ f — 


1 
(a — a’)I'(a — a’) 


f (2 — 
k 


Integration by parts (see above) yields 


i) 
k T'(a — a’ + 1) 


1 z 
( ) (x’) 


and likewise 


oe T(a — a’ + 1) 


Ta — J (z — x’) (x’)dx’. 


Finally 


J = (z — 


1 
I'(a — a’) 


f (z — 
k 
where Q,-:(z) is a polynomial of degree p—1 in z. Then 


I= Je — x’) dx’ 


= Ta — J (zg — x) dx’. 
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By making the same change of variable as above we get 
1 


and thus 


= > [ = Ds’ 
(z) — (z — = Dz’ f(z), 


and this is bounded in modulus since |z—k| >m>0. 
CasE III. a= p. For this case put 


= fc — (x) dx 


1 z 
Tp a’) (z — x) 'f(x)dx, p Sa’<p 


= 


Thus the proof is ooniies for a>0 and a—a’ <1. If a—a’>1, we can 
take a’’= p—1 and by applying the above result a finite number of times ob- 
tain the result for an arbitrary a’ <a. 

13. General properties. Using methods similar to the ones above we will 


prove 


THEOREM 13.1. Let C be an arc of Type W. Let f(z) be continuous on C and 
have a bounded derivative of order a+B on C™. Then we have 


2 {D8 f(z)} = Dgt*f(z), B <0, sonC™. 


For a=0 the result is immediate. For a<0 we have 


1 z 
De {D8 f(z)} = 8) J — (x’ — x)-F-If(x)dx 


(zg — x)-* = Detf(z). 


For 0<p—1Sa<p, we have 


— i 
and 

Then 

dz” dz? 
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dP dP 
Ds {Dé f(z)} = D# fiz)} = 


If OS p—1S5a+ <p, the result follows by definition; if this is not the case, 
the exponent of (s—x) in the integrand is positive and we can remove the 
additional integers by the ordinary rules of differentiation. 

This theorem is proved by Levy [1] for C a line segment and for a<0, 
B<0. 

Our next result is 

THEOREM 13.2. Let C be an arc of Type W. Let f(z) be continuous on C and 
have a bounded derivative of order a, 0<a<1, on C™. Also let f{(k)=0. Then we 
have 


= f(z), 2 on 


For a= 1 the result is immediate. For a <1 we have by definition 


d d 
Di = = — (s — 2)-*f(2)de. 


By hypothesis F’(z) is bounded. Let 


= = —~ 
3) = Dr¢F"(s) = 'F'(x’)dx’. 
T(a) J, 


The function a is the derivative of 


1 
— x')*F'(x’)d 
(z — x’)*F'(x')dx 
and integration by parts yields 
2 1 z 
I = — x’) (x’) | + — (sg — 


We have F(k)=0 as defined by lim,.,F(z). Hence 
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(g — (x’)dx’ 


T'(a) 


(g — x’)*"'dx’ (x’ — x)~*f(x)dx 


(g — — x)-*dx’ = J f(x)dx. 


For a>1 additional conditions on the original function f(z) are involved. 
The same method can be used to investigate this case. If f(k)=f’(k)= - - - 
=f (k)=0, and if {(z) has bounded ordinary derivatives of sufficiently high 
order Theorem 13.2 can be extended to values of axn. The case where 
0<a<Z1 is the most interesting, consequently the details of the extension 
will not be included here. 

As an immediate consequence of the definition we have 


THEOREM 13.3. Let the functions fi(z) and fo(z) be continuous and have 
bounded derivatives of order a>0 on C™, where C is an arc of Type W. Then we 
have 


Dz + fols)} = De fils) + D2 fale). 
We have also 


THEOREM 13.4. Let C be an arc of Type W. Let f(z) be continuous on C and 
have a bounded derivative of order a, 0S p—1Sa<p, on C™. Then f'?-(z) 
has a bounded derivative of order a—p+1 on C”. 


By Theorem 12.1 we know that f‘-"(z) exists and is bounded and by 
definition 


dz 


d 


We have to show that 


= rp (z D(x) dx 


102 
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has a bounded derivative, with the hypothesis that {| (z—«)?-*-!f(x)dx has a 
bounded /th derivative. If we can prove that 


fa f @(z)dz 
k 
has a bounded /th derivative, the theorem is established. We have 
———- J dz — f'?-)(z) dz 


1 


— 


— a) 


(z 1 
I'(p — a+ 1) I'(p — a) 
integrating by parts. Likewise 


k k 


fe x) (x) dx, 
k 


—a+t 1) 


@(z)dz = (2 — k)?-*0,_2(z) 


f 
— a) 
The function Q,-2(z) is a polynomial of degree p—2 in z. Since the expression 
on the right has a bounded pth derivative for |z—| >m>0, the expression 
on the left does also and the proof is complete. 
A related theorem is the following: 


Finally 


THEOREM 13.5. Let C be an arc of Type W. Let f‘°-"(z) be continuous on C 
and have a bounded derivative of order a— p+1, 0S p—1Sa<p, on C™. Then 
f(z) has a bounded derivative of order a on C”. 


We know that 


= f?-)(x)dx (s — x)?-*'dz 
+ Tp —@) (z (x) dx. 
| 
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d z 
—f (2 — (x) dx 
dz k 


is bounded and we have to prove that 


d? z 
— 


is bounded. Integrating by parts we have 


z — k)P-af(k : 
#(z) -f (2 — 'f(x)dx = — + f — x)P-@f"(x)dx, 
k k 


and integrating the second integral on the right by parts yields 


k 


Continuing this process we arrive at 
(2 — k)?-“f(k) (2 — 
p-—a p-—ati 
— 
a2 ) f ( a (s (x) dx. 


2p —-a—2 


P(z) = 


We know that each of the terms on the right exclusive of the integral has a 
bounded th derivative on C” and thus there remains only to show that this 
integral has a bounded pth derivative. We can differentiate under the in- 
tegral sign p—1 times and the result is 


fie — (x) dx. 
k 


By hypothesis this has a bounded first derivative and the result is established. 
There are similar theorems for f‘?- (z), etc. 

The proof of the following theorem is similar in method to that used in 
showing that the Beta function [see (12.10) | can be evaluated along curves of 
Type W (see also $11): 

THEOREM 13.6. Let f(z) be analytic in a region bounded by a curve C of 
Type W and continuous in the corresponding closed region except for a finite 
number of algebraic singularities of orders less than 1. Then for a particular 
branch of the function we have {cf(z)dz=0. 


14. Invariance of order under conformal transformation. Let C be an 
analytic Jordan curve in the z-plane and let & be a fixed point on C. Let 


104 
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w= (zs) map the closed region bounded by C conformally on the closed unit 
circle in the w-plane. It is well known that ¢(z) is analytic on C, and that 
z=y(w), the inverse of w= ¢(s), is analytic on | w| =1. Let f(z) be continuous 
on C and have a bounded derivative of order a>0 on C™. We will show that 
f(v(w)) =F (w) has a bounded derivative of the same order a on the arc of the 
unit circle, |w| =1, corresponding to C™ under the conformal map, the path of 
integration being the image in the w-plane of the path of integration in the z-plane. 
Case I. 0<a<1. By definition 


and by hypothesis 

zs) = x)dx 

fe x)-9f(x)dx 


has a bounded first derivative with respect to z. Then 


has a bounded first derivative with respect to w, where k on C is mapped into / 
on |w| =1. The function 


¥(w) — 


P(w,w) = | 


is an analytic function of w and w and is different from 0. We may write it 
in the form 
P(w, w) — P(w, w) 
P(w, w) = P(w, w) + (w — w) 


P(w, w) + O(w, w)(w w), 


where P(w, w) #0 and is defined as the limit of P(w, w) as w approaches w. 
Thus we have 


e(V(w)) = G(w) = f (w — w) + Q(w, — de 


= P(w, w) — w)~*F (w)dw + — w)~**!0(w, w)F(w)dw. 
l l 
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By hypothesis G(w) has a bounded derivative with respect to w. Now set 


A(w) = — w)~**'0(w, w)F(w)dw. 


By Leibnitz’ rule we have 
dA(w) 
= f (w — w)—**!0,(w, w)F(w)dw 
dw 1 


4 + 1)(w — w)-*0(w, 


The integral on the right converges absolutely and hence the derivative exists. 
It follows that P(w, w)f » (w—w)-2F (w)dw has a bounded derivative with re- 
spect to w and, since P(w, w) #0 and has a derivative, we have shown that 
for 0<a<1 the function F(w) has a bounded derivative of order a. 

Case IT. 0< p—1Sa<p. If a=p—1 the result is immediate. If a>p—1 
we know by Theorem 12.1 that f‘?-»(z) is bounded and it follows that 
F°-))(w) is bounded. In fact we know that f-»(z) has a bounded deriva- 
tive of order a—p+1 by Theorem 13.4. The expression for F°-(w) is a 
polynomial in f™, f, - - - , f@-P, y™, - - and we can treat each 
separate integral as in Case I and the proof is complete. 

15. Extension of the Cauchy integral formula. We obtain a new expres- 
sion for the generalized derivative from the following 


THEOREM 15.1. Let C be an arc of Tvpe W, k a fixed point on C, and z an 
arbitrary point on C, 2k. Let f(z) be analytic on and within a rectifiable Jordan 
curve y which passes through k and contains in its interior that portion of C be- 
tween k and z. Then we have 

f(t)dt 


T'(a + 1) 
15.10 De f(s) = 
— 


where the branch of (t—2)*+ is the one chosen in the original definition with t 
varying along C from k to z. 


This is a generalization of Cauchy’s integral formula for derivatives and 
the proof follows that of Montel [1] for C a segment of the axis of reals. By 
virtue of (11.14) for C of Type W we may replace it by C; of Type W, and 
thus it is only necessary that y pass through & and contain in its interior the 
point z and an arc of Type W joining & to z, so long as f(z) is analytic on and 
within y, in fact it is sufficient for f(z) to be analytic interior to y and con- 
tinuous in the closed limited region bounded by y. For future reference we 
will state the following more general theorem: 
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THEOREM 15.2. Let f(z) be analytic in the interior of a rectifiable Jordan 
curve y which passes through k and contains in its interior the point z and an 
arc C of Type W joining k to z, and let f(z) be continuous in the closed limited 
region bounded by y. Then we have 


_ T(@+1) f(ddt 
(15.11) De f(z) = J a>O0, 


(t 


where the branch of (t—z)«+! is determined on C. 


16. A theorem on convergence. The following theorem has important ap- 
plication later: 

THEOREM 16.1. Let C be an arc or curve of Type W. Let fi(z), fo(z), --- bea 
sequence of uniformly bounded functions which converges uniformly to f(z) on C. 
Let fe(s), fe(z),---, a>0, converge uniformly on C™. Then the sequence 
ft (2), f# (2), has for a limit f-(z) on 

Montel [1] proves this theorem for C a segment of the axis of reals and 
the modifications necessary to establish this more general result are obvious, 
hence the proof will not be included here. 

17. Lipschitz conditions and generalized derivatives. We begin with the 
following theorem :* 

THEOREM 17.1. Let C be an arc or curve of Type W. Let f(z) satisfy a Lip- 
schitz condition} of order a, 12a>0, on C. Then f(z) has a bounded derivative 
of every order B <a on C™. 


For 6 <0 the result is obvious. For 8 >0 we have to show that 
@- 
k 
has a bounded derivative. Consider 


I(z) = fv — x) ?f(x)dx. 


ef — x) 


* For the case where C is a straight line the proof is due to Hardy and Littlewood [1], pp. 590- 
591. 

t The function f(z) satisfies a Lipschitz condition of order a on a set E if for 2; and 22 arbitrary 
points on E we have | f(z2)| <M | 21 —22|%, where M is a constant independent of and ze. 
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The first term on the right approaches 0 as e approaches 0 by the hypothesis 
of a Lipschitz condition of order a on the function f(z). Furthermore 


= uf x 
k 


The last integral converges and the proof is complete. 

Now we will consider the case where f‘?-(z) satisfies a Lipschitz condition 
of order a—p+1, 0S p—1Sa<p, on C. From above we know that f-(z) 
has a bounded derivative of every order B—~+1<a—p-+1, and hence by 
Theorem 13.5 the function /(z) has a bounded derivative of every order B<a 
on C™. Consequently we can state the following more general theorem: 


THEOREM 17.2. Let C be a curve of Type W. Let f°-”(z) satisfy a Lipschitz 
condition of order a— p+1, 0S p—1Sa<p, onC. Then f°-»(z) has a bounded 
derivative of every order B<a on C™. 


In considering the converse we restrict ourselves to analytic Jordan 
curves. 


THEOREM 17.3. Let C be an analytic Jordan curve. Let f(z) have a bounded 
derivative of order a>0, 05 p—1Sa<p, on C™. Then f-»(z) satisfies a Lip- 
schitz condition of order a— onC. 


Since Lipschitz conditions and generalized derivatives are preserved in 
their orders under conformal transformation of analytic arcs and curves (see 
§14), for 0<a<1 the theorem is an immediate consequence of the corre- 
sponding result of Weyl [1] for C a segment of the axis of reals. For the gen- 
eral a by Theorem 13.4 we know that f(z) has a bounded derivative of order 
a—p+1, and hence f-»(z) satisfies a Lipschitz condition of order a— p+1. 

It should be noted here that we must use two different values of k to 
obtain an overlapping Lipschitz condition. This overlap gives us a Lipschitz 
condition which is uniform on C. 

Suppose that C is a Jordan curve composed of a finite number of analytic 
Jordan arcs meeting in corners of openings wiz, R=1, 2,---, p, O<p, <2. 
By the above result we know that if f(z) has a bounded derivative of order 
a>0 on C”, then f‘?-(z) satisfies a uniform Lipschitz condition of order 
a—p-+1 on each analytic arc of C. The following lemma serves to connect 
Lipschitz conditions on two adjacent arcs: 
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Lemma 17.4. Let C be a Jordan arc composed of two analytic arcs meeting in 
a@ corner 2 of opening ur, 0<p<2. Let the function f(z) satisfy a uniform Lip- 
schitz condition of order a, 0<a<1, on each arc separately. Then f(z) satisfies 
a uniform Lipschitz condition of order a on the entire arc. 


The lemma is an immediate consequence of the convexity of the function 

y=x7,x>0. 
CHAPTER IV 
GENERALIZATIONS OF BERNSTEIN’S AND MARKOFF’S THEOREMS 

18. Bernstein’s and Markoff’s theorems. The following theorem is well 
known :* 

THEOREM 18.1. Let P,,(z) be a polynomial of degree nin z and let | P,(z)| <M 
in the unit circle, |z| <1. Then | P,!(z)| <Mn in |z| <1. This bound is at- 
tained only by the polynomial az”, |a| =1. 

Markoff [1|f has proved 

THEOREM 18.2. Let P,,(z) be a polynomial of degree ninz and let | P,(z)| <M 
in the interval —1<2<+1. Then |P,!(z)| <Mn®, —1<2<5+41. This bound 
is attained only by the polynomial a cos n arc cos 2, | & | =1. 

A result of Bernstein [2, p. 38] on the modulus of the derivative of a 
polynomial is 

THEOREM 18.3. Let P,,(2) be a polynomial of degree ninz and let | P,(z)| <M 
in the interval —1<2<+1. Then | P,! (z)| <Mn/(1—2?) "2. 

Montel [1] has extended this to generalized derivatives. 


TuEorEM 18.4. Let P,,(2) be a polynomial of degree ninz and let | P,(2)| <M, 
—1<z<+1. Then for any point in (—%, +20), 0<2 <1, we have 


M(a)n* 
a> 0, k=+1. 


(18. 10) | P#(z)| s 


ag 


We are concerned with finding evaluations for | P,z(z)| on more general 
point sets. It should be noted that inequality (18.10) is not valid in the entire 
interval but only on a subset of the given interval. This is characteristic of 
the results on generalized derivatives. In fact in this chapter our inequalities 
hold in general only for |z—| >m>0, and in the case of a curve C we shall 


* See e.g., Bernstein [2], pp. 44-46. 
+ Markoff considers only polynomials with real coefficients; Riesz [1] treats the general case. 
See e.g., Bernstein [2], p. 38. 


. 
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denote the set: zs on C, |z—k| >m>0, by C”, as above, and in the case of a 
region R the set: z in R, |z—k| >m>0, by R”. 

19. Curves of Type S. Let C be a curve of Type S in the z-plane and 
let | P,(z)| <M on C. We shall consider P,z(z), a>0, on C, where & is an 
arbitrary point on C. By Theorem 15.2 we know that 


T(a + 1) P,,(t)dt 
(19.10) Ps(s) = f a> 0, 


t— 


where y is a rectifiable Jordan curve passing through & and containing z in 
its interior. Let z be an arbitrary point on C™ and draw a circle 6 of radius 
r<m about the point 2, the value of r to be determined later. In traversing 
the curve C in a preassigned direction from & to z let the point A be the first 
intersection of 6 with C. We will choose as the curve y the path from k to A, 
from A around 6 back to A, and thence back to k along C. It is true that this 
is not a Jordan curve but reference to the proof of Montel [1] of Theorem 15.1 
will make it clear that this path of integration satisfies the conditions of the 
theorem. Then we have 


T(a+1) (4 T(a + 1) P,,(t)dt 
2ri — 29)**! 2ri (¢ — 
“Tla + A P,,(t)dt 

k (t Zo) 


(zo) = 


2ri 


T(a + P,(t)dt P,,(t)dt 
2a J (¢ — J (¢ — \. 


an 
(t Zo) et! k (t Zo) et! 


f P,(t)dt A P,(t)dt 
é 


We need a well known result,* 


Lemma 19.1. Let E be a closed limited point set whose complement is con- 
nected and regular. If the polynomial P,,(z) of degree n in z satisfies the inequality 
| P..(z)| $M for z on E, then we have 


(19.11) | Pn(z)| Mp", p>41, zonor withinC,. 


We know by Theorem 3.1 that d(C, C,) > M,(p—1) and hence if we choose 
r=M,(p—1) it follows from the lemma that | P,(z)| <Mp* for z on and 
within the circle 6. Then we have 


* For various types of point sets this lemma is due to various authors: see Bernstein [ 1 1 Szegé 
[1], Faber [4], Walsh [1]. We state here the form due to Walsh. 


Thus 
Let 
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ne f | Pn(t)| | de| ‘ Mp"2eMi(o— 1) _ 
The function y= p"/(p—1)*, p>1, has a minimum for p=p,=n/(n—a). For 
n sufficiently large M,(p,—1)=M,[a/(n—a) | will be positive and less than 
m, in fact our evaluation will hold for all ” satisfying the inequality 


Mia 
<m, (n-—a)> n >—+a. 
n— a m m 


(19.12) 


Now consider p,."/[(p,.—1)*n]. It is easy to see that this function approaches 
e?“q-* as m approaches © and hence we have 


(19.13) | I’| MKi(a, C)ne. 


| 
| isu 


By §10 the curve C is of Type W’, and since A is on the circumference of 
a circle whose center is 2 and whose radius is M,[a/(n—a) |, we have 


Next 


(19.14) ( ) wa < MK;(a, C)n*, 


which is valid for m satisfying the inequality (19.12). 
Thus we have established the following theorem: 


THEOREM 19.2. Let C be a curve of Type S. Let P,(z) be a polynomial of de- 
gree n in z and let | P,(z)| <M onC. Then for n sufficiently large we have 


(19.15) | P.e(z)| MK(a,C)n*, a>0, zonCn, 
where K(a, C) is a constant depending only on a and C. 


20. Curves of Type ¢. The method of the preceding paragraph is valid in 
the case where C is a curve of Type ¢ with only slight modification. In fact 
the only essential change is the substitution of at for a, since by Theorem 4.3 
we have here d(C, C,) > M,(p—1)‘. The result can be stated as follows: 

THEOREM 20.1. Let C be a curve of Type t. Let P,,(z) be a polynomial of de- 
gree n in z and let | P,(z)| <M on C. Then for n sufficiently large we have 


(20. 10) | Pe(z)| MK(a,C)n**, a>O, 15¢<2, zonC, 
where K(a, C) is a constant depending only on a and C. 


21. Regions of Type W’. In this case we have d(C, C,)=>Mi(p—1)? by 
Theorem 6.3, and hence the ¢ in Theorem 20.1 must be replaced by 2. The 
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definition of a region of Type W’ (§10) then leads directly by an application 
of the above methods to 

THEOREM 21.1. Let R be a region of Type W’ with boundary C. Let P,(z) 
be a polynomial of degree n in z and let | P,(z)| <M in R. Then for n sufficiently 
large we have 


(21.10) | Pa(s)| S$ MK(a, R)n**, a>O0, zonC, 


where K(a, R) is a consiant depending only on a and R. 


Here & is a point on C and, as in §§19 and 20, P,#(z) is a continuous func- 
tion of z on C”. There is no confusion as to branches since both & and z are 
boundary points. 

22. Another choice of k. In the case where f(z) is analytic in a limited 
simply connected region R with boundary C, and continuous in the corre- 
sponding closed region, we may choose & not on C but in R. Then we can 
consider all z in R such that |z—k| >m>0, i.e., in Rv. Of course the value of 
the derivative depends upon the point & chosen. 

The original choice of k on C is more general in that the function need be 
defined only on the set C. However, in the application of these theorems to 
approximation by polynomials in closed regions the functions are assumed 
analytic in the regions and continuous in the corresponding closed regions. 
Under these conditions it is simpler to choose k inside and then we know 
that the above evaluations hold not only on the boundary but everywhere 
in the closed region except for the points z such that |z—k| <m. 

Thus we have the following results: 

THEOREM 22.1. Let R be the limited region bounded by a curve C of Type S. 
Let P,,(z) be a polynomial of degree n in z and let | P,(z)| <M in R. Then for n 
sufficiently large we have 

| Pe(z)| MK(a, R)n*, a>O0, 
where K(a, R) depends only on a and R. 

THEOREM 22.2. Let R be the limited region bounded by a curve C of Type t. 
Let P,,(z) be a polynomial of degree n in z and let | P,(z)| <M in R. Then for n 
sufficiently large we have 

| Pe(s)| S$ MK(a, a>O, 154<2, 2 inR*, 
where K(a, R) depends only on a and R. 

THEOREM 22.3. Let R be a region of Type W’ with boundary C. Let P,(2) 
be a polynomial of degree n in z and let | P,,(z)| <M in R. Then for n sufficiently 
large we have 
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| Pw (z)| MK(a, R)n**, a>O, 2 inR, 
where K(a, R) depends only on a and R. 


If we choose & in R and m sufficiently small the boundary C will lie in R”. 

23. Ordinary derivatives. If a is a positive integer we have to consider 
only the part I’ of the expression for P,«(z) in §19. Thus we avoid the ques- 
tion of curves of Type W’. In this connection Szegé [2] has considered the 
case where C is a Jordan curve composed of a finite number of analytic arcs. 
He shows that if z is a corner whose exterior opening is uz, 0<yS2, and if 
|P.(z)| <M on C, then S| P,! (z0)| where M, and Mz are 
constants independent of m (see Theorem 22.2). 

Jackson [2] has shown that if the boundary C of a limited simply con- 
nected region R is such that through every boundary point P of C a circle of 
radius h>0, h independent of P, can be drawn whose interior lies interior to 
the region, then | P,,(z)| <M, z in R, implies | P,’ (z)| < MMon, z in R, where 
M, is a constant independent of M, n, and 2; this result follows from Theorem 
18.1. Also Jackson [3] has shown that for a limited simply connected region 
R such that from every boundary point P a straight line of length h>0, 
h independent of P, can be drawn which lies entirely in R, the inequality 
| P,.(z)| $M, z in R, implies | P,’ (z)| $< MMzn?, z in R; it is clear that this 
is a region of Type W’ and hence the result is a corollary of Theorem 21.1. 
In this connection the author [3] has shown that if | P,(z)| <M on a set E 
with no isolated points and whose complement has finite connectivity, then 
| P,! (s)| <MK(E)n?, z on E, where the constant K(E) depends only on the 
set 

CHAPTER V 


APPROXIMATION BY POLYNOMIALS—PROBLEM @ 
24. Analytic Jordan curves. We will prove the following theorem: 


THEOREM 24.1. Let R be a limited region bounded by an analytic Jordan 
curve C. Let f(z) be defined in R. If for every n there exists a polynomial P,(z) 
of degree n in z such that 


M 
(24.10) | f(z) — Prlz)| <<—>» a>O0, sinR, 
n@ 


M a constant independent of n and z, then f(z) is analytic in R, continuous in R, 
and has a bounded derivative of every order a'<a on C. 


The analyticity and continuity are immediate consequences of (24.10). 
For the derivative we have to apply our previous results. Hereafter we will 
choose an interior point of the region as the point & and m so small that every 


114 W. E. SEWELL [January 


point of C belongs to R”. Using Theorems 22.1 and 16.1 we can apply a pro- 
cedure identical to that of Montel [1, pp. 175-176] to prove the theorem. 
We have in the other direction 


THEOREM 24.2. Let R be a limited region bounded by an analytic Jordan 
curve C. Let f(z) be analytic in R, continuous in R, and have a bounded derivative 
of order a>O on C. Then there exist polynomials of respective degrees n, 
n=1,2,---+, such that 


(24.11) | f(z) — P,(z)| < z in R, 


where M is a constant independent of n and z. 


Let 0< p—1Sa<p, then by Theorem 17.3 we know that f‘?-»(z) satisfies 
a uniform Lipschitz condition of order a—p+1 on C. Thus we have only to 
apply the following theorem of Curtiss [1]: 


THEOREM 24.3. Let E, with boundary C, be a closed limited point set consist- 
ing of a finite number of mutually exterior closed Jordan regions, Ri, Ro, - - +, R., 
each bounded by an analytic Jordan curve. Let f(z) be a function analytic 
throughout the interior of C, continuous on E, and having a (p—1)st derivative 
which satisfies a Lipschitz condition of order a—p+1, 0<a—p+131, on the 
boundary of E. Then there exist polynomials P,(z) of respective degrees n, 
n=1,2,---, such that 


M 
| — Palz)| zon E, 


where M is a constant independent of n and z.* 

It should be observed here that Theorem 24.1 taken with Theorem 24.3 
leads to a new proof of Theorem 17.1 where C is an analytic Jordan curve. 

Also Theorem 17.3 leads to the following result: 

THEOREM 24.4. Under the same hypothesis as in Theorem 24.1, let 
0<p—1sa<p. Then f(z) is analytic in R, continuous in R, and f”-(z) 
satisfies a Lipschitz condition of every order a'—p+1, a’ <a, on C. 

25. Curves of Type S. In the proof of Theorem 24.1 we apply Theorem 
22.1 which does not require C to be analytic but merely of Type S and thus 
we have the following more general theorem: 


THEOREM 25.1. Let R be a limited region bounded by a curve C of Type S. 


* This theorem is a sharpening of a result on degree of convergence of Faber’s polynomials es- 
tablished by the author [1]. 
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Let f(z) be defined in R. If for every n, n=1, 2, - - - , there exists a polynomial 
P.,(z) of degree n in z such that 


(25.10) 


M a constant independent of n and z, then f(z) is analytic in R, continuous in R, 
and has a bounded derivative of every order a’ <a on C. 


Only in the case where C is analytic has the converse theorem been proved. 
26. Curves with corners. Here we consider first curves of Type ¢, and us- 
ing Theorem 22.2 we can prove precisely as above 
THEOREM 26.1. Let R be a limited region bounded by a curve C of Type t. 
Let f(z) be defined in R. If for every n, n=1, 2,--- , there exists a polynomial 
P.,(z) of degree n in z such that 
M 
(26.10) | f(z) — Palz)| S$ a>0, 154<2, cinR, 
n= 


M a constant independent of n and 2, then f(z) is analytic in R, continuous ir R, 
and has a bounded derivative of every order a’ <a on C. 


Combining the above result with Theorems 17.3 and 17.4 we can sub- 
stitute a Lipschitz condition for the generalized derivative. 

THEOREM 26.2. Let R be a limited region bounded by a Jordan curve C com- 
posed of a finite number of analytic arcs meeting in corners of exterior openings 
--- and let if pi=1, and t=1 if w.<1. Let f(z) 
be defined in R. If for every n, n=1, 2, --- , there exists a polynomial P,(z) 
of degree n in z such that 


M — 
| #2) — S— Ofp-i1Sa<p, 2>t#21, zimR, 


M a constant independent of n and 2, then f(z) is analytic in R, continuous in R, 
and f‘?-»(z) satisfies a Lipschitz condition of every order a'— p+1, a’ <a, onC. 
27. Regions of Type W’. Here the result corresponding to Theorem 26.1 
is 
THEOREM 27.1. Let R be a region of Type W’ with boundary C and let f(z) 
be defined in R. If for every n, n=1, 2,--- , there exists a polynomial P,(z) 
of degree n in z such that 


(27.10) | fe) Pals)| a>0v, zimR, 


M a constant independent of n and z, then f(z) is analytic in R, continuous in R, 
and has a bounded derivative of every order a' <a on C. 
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28. Arbitrary closed sets. Theorem 27.1 can be proved for ordinary de- 
rivatives on much more general sets than those of §27. (See Sewell [3].) We 
do not require the set to be connected; it is sufficient for the set to be closed 
and limited and have a complement which is connected and regular. 


CHAPTER VI 
APPROXIMATION BY POLYNOMIALS—PROBLEM 
29. Uniformly bounded functions. We begin with 


THeoreEM 29.1. Let f(z) be analytic and uniformly bounded in |z| <p>1. 
Then we have 
M 


(29. 10) | (2) — T,(z)| m4 |z| <1, 


where M is a constant independent of n and z, and T,,(z) is the sum of the first 
n terms of the Taylor development of f(z) about z=0. 


We know that 


n+1 (t)dt 
fla) Tale) = i) 


z|=p—e intl(t 2) 


wi 
hence 
1 M,2r(p — M, 


f(z) — T,(s)| — 
| (2) (2)| 2r 1) 


Allowing « to approach 0 we have (29.10), and the proof is complete. 
The following theorem is an extension of the above result to analytic 
Jordan curves: 


THEOREM 29.2. Let C be an analytic Jordan curve bounding the limited region 
R. Let f(z) be analytic and uniformly bounded, | f(z)| <M, interior to C,, p>1. 
Then we have 


n AM 
(29.11) f(z) — a, P,(z) | » ginR, 
0 


n 


where A is a constant depending only on p and C, and P,(z) is the Faber* poly- 
nomial of degree v belonging to R. 


Let z= (w) map the exterior of C on the exterior of y: | w| =1, so that the 
* See Faber [1, 2, 3]. It should be pointed out that there is a slight error in the recurrence formula 


which is given for P,(z) in Faber [3]; formula (15) should contain an additional constant due to the 
fact that the power series §,,(¢) in formula (13) may begin with a non-zero term in ¢ to the 0 power. 
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points at © correspond to each other. Then from the results of Faber [3] 
we know that f(z) =) a,P,(z), z interior to C,, where 

(29.12) P,(z) = c’w"(1 + 6,(2)G), 


G a fixed constant, c the capacity* of R, and | 6,(z)| <1 for z interior to C,. 
Also by Faber [3], 


1 f flW(w)]do] 1 M 
| w|=p—e 


| a, | = 
2m — c’(p — e)” 


and letting e approach 0 we have 

M 
(29.13) 

c’p” 
Furthermore from (29.12) we have 
(29.14) | P(z)| e[1+6(2G], 
Hence 


M[1 + 6,(z)G] 


n+1 


1 
< MM’), — 


n+l1 p” 


and the proof is complete. 
30. Lipschitz conditions, generalized derivatives, and degree of approxi- 
mation. We start here with the unit circle and prove the following theorem: 


THEOREM 30.1. Let f(z) be analytic in |2| <p>1, continuous in |z| <p, and 

have a bounded derivative of order a>0 on C,, |z| =p. Then we have 
M log n 
(30. 10) | 2) — T,(z)| » 
n%p” 

where T,,(z) is the sum of the first n terms of the Taylor development of f(z) about 
z=0. 

CasE I. 0<a 1. Since f(z) has a bounded derivative of order a it satisfies 
a Lipschitz condition of order a by Theorem 17.3. Make the transformation 
z=py, then f(z)=f(py)=®(y), and ®(y) satisfies a Lipschitz condition of 
order a on | y| =1. We need the following result due to the author [1]: 


* See §7. Faber maps the exterior of C on the interior of the circle whose radius is the reciprocal 
of c. The relation (7.11) enters in this connection. 


| 
0 = n+1 p” 
M 
zonC, 
p” 
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Lemma 30.2. If f(z) 1s analytic in |z| <1, continuous in |z| <1, and if 
f-(z) satisfies a Lipschitz condition of order a—p+1, 0<a—p+1S1, on 
|z| =1, then we have 


M, log 


(30.11) | (2) — T,(2)| s || <1, 


where T,,(z) is the sum of the first n terms of the Taylor development of f(z) about 
2=0. 
By the lemma 


log n 


(30.12) | 4.(y)| |y| <1, 

where #,,(y) is the sum of the first 7 terms of the Taylor development of ®(y) 
about y=0. Since ®(y)—1,(y) has a zero of multiplicity at least as great as 
n+1 at y=0, we have by Schwarz’ lemma* 


M, log n 


(30. 13) | — a(y)| lol, 
and transforming back to the z-plane we have 

M,1 M 
(30. 14) | f(z) —-T,(z)| < <1. 


nip"! 


Case II. 0S p—1<Sa<p. If f(z) has a bounded derivative of order a on 
C,, then by Theorem 17.3 the function f‘-»(z) satisfies a Lipschitz condition 
of order a—p+1 on C,. Thus the same method as above yields 


1, 


M log n M log n 
= | 


(30.15) f(z) — Tals) | 


and the proof is complete. 

As an immediate consequence of a theorem of the author [1] and Theo- 
rem 17.3 we have 

THEOREM 30.3. Let C be an analytic Jordan curve and let f(z) be analytic 
interior to C and continuous in the corresponding closed region bounded by C, 
and have a bounded derivative of order a>0 on C. Then we have 


n M log n 
(30. 16) f(z) — a, P,(z)| zonC, 
0 


where P,(z) is the Faber polynomial of degree v belonging to C. 


* I am indebted to the referee for this suggestion, which shortens my original proof consider- 
ably. 


E 
=z 
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An application of this theorem leads to 


THEOREM 30.4. Let C be an analytic Jordan curve and let f(z) be analytic 
interior to C,, p>1, continuous in the corresponding closed region, and have a 
bounded derivative of order a>0 on C,. Then we have 

M log n 
(30.17) fis) — P(s)| s C, 
0 


n*p” 
where P,(z) is the Faber polynomial of degree v belonging to C. 


Since the Faber development is unique the Faber development of the 
function 


= f(z) — a, P,(2) 


is (2). Applying Theorem 29.2 to the function (z) which on C, is 
in modulus less than M log n/n« (by Theorem 30.2), we immediately obtain 
the desired result.* 

31. The converse problem. In all of the theorems of §30 we assume con- 
ditions on the function f(z) on C, and find the degree of approximation on C. 
In the following theorem we consider the converse problem: 


THEOREM 31.1. Let E, with boundary C, be a closed limited point set whose 
complement is simply connected. Let f(z) be analytic on E. If there exists a poly- 
nomial P,,(z) of degree n, n=1, 2,--- , such that 


M 
(31.10) | f(z) — P,(z)| < » a>O, p>1, 
nation 
where M is a constant independent of n and z, then f(z) is analytic interior to C,, 
continuous in the closed limited region bounded by C,, and has a bounded deriva- 
tive of every order a’ <a on C,. 


The analyticity of f(z) interior to C, and its continuity in C, are immedi- 
ate consequences of (31.10). For the bounded derivative we know by hy- 
pothesis that 


M 
| f(z) — Pa(z)| zon E, 
n= p” 


M 
(n + 


| f(z) | 


zon E; 


* This proof of the theorem was suggested by the referee. 
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2M 
| P,,(2) | +1 


and consequently by Lemma 19.1 we have 
2M p"*! 


| Pnsi(z) — P,(z)| < »  gonc,. 


Since C, is an analytic Jordan curve, we can apply Theorem 22.1 to obtain 
the inequality 
2MK(a’, C,)p(n + 


ner 


| Pe (2)| < 


M, 


By hypothesis a—a’>0 and we have uniform convergence, and an applica- 
tion of Theorem 16.1 completes the proof. 

In this theorem we assume in the denominator an n to the power a+1, 
whereas in Theorem 30.4 we obtain in the denominator only an x to the power 
a. This seems to indicate that the hypothesis in Theorem 31.1 is stronger than 
necessary, but the following example, suggested by Walsh, shows that the 
exponent a+1 cannot be replaced by a smaller exponent: 

Let E be the set | z| <1, and C, the circle | z| =p>1, and consider the 
function f(z) =1/(p—z). We know that 


1 gnt2 
(31.11) fle) pals) = + te], Zon E, 
p 


where p,(z) is a polynomial of degree in z. Integrating both sides of (31.11) 
from 0 to z, we have 


(31.12) F(z) — Pals) = — | | E 
31.12 "(s) — P, (sz) = |, zon 
mp"L(n + 2)p (m+ 3)p? 


The series in brackets converges and consequently 


M 
| F(z) — P,(s) | zon E, 
np” 
and yet the function F(z) =log p—log (p—z) has a logarithmic singularity on 
C, and its derivative has a pole of the first order on C,. Integrating again we 
obtain 
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M 
| F*(z) — P,*(z) | < , zon E. 
The first derivative of F*(z) has a logarithmic singularity at z= p and hence 
the function does not have a bounded derivative of order 1 on C,; also we 
can show that F(z) does not have a bounded derivative of order a, 0<a<1, 
on C,, and that F*(z) does not have a bounded derivative of any order a=1 
on C,. On the other hand a direct evaluation shows that F*(z) has a bounded 
derivative of any order less than 1 on C,. 

This example also shows that the existence of polynomials converging to 
a function on C with an error less than’ M/(np") does not imply even the con- 
tinuity of the function on C,; here F(z) has a logarithmic singularity on C,. 
We see further that we have an error less than M/p* on C for a function with 
a single pole of the first order on C,; in this connection the following result on 
best approximation is of interest: 

Let C be an analytic Jordan curve and let f(z) be analytic on and interior 
to C, except for a finite number of poles on C, as follows: 2, 2, --- , 2s, of 
orders In, - - - , he, respectively, where 4; --- =h,>0. Let K,(z) be 
that polynomial of degree at most for which 


= max| f(z) — K,(2) | 


is as small as possible. Then 


p” p” 
where B, and Bz: are constants independent of m and 2z, so long as z is on C. 
Faber [3, pp. 105-106] establishes this result in the case of a single pole of 
the first order on C, and since the method is entirely applicable to the general 
case the details will not be included here. 
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STEREOGRAPHIC PARAMETERS AND PSEUDO- 
MINIMAL HYPERSURFACES, II* 


BY 
OTTO LAPORTE 


INTRODUCTION 


In a recent papert G. Y. Rainich and the writer showed that the Weier- 
strass formulas for minimal surfaces in terms of stereographic parameters 
can be generalized naturally to hypersurfaces the sum of whose radii of 
curvature vanishes. The name pseudo-minimal hypersurfaces was proposed 
for these, since the name minimal should be reserved for the hypersurfaces, 
the sum of the curvatures of which is zero everywhere. 

As was shown in I, a general hypersurface can be represented in terms of 
stereographic parameters %, --- , x, as follows: 


(1) Xo 


(2) ~ 


with the abbreviation 
(3) 


Here Xo, Xi,---, X, are the coordinates of the embedding £,4:, and @ 
is an arbitrary function of x, ---, x, whose geometrical meaning is: dis- 
tance of the tangent plane from the origin multiplied by X. If now the hyper- 
surface is to be pseudo-minimal, then, as was shown in I, §7, ¢ has to satisfy 
the following linear partial differential equation: 

dg 


4 — + nd = 0. 
(4) OXa 


In I an infinity of particular solutions of (4) were given. We shall sometimes 
refer to ¢ as a pseudo-minimal potential. 

The present paper contains extensions of the theory in two respects. 

1. The Weierstrass formulas for two-dimensional minimal surfaces estab- 
lished a connection between minimal surfaces and analytic functions. Cor- 


* Presented to the Society, September 1, 1936; received by the editors April 4, 1936. 
t These Transactions, vol. 39 (1936), pp. 154-182. This paper will be referred toasI. 
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responding to each potential function ¢(x,---, x,) satisfying (4), there 
belongs a pseudo-minimal hypersurface; but since the latter is a generalization 
of a minimal surface, we have to regard the functions ¢ satisfying (4) as a 
generalization of analytic functions. In §4 of I it was shown that the possi- 
bility of rotating the (w+1)-dimensional sphere upon whose hypersurface 
our pseudo-minimal hypersurface is mapped results in the invariance of our 
formulas under the substitutions of a group 2, whose infinitesimal operators 
were obtained. This group is the analogue to the displacement group, and 
it permits therefore to obtain solutions referred to points other than the 
origin x;=0. Such solutions will be constructed by applying the group trans- 
formation especially to the central symmetric solutions of (4). The new 
solutions will be found to be symmetric in the coordinates of the singularity 
and of the point under consideration. Upon development of these solutions 
into series proceeding according to the particular solutions found in I, $§7 
and 8, remarkably symmetrical formulas are obtained; they are, for the type 
of generalized potential function considered here, the analogue of the 
geometric series and form therefore the prototype for all other expansions. 

2. Two-dimensional one-sided minimal surfaces, i.e., surfaces which like 
a Modbius strip permit a continuous transition from one side to the other, 
have been the subject of numerous investigations, especially by Lie, Henne- 
berg, and Schilling* and recently by Douglas from a quite different point of 
view. The discussion of the possibility of one-sided pseudo-minimal hyper- 
surfaces will be seen to rest upon the behavior of the potential @ under a 
(negative) transformation of reciprocal radii x = —x;/r?, which transforma- 
tion is already contained in our group ©. The result is obtained that in order 
for a general hypersurface to be one-sided, the potential must satisfy the 
functional equation 

*1 


An infinity of functions satisfying simultaneously (4) and (5) will be 
constructed, and, thus, an infinity of one-sided pseudo-minimal hypersurfaces 
will be obtained in spaces of any number of dimensions. 

In order not to interrupt the developments of 1 and 2 with derivations 
of auxiliary formulas pertaining to hypergeometric functions, a third section 
containing all such formulas has been added. 

The author gladly acknowledges his indebtedness to Professor G. Y. 
Rainich for frequent advice and numerous suggestions. 


* See Darboux, Théorie Générale des Surfaces, Part 1, Book III, Chap. VI. 
t J. Douglas, these Transactions, vol. 34 (1932), p. 731. 
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1. Displaced solutions and their expansions. The particular solutions of 
the differential equation (4) which we have derived in §§7 and 8 of I were all 
of the form 


(1.1) +++, and fi , Xn), 


where 77, is a homogeneous polynomial solution of the n-dimensional Laplace 
equation of degree />0, and where, if F means the Gaussian series, 


2 


n n 
(1.3) = —l—n,— >" r). 


The formulas (3.1), (3.2), and (3.8) of §3 define these functions for any value 
of the argument. For the cases where these series degenerate into Jacobi 
polynomials see I, §8. 

Like their potential-theoretical analogue: H, and r-*!-"+*H,, the solutions 
of the set (1.1) have singularities at r=0 and r= «©. It is, however, desirable 
to know “displaced” solutions which have singularities at an arbitrarily given 
point. This displacing of the singularity is carried out by an application of 
the group of the differential equation. Comparing again with the potential 
case we see that since, for it, the group in question is the group of rigid mo- 
tions, any harmonic function having a singularity at the origin can immedi- 
ately be “displaced” by replacing the argument x; by x;—x;°. In our case the 
situation is essentially more complicated because the group 2 of the differ- 
ential equation (4) as defined by the substitution 


1 
(1.4) {Sip%» + sjo(1 — d)} 


with 
(1.5) D r + Soo(1 d) + SopXp 


differs from the displacement group. It expresses the way in which the stere- 
ographic parameters change when the surface as a whole is rotated or, which 
is the same, when the m-dimensional sphere which defines the parameters is 
rotated. In order to shift a singularity from the points 0 or © to any others, 
we must therefore carry out a rotation which affects the component &» of 
the unit normal vector. Other rotations, which leave £9 unaffected , will result 
only in rotations in the x, - - - , x, hyperplane around the origin. We there- 
fore choose the matrix s,, according to a rotation in the Xo, X,-plane by an 
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angle » which may be taken as canonical parameter of the group, and put 
(1.6) Sur = Soo = COS 7; S10 = — So, = Sin 7. 
All other s;,=6;,. Then the transformed solution is according to I, (4.6): 
= [A+ (1 — A) cosy — sin 7] 
1 — A) sin %1 COS x 
(1 A+ (1 —A) — x, sin7 


Since the operator of the infinitesimal transformation 

(1.8) Q; = (1 — A) — + — 

Ox OX, 
appears as first coefficient in an expansion of T¢ in powers of 7: 
(1.9) Teo 
we can write (1.7) also 
(1.10) To = 


Instead of 7 one may introduce as parameter the radius vector r; of that 
point which before the rotation by 7 was the south pole, which will therefore 
now contain the singularity. This is done by the substitution 


n 1+ ir 
(1.11) or et= 
2 1 — iry 


It is sufficient to apply the transformation (1.7) to the case of the central 
symmetric solution; we will get in this way the analogue of the potential 
solution |7—7,|?-. If we write 


(1.12) =rcosd, 
where @ is the angle between the rays to the two points under consideration, 
and apply (1.7) to a solution ¢o solely depending upon X, we obtain 
1 
= {AA + (1 — Ax)(1 — A) — rir cos 8} 
(1.13) 


AA 
Here in analogy with (3) the abbreviation 
2, 


was used. We see thus that except for a constant factor \;! (which is caused 
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by our using ¢ instead of the generalized Painvin-function; see I, equation 
(1.5)) To is symmetrical in the coordinates of the singular point and of the 
point under consideration. 

It was pointed out in I, $10, that a general solution of the differential 
equation (4) may be expanded into a series proceeding according to the par- 
ticular solutions (1.1). We will apply this here to (1.13) and expand 7» which 
is the simplest solution with a singularity off the origin, into such a series of 
solutions possessing singularities at zero or infinity. Using the symmetry of 
the expression for \;7@ as a function of 7; and of r we may write 


(1.14) A1T¢0 filrr)r'fi(r) Pi(cos v), 
l=0 

where the coefficient c, can only be a function of the summation index /. 
fi(r) without upper index can be understood to mean some linear combination 
of and f,(r); P:(cos means that m-dimensional hyperspherical har- 
monic, which corresponds to axial symmetry, also called the ultraspherical 
polynomial. In order to show by an example the determination of c; and of 
the special form of the radial function f,(7) we shall from now on specialize 
to the case of n=3. After having familiarized himself with this case, the 
reader will have no difficulty in deriving corresponding formulas for hyper- 
surfaces of a higher number of dimensions. 

The three-dimensional central symmetric solution was derived in §9 of I 
and found to be 


1 
(1.15) go = —— 6r+r'. 


r 


Applying (1.13) to this (considered as a function of dX), the following trans- 
formed solution is obtained: 


1 
1.16) Td = —U, 
( ) Too 


(1 — 6r? + rfA)(1 — 6r? + — 16r;r(1 — rZ)(1 — r*) cos? — sin? d 
(1+ — cos + r? + cos 


U = 


We note here, because of the use we shall make of them later on, the following 
two relations: 


(1.17) U(rz, r, 8) = U(r, rz, 8), 


1 1 
(1.18) 0) =< UG 
r2 


r 


q 
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As the denominator of (1.16) indicates, the new solution has two singulari- 
ties, namely, at 


(1.19) r=ry', 0; 
and 
(1.20) r=rr, v=rf. 


As could be anticipated from what was said above, these points are the 
stereographic projections of the former north pole and its antipodal point, 
the former south pole. 

Geometrically the appearance of a singular point P in the potential ¢ 
of a hypersurface means that for points on the hypersurface infinitely far 
from the origin X,=0 of the embedding £,4: the projecting vector passes 
through P. Now in §9 of I several examples of the surfaces belonging to 
central symmetric potentials were computed, and it was seen that at points 
infinitely far from the origin the hypersurfaces possess horizontal tangent 
planes with normal vectors pointing both vertically up and down. (By ver- 
tical and horizontal we mean, of course, directions parallel and perpendicular 
to the Xo-axis.) The stereographic projections of these normal vectors will 
be the points 0 and © of the (m,--- , x,)-hyperplane. If the polar axis is 
inclined by an angle 7, these two points will, of course, become the points 
(1.19) and (1.20). 

The appearance of two singularities complicates the determination of the 
coefficients and proper linear combinations in (1.14), for three regions of con- 
vergence will have to be distinguished: 

Region A: r< the smaller of 7; and r;'. 
Region B: ,r lies between 7; and 
Region C: r> the larger ofr; and r;'. 

We note here that when interchanging 7; and r the inequality for A be- 
comes that for B, and when replacing 7 by r—' the inequality for A becomes 
that for C, while that for B is reproduced. 

In region A we now write (1.14) with indetermined coefficients 


(1.21) Ua(r1, 7,8) = [fie (r) + (r) + dif (r1) |Pi(cos#); 


l=0 


P (cos #) is now the Legendre polynomial. 

U;(r1, r, 8) is obtained herefrom by exchanging on the right-hand side r 
and r;. We shall see how one can determine the coefficients c:, a, and 6; in 
an elementary way. Firstly we see that the requirement that U, remain 
finite for vanishing r causes us to put 
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(1.22) a, = 0. 


Secondly we prove that b,=0 in the following way: In the series for Ug which 
on account of (1.22) is now 


(1.23) 7, 8) = > fi [fi (1) + (7) |Pi(cos 8) 
1=0 


we replace r by r—'. The left side changes according to (1.18), while the right- 
hand series, due to (3.4) and (3.5) becomes 


1 
Dd corr’ f (rr + bil(— (7) + ]} Pi(cos 8). 
Writing for r—# again 0 we get as a second form of Uz: 
U2(r1,7,0) = [1 + (= 1) arbi] fy (r) — bif™ (r) } P.(cos 
l=0 


Comparing this with (1.23) we see that 

(1.24) 

so that (1.21) assumes the form: 

(1.25) Ua(rr, 1,9) = (r)rz'fi (r1)Pi(cos 3). 
l=0 


Thirdly we determine c; by giving special values to r and 7;. Let g be a num- 
ber <1. Put for the moment r=q/rr, and let r; converge to infinity. The in- 
equalities defining region A remain nevertheless fulfilled. From (1.16) we find 


tim r7*U 0) = (1 + 29 cos 9), 


Then we go similarly to the limit on the right-hand side of (1.25) using 
auxiliary formula (3.6). Thus, we obtain 


(1.26) (1 + — 29 cos = 1)'g'Pi(cos 8). 
l=0 
Using the well known definition of the Legendre polynomials we find 
a; = (— 1)!. 


Therefore 


(1.27) 7,8) = > (— fx (r)rr'f (17) Pi(cos 8). 
t=0 
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Exchanging r; with r carries us into B, as was said above. Therefore, 


(1.28) 7, 8) = (= (1) Pi(cos 8). 

l=0 
These expansions are quite as simple as their potential-theoretical analogue. 
The expansion in region C is obtained by replacing in (1.18) r by r~! and 
using (3.4). Using (1.10), (1.15), and (1.28) we may now return to the canoni- 
cal parameter and write: 


1 
— 6r+ r) 
r 


(1.29) 
I< n\' 
= cos? — (- (r)Pi(cos 8), 
ta 2 2 
where (Q, is the infinitesimal operator (1.8) of Q. This relation suggests an 
entirely different approach which we might have used in arriving at particu- 
lar solutions of the differential equation (4). By expanding (1.29) on both 
sides into powers of n we obtain the displaced solution as a linear combination 
of solutions obtained by an iterated application of Q, on ¢. Each member of 
this new sequence of particular solutions is, of course, a linear combination 
of a finite number of solutions (1.1), but this linear relation does not seem to 
be a simpler one than is already exhibited by (1.29). 


An interesting special case of (1.27) is obtained by putting in (1.27) r;=1, 
or n=7/2. This results in the spreading of region A and region C to the unit 
circle, into which region B itself degenerates. Both singularities lie now on the 
unit circle opposite each other. From (1.16) and (1.27) we have, making use 
of (3.7) and putting /= 27, 


(1 + r*)? — 8r? cos? 3 
[(1 + — cos? #]!/2 


1 > 2 )( 2 (cos 8) 

2. One-sided pseudo-minimal hypersurfaces. If a hypersurface is to be 
one-sided, then we must be able to reach, starting from an initial n-uple of 
values x, - - - , x, Withnormal unit vector +&, by a continuous change in the 
stereographic parameters a final m-uple of values #4, - - - , , with unit normal 
vector — &, while the values of the coordinates in the embedding space are 
the same for the two points:* 


(1.30) 


* From now on we shall write simply F(x) for any function F(x, - - - , x,) of the m stereographic 
parameters. 
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(2.1) X.(x) = X.(#) (a =0,1,--- 


Let us see first, what the relation between %,---,%n and #,--- 
has to be, so that 
£,(%). 
From the zero component £)=(1—A)/A we conclude 
A 
r = 
r 
and from the other components £;=2;/A using (2.2) 
3 = 
This is a transformation of reciprocal radii together with a reversion of sign. 
A transformation of this sort is contained in the governing group Q, as we see 
upon putting the transformation matrix sq, of (1.4) equal to the negative unit 
matrix. We therefore know that by the transformation (2.3) a pseudo-mini- 
mal potential ¢ is transformed into another pseudo-minimal potential ¢’. 
The transformation (2.3), when introduced into equation (2.1) results in 
a functional equation between ¢(x) and ¢(#). The formulas giving X, in terms 
of ¢ are given in the introduction, equations (1) and (2). We shall first in- 
vestigate the zero component of (2.1) which is 


By means of (2.3) we now replace the barred parameters throughout by the 
unbarred ones and obtain, using the abbreviation 


(2.4) + ro(- =) 


the differential equation: 


(2.5) 


Now we take the other components of (2.1): 


dz, Ox; OX, 


, 77). 
Og 
g= 
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This can be written using again abbreviation (2.4) after elementary trans- 
formations: 


or 


(2.6) 


Introducing (2.6) into (2.5) we see that 


We see therefore that for a hypersurface to be one-sided the potential @ must 
fulfill the functional equation: 


(2.8) = ro(- “). 


Returning to pseudo-minimal hypersurfaces, we will take members of the 
sequence (1.1) and see if simple linear combinations of them satisfy the above 
functional equation. 

Calling a linear combination of f(r) and f,® (r) simply fi(r), we see 
that because 


= (— 1)'r- 24H 


equation (2.8) can be fulfilled if 


1 
(2.9) n(—) = (— 1) 


r 


We shall show that this equation can indeed be satisfied by a proper choice 
of constants in the f,(7). As always with discussions concerning properties 
of the radial functions it is convenient to separate the cases of odd and even 
dimension number 

(a) n is an odd integer. Put 


where a; is constant. Then using (3.4) and (3.5) 


1 


Og Xvi Og 
+ — Xp = () 
OX; OX, 
|| 
Og Xi 
OX; = A- 1 
(2.7) g = 0. | 
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(2.9) will be fulfilled if 
a, = 4(— 
or if 
(2.10) filr) = + — fi 
(3) n is an even integer. Put, this time, 
flr) = bf O(n) 


where 5, is a constant. Then using (3.9) 


1 1 
) = by?! 1) (r) + DF) (r) 
r 


(2.9) will be fulfilled if 
b, = (— 
or if 
(2.11) flr) = (— 12) (r) + f(r). 


The formulas (2.10) and (2.11) show how from each pair of particular solutions 
(1.1) a pseudo-minimal potential may be obtained which will satisfy the func- 
tional equation (2.8) and therefore furnish a one-sided hypersurface. More 
general @’s satisfying (2.8) may of course be constructed by combining line- 
arly for different values of / the thus obtained special solutions, or even by 
infinite series proceeding according to products of type (2.10) or (2.11) multi- 
plied with the proper solid harmonic H. 

As a special example let us compute the case n= 2, /=2. Formula (2.11) 
gives 


(0) — 360), 


or using (3.1) and (3.8) 


The surface itself becomes, using (1) and (2): 


1 3 
fir) = —+——3—F*. 
r4 
As harmonic we choose x? — 2, so that 
1 3 
o=(—+—-3- 4) 22). 
r? 
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= (x? — + 
n(1 =) E (z? — + + 
r? 3 
3 


This is the famous Henneberg* surface, which was recognized by Lie and 
by Schilling to be the simplest one-sided minimal surface. 

3. Auxiliary formulas. Due to the constant appearance of integer and 
half-integer parameter values it is easier to derive the following formulas 
from the well known integral representation of the hypergeometric function 
rather than obtain them by specialization from the general theory.—This 
integral representation of the radial function f;“ is 


const. f — s)"/2(1 + 


The multiplicative constant will be chosen throughout so that the coefficient 
of the lowest power of r is unity. The limits or the path of integration have to 
be selected so that the integrand either resumes its initial value, or vanishes 
at both limits. As in I the discussion of even and odd dimension numbers is 
carried out separately. Also we assume / to be 22. 

(a) n is an odd integer. The solution I, (8.4) which is regular for r=0 is 


1 
= f s'-2(1 — s)"/2(1 + r?s)"/2ds, 
0 


+ n/2) 


cm 
and the singular solution is 


fi (r) = ce — s)*/2(1 + 


= i(-1) 


(3.2) 


+ n/2 — 1)T(n/2 + 1) 


The path in this integral is a loop surrounding both branch points s=1 and 
s=-—r-~*. Contracting the path into a loop around s= © and applying the 


* L. Henneberg, Uber solche Minimal flichen, die eine vorgeschriebene ebene Kurve zur geoddtischen 
Linie haben, Ziirich Dissertation, 1875. 
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Cauchy theorem immediately gives the polynomial solutions (I, (8.9)). We 
wish to derive a relation between f{ (1/r), fi (7) and ff (7). Replacing in 
(3.1) r by r~ and introducing as variable 


(3.3) =—-— 
we obtain 


1 —1/r? 
(-) = (— 1) f t-2(1 — + 
r 0 


Combining this again with (3.1) we can obtain an integral from 1 to —7r~?; 
but since these are the branch-points of the integrand, such an integral can 
be transformed into one taken over a contour surrounding the entire branch 
cut, which is just the path of (3.2). The result is 


(-) + (= 1)? (7) = f(r), 


_ + n/2 1) 
ri — + n) 


(3.4) 


a) 


The corresponding formula for fi (r) is obtained by replacing in (3.2) r by 
r~' and introducing the same / as integration variable: 


(3.5) fi? (-) = (— (7), 
r 


Since, according to I, (8.6a) and the normalization adopted in this paper, 


lim (2) (r) = 1, 


r—0 


we have on the basis of (3.5) 


1 
(3.6) lim (-) = (— 
r—0 
We furthermore note 


fi? (1) = 0 


and 


(3.7) =(- ( n/2 ) ( n/2 
(l+n-—1)/2 


l+n-—-1 
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(8) If mis an even number = 2m, the s-plane is no longer branched. There- 
fore, while we may keep the definition (3.1) for f;” , the singular solution is 
now to be defined as: 


—1/r? 
fOE(r) = CH f — s)™(1 + r°s)™ds 
(3.8) 
(1 + 2m — 1)! 


C2) = (— 1)41 
(1 + m — 2)'m! 


The multiplicative constant is as always chosen so that the coefficient of the 
lowest power of r is unity. Introducing into (3.8) the variable ¢ as defined by 
(3.3), one obtains easily: 


fi (-) = (7), 
r 


This formula is the counterpart of (3.4) for spaces of even dimension number. 

Added in proof, December 14, 1936. It is perhaps not superfluous to note 
that the partial differential equation (4) is essentially that of a homogeneous 
harmonic function of degree one in an E,4:. Nevertheless the general theory 
of hyperspherical harmonics is of little help in obtaining the above formulas, 
for in it only the »+1 homogeneous polynomials which have no singularities 
on the hypersphere are considered, while for our purpose all solutions are 
needed. 


(3.9) 


l 
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ON COMPLEMENTARY MANIFOLDS AND PRO- 
JECTIONS IN SPACES L, AND 1,7} 


BY 
F. J. MURRAY 


Introduction. If A is a Banach space, 9 a closed linear subset of A, then 
a closed linear subset 9 such that every feA is uniquely expressible as g+h, 
geM, heN, is called a complementary manifold to M. 

In his treatise on linear operations, Banach{ presents the following two 
problems ((B), pp. 244-245). 

(a) To every closed linear subset M in Ly, 1<p#¥2, does there exist a com- 
plementary manifold? 

(b) To every closed linear subset M in l,, 1<p#2, does there exist a com- 
plementary manifold? 

We show in this paper that the answer to both questions is “no.” 

In Chapter 1 of this paper we show that if a certain limit has the value «, 
then the answer is negative.§ In Chapters 2 and 3, it is proved that this is 
indeed the case. In the concluding section we discuss the relation of various 
other problems to (a) and (b). 


CHAPTER 1. C(I) anv C(A) 


1.1. Let A denote a separable space with a p-norm, i.e., A is either L, 
or /, or the set of ordered n-tuples of real numbers { (ai, - - - , dn) }, lpn, With 
the norm ||(a:, - - , =(0,_,| 2)". We also let The notation 
p’ =1/(p—1), 1/p+1/p’ =1 will be used throughout. 

Let M be a closed linear manifold in A. Let R denote the set of real num- 
bers and let r(a, b) =a/(1+a) —b/(1+0), (© /(1+0)=1). It is 
easy to see that R with the metric |r(a, b)| is a complete metric space and is 
homeomorphic to the closed interval (0, 1). 

If M is a closed linear manifold in A, a limited transformation E such that 
EA=M, E*=E, is said to project A on M. 

If EZ is a limited transformation, we denote by | E| the bound of E. 


LemMA 1.1.1. Let M be a closed linear manifold in A. The existence of a 


Tt Presented to the Society, September 5, 1936; received by the editors August 27, 1936. 

} Théorie des Opérations Linéaires, Warsaw, 1932. We shall refer to this work as (B). The quanti- 
ties considered in the sequel are assumed to be real valued unless explicitly stated to the contrary. 

§ This result was obtained while the author was a National Research Fellow at Brown Univer- 
sity, Providence, R. I. 
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complementary manifold N to M is equivalent to the existence of a projection E 
of A on M. 


Suppose 9 exists. Let EZ be the transformation which is such that f=g+h, 
geM, heN, then Ef =g. Owing to the properties of N, E is single-valued, ad- 
ditive, homogeneous and defined everywhere. Now let {f;} be a sequence, 
which approaches f and such that if fi=gitAi, gieM, hieM the g; form a con- 
vergent sequence with limit g’. Then g’ is eM and the sequence h;=f;—g; 
also converges to a h’e9. By continuity we have f=g’+h’. The uniqueness 
of the resolution of f now implies that Ef =g’ or that E is closed. Theorem 7 
of (B), Chapter ITI, p. 41, now implies that E is bounded. Since the range of E 
is included in Mt and for every feM, Ef=f, we see that the range of E is M 
and E*=E or Eisa projection of A on M. 

Now suppose E exists. Let 9 be the set of g’s in A for which Eg =0. Since 
E is limited and linear, 2 is a closed linear manifold. If feA, f= Zf+(1—Z)f 
where EfeM and (1—E£)feN, since E(1—E)f=(E—E’*)f=0. On the other 
hand if heM, h= Ef for some feA, and hence Eh= E*f = Ef =h. Thusif heN-M, 
0=Eh=h, or M-N= {0}. Now let f again be eA, f=g+h=g’+h’, g, g’eM, 
h, h’e&®. Then g—g’ =h’—h, and since h—h’'e®, g’—geM, and M-N= {0}, 
this implies g—g’ =h’ —h=0. This shows that feA can only be expressed in 
one way as h+g, geM. 

We may therefore consider problems (a) and (b) in the following equiva- 
lent form. 

(A) To every closed linear manifold M of Lp, 1<p#2, is there a projection 
of L, on M? 

(B) To every closed linear manifold M of lp, 1<p#¥2, is there a projection 
of 1, on M? 

Let Ai,---, An, #=1, 2,---, ©, Aj=A be a set of spaces. Let 
--- @A, denote the space of ordered sets of elements 
fos fn} fate, such that 00, with a norm defined 
by the equation 


1/p 


A. Asg is to mean that there exists a one-to-one isometric mapping of A. 
on Ag. 


LEMMA 1.1.2. (a) @lp.ng =Lp.my Ma=1, ©, if =m. 
(b) if Aa =Lp, for each a. 


The proof of this lemma may be left to the reader. 
1.2. Let M be a closed linear manifold in A. We define a function C(M), 


| 
| 
_ 
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which takes on values in R as follows. If there exists no projection of A on M, 
then C(M) = ©. Otherwise C(M) =¢g.l.b. (| Z| ; EA=M, E?=E). Similarly we 
define the function C(A) as l.u.b. (C(M), Me A). 


Lemma 1.2.1. Let A; and As be such that A, is equivalent [(B), p. 180] to 
a closed linear manifold IN of Az. Let M be such that there exists a projection E 
of As on MN, with | E| =1, N the set of f’s eA, for which Ef =0. Let B be any 
closed linear manifold of As, such that if fe, then f=g+h, geB-M, heB-N. 
Let 3, in A, be the manifold which corresponds to B-M. Then C(P1) SC(F). 


If C(¥) = ©, our statement is true. Suppose C() is <. Let F be any 
projection of A: on %. Then EF is a projection on $-M. For if freA, 
f=Fh=gth, geB-M, heB-N, and EFf=g or the range of EF is included 
in %-M. Also for every hePB-M, we have EFh = Eh=h. This with our previous 
statement shows that (EF)?= EF and that the range of EF is exactly $-M. 

Let (EF)’ be EF considered only on MM. Obviously (EF)’ projects 
mM on PB-M. Let G be the corresponding transformation on A;. Then 
C(®:) <|G| =| (EF)’| <| EF| <|E|-|F| =|F| or C($,) S| F|. Since F was 
any projection on $, S$C(§$). 

Lema 1.2.2. If A; and Az are as in Lemma 1.2.1, C(A1) S$ C(Az). In particu- 
lar if As =A C(Aj) 

Let $3 be any closed linear manifold of Ai, $ the corresponding set of 
elements in IM. $ is a closed linear manifold satisfying the conditions given 
in Lemma 1.2.1, since B-M=, B- N= {0}. Lemma 1.2.1 now implies that 
C(¥,) <C(B) C(Az). But was any closed linear manifold in A,, hence 
C(A1) $C(As). 

To show the second statement, we take It¢ Ao @ A: as the set of elements 
{0, f} of Ao@ Ai, Eas the transformation of Ao@A,, such that E{f,g} = {0,¢}. 
One readily sees that It is equivalent to A, and that E projects Ao @A; on M 
and | E| =1. We may now apply the first part of this lemma to obtain the de- 
sired result. 


Lemma 1.2.3. If @ Aq and k is lim then there exists 
a manifold ¢ A, such that C($) =k. 


It follows from the definition of k, that if e is >0, then there exists an 
infinite number of the a’s for which r(C(A.), k) = —e. Thus we can find a se- 
quence of integers {a;} such that a;<ai4:, for which r(C(Aq,), k) = — 

Now since r(C(Aa;), k) = —2-*!, we can find a in Ae;, such that 
r(C(Ba:), &) > —2-*. Let B be the closed linear manifold consisting of those 
elements { fi, fo, fs, }¢A, such that f;=0 if is not e{a;} and fa:eBa;. AS 
we saw in the proof of Lemma 1 2.2, A,; and Aare as A; and A; in Lemma 1.2.1 
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and it is easily seen that $ satisfies the conditions given in Lemma 1.2.1 also. 
Thus Lemma 1.2.1 nowimplies that C($) is >C(P.;). Hence r(C($), &) = —2-* 
for every 7. This implies that r(C(), k) =0, C(B) =k. 

1.3. We now prove the following lemma. 

Lemma 1.3.1. C(L,) =C(Ip,..). 

In (B), Theorem 9, Chapter XII, p. 206, it is shown that the manifold 
IM ¢ L,, determined by the functions y; is equivalent to/, when 

yi(t) = for 1/2'S¢51/2*", y(t) =0, otherwise. 

Now for any 2(#) let 


= f x69) yd. 


i=1 

Then by a direct calculation one can verify that |E| =1 and that if zeM 
(i.e., if 0), then Ez=z. Hence E projects L, on M and 
we may apply Lemma 1.2.2 so that it yields C(L,) =>C(Ip,..). 

Lemna 1.3.2. There exists a linear manifold M ¢ L,, such that C(M) =C(L,). 

This follows from Lemma 1.1.2, (b) (with = ©) and Lemma 1.2.3 for k 
is in this case C(L,). 

Lemma 1.3.3. There exists a linear manifold Mcly,.., such that C(M) 

In Lemma 1.1.2, (a), let m,=% for every a. Then apply Lemma 1.2.3. 

LemMa 1.3.4. C(lp,n) [C(Lp,.m) if n=m. 

This follows from Lemma 1.1.2, (a) and Lemma 1.2.2. 


THEOREM I. C(M) and C(A) are to be as in §1.2. There exists an M in Ly, 
and an N in ly, such that C(M) =C(L,) and C(MN) = C(1,). Furthermore 


The lemmas of this section imply this theorem. 

Now if we are able to show that lim,..C(/p,,) = ©, it follows from this 
theorem that C(L,) =C(i,) = 2 and then in each of them we have a manifold 
M for which C(M) = 0. Hence from the definition of C(M), we can answer 
problems (a) and (b) negatively. The next two chapters of this paper con- 
tain the proof of the fact that lim, ..C(lp,n) =™. 


CHAPTER 2. Jt IN SITUATION A 


2.1. Let f={a:,---,a,} be an m-dimensional vector, which may be re- 
garded as e/,,,. We define for k>0 


| 
| 
| 
| 
| 
| 

| 
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{f}* = { | a1|* sign | a, |* sign an} 
= |anl*}, 


which may be regarded as elements of Jpn... If g={hi,---, ba}, we 
define (f, g) =) -i-:aib;. The linearity and homogeneity of this expression 
will be used without comment. 

The following two lemmas can be easily shown. 


Lemma 2.1.1. If p>1, 


d 
+ 


t= 


Lemma 2.1.2. If p>2, 
da? 
op ll + = — + 


We now prove 
Lemma 2.1.3. If p>2, and ({f}"-1, g) 20, then 


By Lemma 2.1.2, H(t) =||f+<ég||” is convex in ¢ and hence increasing for 
since dH /dt| by Lemma 2.1.1. 

2.2. If M is a linear manifold in /,,,, let M4 consist of those elements 
gelyn, 1/p+1/p’ =1, for which (f, g) =0 for all feM. If M is k-dimensional, it 
is well known that 9+ is (7—k)-dimensional and also that (M+)+ =M. The 
following lemma is of a standard type in the theory of linear manifolds of a 
finite number of dimensions and the proof of it may be omitted. 


LemMA 2.2.1. Let Mt be a k-dimensional linear manifold in lyn. Let 
oi,°- +, dx be k linearly independent elements of MN. If E is a projection of 
on M, there exist k elements , Wr, of such that for every fely.n, 


(a) Ef = Wis Adi 

i=1 
and (W;, $;) =4;,;. If pi’s with this last property are given, the E defined by («) 
is a projection. If E’ is any other projection of 1,,, on MN, then pi =Yit+g:, 
i=1,---, kh, where g;is M+. 

2.3. If £ is a linear transformation in /,,,, we denote by E* (the adjoint 
of E) the transformation in /,-,,, such that if g and g*el,,,,, are related so that 
for every fel,,., (Ef, g)=(f, g*), then E*g=g*. It is well known that E* is 
linear, | Z| =| E*| and (FE)* = E*F*. 
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Lema 2.3.1. If M and E are as in Lemma 2.2.1, then 


(0 
for all gely:.n. 
For every fel,,n, we have 
k k k 
(Ef, 8) = (LW fdas) = = os). 


i=1 i=1 


LemMA 2.3.2. If M and E are as in Lemma 2.2.1, then 1—E* is a projection 
on M+. 


The range of 1— E* is M+. For if f= (1—E*)g and his eM, then Eh=h and 


Hence f is eMt+ or the range of 1—£* is included in M+. Furthermore by 
Lemma 2.3.1, if f is eM, 


E*f = (¢i, = 0 


i=1 


and (1—£*)f=f. This with our previous result shows that the range 1— E* 


is exactly M+ and (1—£*)?=1—E£*. 
LemMaA 2.3.3. C(Lp.n) +1. 


Let MM’ be any linear manifold of /,-,,. Let M=M’+. Then if ¢ is >0, 
there exists a projection E of J,,, on M with | E] <C(M)+e<C(lp.n) +e. By 
Lemma 2.3.2, 1—E* is a projection on t+ =(M’+)+=M’. Thus C(M’) 
<|1-—£*| <1+| £*| =1+|£| <1+C(,,.)+e, which implies our lemma. 

Of course p and ’ are interchangeable and so we see that the answer to 
our question is the same for both p and p’. Thus we may confine ourselves 
to the case p <2. This is not an essential step in our proof but merely a con- 
venient one. We suppose from now on that pis <2. 

2.4. We say that Situation A holds in a k-dimensional manifold M of /,2, 
if 

(a) we have k linearly independent elements, gu, - - - , dx, eM, and k ele- 
ments of Jpn, ¥1, such that (¢;, =6;,; (the transformation E given 
by the equation Ef Vi, is a projection of /,,, on M); 

(b) we have r elements iy, - - - , A, of M, with ||A,|| =1; 

(c) there exists a constant C>1, such that ||E*{;}*-"|| =C for every i; 

(d) there exist 7 constants c, - - - , c,, ¢;>0, such that for every feM and 
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i=1 

Lemma 2.4.1. If Mis in Situation A, then C(M) =C (cf. (c) above). 

Since | Z| =| £*|, we must show that for every projection E’ of 1,,, on 
mM, | =C. Since ||A;||=1 and hence || =1, it will be sufficient to 
show that || £’*{h,;}-"|| >C for at least one i. 

Now 

k 
j=1 
where ¥/ =¥~;+g;, where g; is an element of t+ (Lemmas 2.2.1 and 2.3.1). 
Let E, be the projection of /,,, on M given by 


k 
Ef = Wi t+ tei, 
t=1 
By Lemma 2.3.1, 


= > + tes) 


t=1 


= > (3, {hi} + 


=D (Gi, Wi + i, 


j=1 j=1 


= (3, {hi} 


j=1 


Now by Lemma 2.1.1 
d , k 
j=1 
k 


Since gjeM*, (d) implies that 


r d r k 


t=1 


t=1 


144 
k 
—— 
and 
k k 
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Since c;>0, fori=1, - - - ,7 this implies that there must be an 7’ such that 
d|| E* { hy} ‘/dt},-ois 20. by the above d|| E* { h; } ino 
is 20, when =>... {hy }?-)g;. Lemma 2.1.3 now yields 


since p’ > 2. But 
{hy}? = Et {hy =E* {he}? 
and ||E*{h,-}»-||P’"=C. Substituting these values on both sides of our in- 
equality, we get || or || [C. As we remarked 
at the beginning of the proof this is sufficient. 


CHAPTER 3. THE PRODUCT OF /,,, AND Lp 


3.1. We define Ipn@lpm aS Ipnm If f={ai,---,an}epn, and 
g={bi,---, bm} p.m, we define f@g as {aibi, dibs, - - , dibm, debe, , 
ebm, Andi, Ando, - ~~, Anbm} or if f@g= {c1, then C(s—1)m+t 
=a,b,. The proofs of the following Lemmas 3.1.1-3.1.4 do not present any 
difficulty and may be left to the reader. 


Lemma 3.1.1. (i) ||f@gl| 

(ii) ($1 @¢e2, f@g) = (dr, f) (bs, 8); 

(iii) [fOg}*= {f}*@ {g}F, 

(iv) a(f™ @g) +B(f @g) =(ef + Bf) 


LemMA 3.1.2. Let +, 7=1,---,k, be k linearly 
independent elements of and g= { Omyr} be k elements of lym, such 
that f-®g,= 0. Then g-=0,r=1,---,hk. 


LemMaA 3.1.3. Let f,, r=1,---,k, be k linearly independent elements 
of ly,, and for every ke <m, be k, linearly in- 
dependent elements of lpm. Then the set of elements f,@gr.., r=1,---, k, 
s=1,---, kare linearly independent. 


Lemma 3.1.4. Let fi,---, fn be n linearly independent elements of lp,n, 
£1, ° Sm, m linearly independent elements Then the set of elements 
fi@g;,t=1,---,n,7=1, m, determine lp 

3.2. Let and be linear manifolds. We define 
MO @M as the linear manifold in /,,,, determined by the elements 
FOgs,FeM™, 

LemMaA 3.2.1. If ---, is a set of linearly independent elements 
which determine and - - - , is a set of linearly independent ele- 
ments which determine IN, then k™, 
determine the manifold @M@ which is kk@-dimensional. 


| | 
| 
| 
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The proof is easily derived from Lemma 3.1.3. 


Lemma 3.2.2. Let and be as above. Then (M @M)+ is deter- 
mined by the elements of the form f@g, where either feM* or gM. 


We first show that if f@g is such that either feM+ or geM +, then 
f@ge(M” @M)+. Indeed by the definition of M“ @M and the linearity 
of the operation ), if f@g) =0 for all and 
eM, then f@ge(M” @M)+. But Lemma 3.1.1, (ii) implies that 
(6 f@g) =(o, f)(, g). Since either (6, f) =0 or g) =0, 
we obtain that f@ge(M™ @M)+. 

Now let - - and be sets of and 
m—k) linearly independent elements of M+ and Mz‘ respectively. Let 
$’s and together determine /,-,, (6 ’s and determine J,-,m). 
In Lemma 3.1.3, let f,=y¥, for r=1,---, for t=1,---, 
n—k®; k=n. For r=1,---, k, let k,-=m—k®, g,.=6, s=1,---, 
m—k®, and forr=k+1,---,n; k=m, s=1,---, R™, 
,t=1,---,m—k®. Thusthef, @g,,, are linearly independent and such 
that either +, or g,,,.eM +. Since there are k(m—k®) +(n—k™)m 
=mn—k™k® of them and the dimensionality of M? is by 
Lemma 3.2.1, the f,@g,,, determine (M @M)+. 

3.3. Let T be a linear transformation in /,,, and JT a linear trans- 
formation in Let be linearly independent elements 
of /,,, and - - dn?) , m linearly independent elements of /,,n. Then the 
elements @¢;”, m determine by Lemma 
3.1.4 and are linearly independent. Hence given any set of mn elements 
fi,jelp,mn, there exists a unique linear transformation T’ such that 


@ = fi; = 1,---+,m). 


Now let f;,;,=Td @Td and denote the corresponding T’ by 
T“ @T®. Apparently this definition of T“’@T® depends on the choice 
of the ¢,{ ’s and ¢;”’s, but this is not the case as is shown by the following 


LemMA 3.3.1. If felpn, gelp,m, then TY Thus 
T© @T® does not depend on the choice of the {¢™} or the {o}. 

The proof follows immediately from the definition of T”@T® and 
Lemma 3.1.1, (iv). 

We also have 


Lemma 3.3.2. A linear transformation T’ of lp,mn, equals T @T if and 
only if for every felyn, and gely.m. 
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The sufficiency of the condition follows from the definition. Lemma 3.3.1 
implies its necessity. 


Lemma 3.3.3. (TY @T®)* =(T)* @(T)* 


By Lemma 3.3.2, it suffices to show that if felp-n, gelp:m, then 
(TY Now if helpmn, it follows from Lemma 
3.1.4, that and by the definition of T? @T®, 


By the definition of 7* (cf. §2.3) and Lemma 3.1.1, (ii), we have 


(TY @ Th, = La, , 8) 
i=1 j=1 


= > a;, (TPO g) 


nm 


= LL TO*NGM, TO*g) 


t=1 j=1 
nm 


t=1 j=l 


= ( > @ re), 


i=l j=l 
= (h, yong @ T*g), 

Or for every h of Lp, mn; 

(T @ Th, f @ g) = (h, T*f @ T*g). 
The definition of 7*, then implies 

(TY @ T®)*f @ g = @ 
which is the desired result. 
3.4. We have the following lemma. 


Lema 3.4.1. (i) If E™ is a projection on M™ cl,,,, and E a projection 
on Clam, then EY @E® is a projection of on MP OM. 

(ii) Let 6 and (6 and be in the same relation to E® 
as g; and y; are to E in Lemma 2.2.1, i.e., 


EX = LV, No. 


i=1 j=1 


If E is the transformation on 1y,mn defined by the equation 


| 
| 
n m 
n m 
{ 
¥ 
| 
| 
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Eh= OV, Ho 


w=] j=l 
then E is a projection of lymn on MPOM® and E=EY QE. 

(iii) E*¥= EY*EO*, 

Since (ii) implies (i) and (ii) and Lemma 3.3.3 implies (iii), we need only 
prove (ii). 

We have @¥,, gi? GO) by 
Lemma 3.1.1 and Lemma 2.2.1. By Lemma 3.2.1 the ¢;? @¢, determine 
MY Lemma 2.2.1 now implies that is a projection on @M. 

It remains to show that E=E“ @E). If felp.n, gelp.m, then by Lemma 
3.1.1, (ii) and (iv), and Lemma 2.2.1, 


i=1 


i=1 


j=l 
Lemma 3.3.2 now implies that E= E“ @E®. 
3.5. Next we prove 


Lemma 3.5.1. Jf M in 1y.n and M® in lym are in Situation A (cf. 
$2.4), then @M® is in Situation A with 


(c) C= cwce; 


That the @¢,, t=1,---, s=1,---, k® are linearly inde- 
pendent and determine I“) @M has been shown in Lemma 3.1.3 and 
Lemma 3.2.1. The remaining statements of (a) were shown in the proof of 
Lemma 3.4.1. 

To prove (b) we have h{ @h& MY @M by definition (cf., §3.2). 
Also by Lemma 3.1.1 || || =||h|] =1. 

Now consider (c). If i=(s—1)r“+#, then by Lemma 3.1.1, (ii); Lemma 
3.4.1, (iii); Lemma 3.3.2; Lemma 3.1.1, (i); and §2.4, (c), 


148 
| 
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|| @ E@* {A { he? } 


We now prove (d). If e(M @M)+, then by Lemma 3.2.2, his a linear 
combination of elements in the form f“) @g, where either f is in M4 
or g) is in M+. Hence since 


p(2) 

ci( { h;} ot, { E* { h;} } 

i=1 
FEMPOM™, he(M” @M)+, is linear in h, it is enough to show (d) for 
hin the form f @g, where either f® is in M+ or g@ is in M@™. It is 
also linear in f; hence by §3.2 it suffices to show (d) for f in the form 
@d?, dieM™, 

Now it was shown in the proof of (c) above that E* { = {h } 
@ E®*{h) }»-1, Then by Lemma 3.1.1, (iii), 

and {h;}?-!= {h@ {hk Hence by Lemma 3.1.1, (ii), we see 
that 


cil 6 @ @ g™, 2-1} 2-1) 


i=1 


t=1 


x ( > } (g), { B@*{ 


s=1 


Since either f «M+, or g™ eM, this is zero for M and M are in 
Situation A. 

3.6. Now it follows from Lemma 2.4.1 and Lemma 3.5.1, that we can 
show that lim,... (C(lp,.)) = if we can find a M in /,,, in Situation A 
(cf. §2.4, (c)). For let NW be any integer >0. Then using Lemma 3.5.1 we 
can find a manifold My in /,,.. in Situation A with Cy, =Cjy. Lemma 2.4.1 
now implies that C(Mw) =C, and since 


C(lp.nv) = C(Nw), lim (C(lp,n)) = 


As we remarked in §1.3, this implies that the answer te both (a) and (b) is 
negative. 


| 

i] 

n— © 

4 
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Let 2 be the manifold in /,,s, determined by the vectors (1, 1, 0) and 
(0, 1, 1). Let 

= 0), = (0, 2-1/7, 

= 2 P/3, — 21/P/3), po = (— /3, 20/3, 2'Pt1/3); 


if a=1/(2+27)"?, h=(a, —a, —2a), he=(a, 2a, a), tg =(2a, a, —a). Also 
C = ((2?’-! + + 1)/3)"/2, 


1=c=c3=1. 


We show that MM is in Situation A (§2.4) and thus complete the proof. 

We have (a) (¢i, =4;,;. 

(b) hy =a2"/?(p, — 2¢2), hz = a2" +¢2), hs = a2" ?(26,—¢2), and thus 
h;is i=1, 2, 3. We also have || =1, i=1, 2, 3. 

Before showing (c) and (d) we make certain calculations. From the defi- 
nitions in §2.1, we get —1, —2?-1), 27-1, 1), 
{hs} (2>-, 1, 1), gi) = 2) 0, $2) 
= o1) = ({ he} = = 2-1(1 + 27-1), 

By Lemma 2.3.1 


E*{hi}?-! = ({ + ({ hi} bebe = ({ hi} 2-1, 


E*{ = ({ he} + ({ he} 2-1, = + + yo) 
an + 2, 1). 


Similarly 
E* {hg} = 4 1)1/(2, 1, — 1). 
Finally (cf. §2.1) 
{ E*{ hy} = — 4 4) 4, 1, 2?’-1) 
= — K(— 1,1, 
{E*{ hg} = K(1, 1) 
{ E*{ = K(2’-1, 1, — 1). 

(c) By direct calculation, we obtain =||E*{h.}>-'| 
=||Z*{hs}”-"|| =C using the above. For p¥2, C is >1 since by the Hélder 
inequality, 

6C = (27 + 4 > 2.2 4+ = 6, 


where the equality sign holds only for p=2. 
(d) Now if feM+, then f=ko, where $=(1, —1, 1). Thus 
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1, f) = KR(2 — 
({E*{ he} f) = Kk(2 — 
({E*{ f) = — 2). 


We can now verify by a direct calculation that (d) holds. 
Conclusion. Our results permit us to conclude that 


There exists a manifold My in 1, and L, such that there exists no biorthogonal 
set {b:, Wi} where {¢;} is a basis for Mo (cf. (B), Chapter VII, p. 110, §3), 
while the expansion 


(*) ai, a; = (f, 


i=1 
converges for each fel, or Ly. 

Let us suppose that (*) converges for every f. Let It be the manifold 
determined by the ¢,’s. The ¢,’s are a basis for IM (cf. (B), loc. cit.) for if 
feM, then 

f= a; = (f, 
i=1 
by (B), Chapter VII, Theorem 2, p. 107. 

We will show that under these circumstances C(M) is <«. For let E 

be the transformation defined by the equation 


Ef = Xf, Wee. 


t=1 


Ef is defined for every f since we assume that the series is convergent for 
every f. The same assumption implies that £ is limited for the partial sums 
are uniformly limited (cf. (B), Chapter VII, Theorem 2 and Theorem 5). 
E is obviously additive and homogeneous. If feM, Ef=f by the above and 
the range of £ is included in M¢, EA=M and E*=E. Thus £ is a projection 
of A on M. Hence C(M) is <o. 

Our construction also permits us to show that no statement concerning 
the norms of the ¢; and y; will insure convergence by itself. We can assume 
that ||¢,||=1 for every i. The least possible value for ||y,|| is then 1 since 
(i, =1 and | | ||. We will show that there exists in both 
1, and L, a biorthogonal set for which =|| =1 and for which the 
associated expansion (*) does not always converge. 

It is a consequence of the proof of Lemma 1.3.1 that if such a set exists 
in /,, there must be a similar one in Ly. So we need only consider /,. Owing 
to the nature of biorthogonal sets in /,, we need only consider the case 
1<p<2. 
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Let be the manifold of §3.6, and let f; = (2-"/”, 2-!/”, 0) =du, fe=(a, —a, 
~2a) We have (fr, {f2}?-) = fs) =05 (fi, = (fo 
=1, {Ifill =|] =|] =1. Of course fi and feely,s, {fi}? and 
{fe } 3. 

We define fi, @fi.® --- @fi,, i;=1, 2; 7=1,---+, m, as an element of 
1,3" as follows: f:,@/fi, in 1,2 has already been defined (cf. §3.1). Let us 
suppose that f:,® --- @fi,_, in Jp: has been defined. We define 

fi, @fi,@ @fi,_,@fi, as --- @fi,_,) in using §3.1. Let 
Mi =M, M, in Zp." be M,1.@M. Then by successive applications of Lemma 
3.2.1, we see that the set of elements /;,® - - - @f;, determine M,. 

By Lemma 1.1.2, 1, Let be the closed linear manifold in 
consisting of those elements { go, - - - } for which gq is eM. for 
every a. Let S consist of those elements which are such that every g.=0 
except for one g, and g,=f:,® --- @fi,. Let S’ consist of elements of 1, in 
the form {g}*-!, geS. Since as we have seen above the f;,® - - - @fi, deter- 
mine M,, S determines $. 

Now the sets S and S’ are denumerable and it is easily seen by using 
Lemma 3.1.1 that with a suitable enumeration they form a biorthogonal set 
with ||¢,|| =||y:|] =1. Since S determines $, we see from the above that this 
series (*) cannot converge always if C(®) =. 

Let C be as in §3.6, (c). By repeated applications of Lemma 3.5.1 and then 
using Lemma 2.4.1, one may prove that C(M,) =C*. It follows from the proof 
of Lemma 1.2.3 that C(%) is =>C(M,) =C* for every n and since C is >1, 
p=#2 this implies that C($) =2. As we have remarked above, this proves our 
statement. 

Incidently we have explicitly constructed a manifold § in /,, for which 
there exists no projection. Lemma 1.3.1 indicates how we can find a § in L, 
with the corresponding property. 

In L,, the space of complex-valued functions whose pth power is sum- 
mable, the situation is the same. As pointed out in a previous paper by the 
writer,f the theorems given in (B) and used here can be generalized to the 
complex case. Chapter 1 of this paper also falls into this category. Some 
variations are necessary in Chapters 2 and 3 but they are not basic. 

Finally it should be pointed out that the negative answer to (a) and (b) 
precludes the possibility of a spectral theory in /, and L, similar to the theory 
of self-adjoint operators in Hilbert space. 


+ These Transactions, vol. 39 (1936), pp. 83-100. 


UNIVERSITY, 
New York, N. Y. 


A CORRECTION} 


BY 
I. M. SHEFFER 


I have discovered an error (and some minor misstatements) in my paper 
A local solution of the difference equation Ay(x) =F (x) and of related equations 
(these Transactions, vol. 39 (1936), pp. 345-379). It is my purpose here to 
rectify that error. The vulnerable point occurs from relation (7.1) to Theorem 
7.1. In order to secure convergence for series (7.2), it was asserted that the 
Mittag-Leffler theorem could be applied to (7.6), giving a meromorphic func- 
tion Z(x; x*). Now the “poles” of this function are at the points 


k 

j=2 
where m2, - -- , m range independently from — « to +. But there is no 
reason to suppose (as I did) that these “poles” have no limit points in the 
finite plane.t{ If there are finite limit points, then we cannot conclude that 
L[Z] is an entire function, and therefore we cannot apply Theorem 6.6 
(Carmichael’s theorem). Consequently, Theorem 7.1 will not follow from the 
argument given. 

It becomes necessary to rewrite §7. Fortunately it is possible to give a 
rigorous treatment which is simpler than the old. We now indicate in what 
way the old paper is to be revised. 

(1) In Theorem 4.4, in place of “ - - - and in this circle y(x) - - - 
- - and in the lens-region y(x) --- .” 

(2) In Theorem 4.6, in place of “ - - - which in this circle satisfies - - - 
read “ - - - whichin alens-region about x=«a satisfies --- .” 

(3) §5 should have as heading: “5. A geometric lemma.” 

(4) Omit all of §5 beginning with the following line (just preceding Lemma 
5.2: “We turn now to two lemmas - - - .” (This portion is now unnecessary.) 

(5) In §6 omit the two paragraphs shortly after (6.17), beginning with 
“To treat the general case, in which F(x) - - - ,” and ending with “This im- 
plies no loss of generality of equation (6.3).” (This portion is now unneces- 
sary.) 

(6) §7 is to be replaced by the following: 

t Received by the editors, June 27, 1936. 

t For certain values of m2,- ++ , mx, the coefficient bns,..-.n, is zero, so that the corresponding 


“pole” does not actually occur. Conceivably, enough “poles” may be absent so that there are no 
finite limit points, but there seems to be no way of enumerating the “poles” that are present. 
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7. The general case. To treat the general case where F(x) is merely ana- 
lytic, we modify the method of §4. Instead of directly finding a solution of 
the homogeneous equation L[y|=0, we shall obtain more than one mero- 
m rphic solution of equation 


(7.1) Lly] = 
t—a 

Let C be the unique circle, center at x* and radius p*, assured us by 
Lemma 5.1. As a consequence of uniqueness there are seen to be precisely 
two possibilities: Either 

Case I. There are at least two points P; on C, and of these at least one 
pair, say P,, P2, are diametrically opposite. Or, 

Case II. There are at least three points P; on C; of these no two are dia- 
metrically opposite, but at least one triad of them (say Pi, P2, P;) forms an 
acute-angled triangle. 

In Case I draw circles of radius o (any number greater than p*) with 
centers at P,, P2. These circles will form a lens-region enclosing x*, and as 
o—p* the lens-region (including boundary) will close down on x* as a unique 
limit point. That is, given any neighborhood & of «*, there exists a o such 
that the lens-region of radius @ will lie with its boundary wholly interior to ®. 

Now consider Case II. A simple geometric argument will show that of 
P,, P2, P3, there will be one, say P:, such that: (i) Pz and P; are on opposite 
sides of the diameter d,; through P,; and (ii) if d;' is the diameter perpendicu- 
lar to d,, then P2 and P; are on that side of d;’ opposite P;. Now let o be any 
number greater than p*, and draw circles of radius o and centers P:, Ps, P3. 
These circles form a curvilinear triangle and another simple geometric argu- 
ment will show that as c—* this triangle closes down on the single point x*. 
Hence again, if 9 is any neighborhood of x*, there is a o such that the curvi- 
linear triangle of radius o lies with its boundary wholly inside ®. 

As a solution of (7.1) assume the series 

22 
(7.2) = 
E — (a+) — ao — 


j=? 


On substituting into (7.1) we get 


k 
j=2 


+00 


E n (or — 


j=? 


1 = 
— 
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where all b’s with a negative subscript are zero. This condition is formally 
fulfilled if we choose the b’s to satisfy 


k 
j=2 


(7.3) 


0, for m2,--- , a, = 0,1, 2,--- (but not all zero). 


We find from (ms, - - - , 0) that bo,...,.=1/a;. Then on choos- 
ing m+ ----+n,.=1 in all possible ways we find that the b,,...n,’s 
----+n,=1) are uniquely determined; then the b,,...n,’s for 
Not+ --- +n,=2; etc. That is, there is a unique set of b’s for which relations 
(7.3) hold. These values we choose for the coefficients in (7.2). 

(7.2) is a formal series; there is no reason to suppose that it converges. 
But if we examine its formal “poles,” namely, the points 


k 
> nw — 
j=2 
we find that they have no limit point in the finite plane.f The classic theorem 
of Mittag-Leffler is therefore applicable. Set w= so that 


+00 


j=2 


Then there exist polynomials P,,,...,,(u) such that 


+0 


(7.4) Zi(uy= + Prag. 


j=2 


defines a meromorphic function whose only poles are at 


k 


j=2 
(with corresponding residues 5,,...,,), the series converging uniformly and 


+ For consider the point P; (i.e., —w:), which lies on C. If L; is the tangent line to C at P;, then 
P2, +++, Pxall lie on the same side of Z;. Hence if we start at P; and lay off vectors n;(w1—w;), 
we see (since ”;=0) that the ends of the vectors all lie on this same side of L; (save for n2= ++ - =mx 
=0). If we take components of these vectors in the direction perpendicular to the line 11, we see that 
the ends of the vectors go off to infinity as any n; becomes infinite, so that no finite limit point is 
possible. 


| 

| 
| 

= =n, = 0; 

| 


156 I. M. SHEFFER [January 


absolutely in every bounded region (the poles in this region being deleted). 
On applying the operator L term-wise to the series for Z; (as is permissi- 
ble) we obtain 


L[Z,(« — a)] = k 


x —a— nw, — 


j=2 


where A,,...n, is the left member of (7.3), so that 


+20 


1 
(7.5) — «)] = —— + L[Pas---m(% — @)). 


The right-hand side converges for all x (the point x=a is singular only for 
the term 1/(x—a)). That is, the series on the right is an entire function. Now 
by Theorem 6.6 the equation 


+2 


(7.6) Llgi(u)] = 


no++-np=0 


has an entire function solution gi(u). Consequently 
(7.7) Wi(u) = Z,(u) — 


is a meromorphic function satisfying the equation 


(7.8) — a)] = 


its only poles are simple poles at the points 


k 
x=atat+ > — w;) =0,1,2,---), 


j=2 


and the corresponding residues are by,...n, as given by (7.3). 

In the above work concerning Y;, Z;, and Wi, the point P; (i.e., the num- 
ber —w,;) was preferred over all the others. But in Case I point P2 is also on C, 
and in Case II points P2, P; are on C; and these points may equally well be 
used as was P;. We thus get, according to the case, one or two unique formal 
seriesT 


+00 


E -—(at+m)- > n — 


j=1,3,+++,k 


+ The c’s and d’s satisfy recurrence relations similar to (7.3) 


= 
1 
; 
@ 
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+20 


d, 
Y3(x; a) = > — 
NE=O E (a + w3) = 2. n | 


J=1,2,4,+++,k 


one or two functions Z2(x—a), Z;(x—a); and one or two meromorphic func- 
tions W2(x—a), W;(x—a) satisfying (respectively) 


1 


with respective simple poles at 


x=atowt n;(we — wj;), x=atozst+ n;(w3 — 
j=1,3,+++,k j=1,2,4,-++,k 

Case I. Here P, P: are diametrically opposite on C. Let a be only slightly 
larger than p*, and with radius o and centers P;, P2, draw a lens-region & 
around «*. Let the bounding arcs of 2 be Ci, C2 (C; being that arc with center 
at P;). Let a remain on C;. Since the point x*+« is where the point P2 would 
be if C were translated so that «* falls at the origin, it is seen that as @ trav- 
erses Ci, a+; will trace a small arc (in the neighborhood of x*+,) of a 
circle of radius o and center the origin. Hence from our knowledge of the 
position of the poles 


k 
x=ata,t+ — )), 
j=2 
we can say, if o is sufficiently close to p*, that Wi(x—a) is analytic about the 
origin in a circle of radius exceeding p*. That is, 


(7.9) Wi(x — a) = Bin(a)x", 
n=0 
where the B;,(a) are analytic functions in the neighborhood of a=«* (and 
in particular for a on C;), and where there is a number o1>p*, independent 
of a on Ci, such that (7.9) converges uniformly for a on C, and x in |x| Soi. 
An analogous statement applies to W2(x—a) for a on C2: 


(7.10) W(x — a) = 


uniformly convergent for a on C2 and x in |x| <2, where o2 is some number 
exceeding p*. (The B2,(a) are analytic functions in a neighborhood of x* con- 
taining C2.) 
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Case II. P;, P2, P; are on C. Again choosing o only slightly larger than p*, 
we obtain a curvilinear triangle % of radius o by drawing arcs C;, C2, C3 with 
centers P;, P2, P;. For a on C; the argument used in Case I applies, giving 
us (7.9), (7.10) or 


(7.11) W3(x — a) = >> Ban(a)x", 
n=0 


uniformly convergent for a on C; and x in |x| <o3, where o3 is some number 
greater than p*. (The B;,(a) are analytic in a neighborhood of x* containing 
C3.) 

For any value of i (t<=1 or 2 in Case I and 1, 2, or 3 in Case II), 
lim sup| <1/p*, where o=smallest of o1, ¢3 and a 
is on C;. It follows from Theorem 6.2 and Corollary 6.1 that the series 

oBin(a)A n(x) converges uniformly for x in some curvilinear polygon 
about «* and a on C;, where 2 can be chosen independent of 7. But this series 
is what we get when we apply L term-wise to the W;(x—a) series. From this 
follows 

THEOREM 7.1. According to the case, if a lens-region 2 or a curvilinear tri- 
angle 2 be drawn} about x*, with radius o sufficiently near to p*, then 
1,2 inCasel, 


= in n\X), 
j =1,2,3 inCase Il, 


the convergence being uniform in x and a for a on C; and x in some neighborhood 
R of x*. (R can be chosen independent of 7.) 

Now let F(x) be analytic about x=x*. Then there exists a lens or tri- 
angle 2 around 2* lying (together with its boundary) wholly in the region 
of analyticity of F(x), and with radius so close to p* that Theorem 7.1 applies. 
Let x be in the region 9 of Theorem 7.1. Multiply (7.11) by F(a) and in- 
tegrate over &. This gives 


(7.12) F(x) 


n=0 


where 


1 
(7.13) F (a) B jn(ax) da; 
c 


j=1,2 
or j=1,2,3 


j 


and (7.12) converges uniformly in . We thus have 


t The points P; will of course be the centers of the arcs forming &. 
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THEOREM 7.2. If F(x) is analytic about x=x*, it has a convergent A ,-expan- 
sion, given by (7.12). 


Combining this with Theorem 6.1: 


THEOREM 7.3. A necessary and sufficient condition that a function F(x) have 
an (convergent) A,-expansion is that it be analytic at x=x*. 


By Theorem 6.2, lim sup|f,|"/"<1/p*, so that the series 


(7.14) Dae 


converges in |x| <p*+e, for some e>0. On applying L to (7.17) we get 
L[y(x)] = = fodn(x) = F(x), 
so that we have 


THEOREM 7.4. If F(x) is analytic about x=x*, then the function y(x) of 
(7.14) is analytic in a circle (about x=0) of radius greater than p*, and for all 
x in a sufficiently small curvilinear polygon (about x=x*) v(x) satisfies the equa- 
tion 
(6.3) L[y(x)] = F(z). 


The point 2* is of course significant for A,-expansions, but not for equa- 
tion (6.3). For let F(x) be analytic about x=c, and define G(x) = F(a+c—2*). 
G(x) is analytic about x=<* and therefore there exists a function 2(x), ana- 
lytic at x*, such that L[z(x)]=G(x). Consequently, the function y(x) 
=2(x—c+2*) satisfies L[y(x) |= F(x), and we have the final 


THEOREM 7.5. If F(x) is analytic about x=c, there exists a function y(x), 
analytic about x=c—x* in a circle of radius exceeding p*, such that for all x 
in a sufficiently small neighborhood (curvilinear polygon) of x=c, y(x) satisfies 
equation (6.3). 
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ON SOME FUNCTIONALS, II* 


BY 
S. SAKS 


1. This article is primarily intended to correct the mistakes in §§4 and 5 
of the former paper by the author On some functionals.} On the whole these 
errors do not affect the theorems themselves with the exception of the obvi- 
ously false remarks that Theorem 4 and a part of Theorem 3 of S. F. hold 
for the space R of characteristic functions. In the present note we complete 
the gaps in the proofs of those theorems{ and slightly strengthen Theorem 3 
of S. F. in the part concerning the equal continuity of the operations consid- 
ered (cf. below Theorem 3, (ii)). We also prove two theorems which were not 
stated in S. F., namely, Theorems 1 and 4 so as to obtain a more symmetric 
set of results. 

2. We shall recall briefly the notation. Let {£,(#)} be a sequence of meas- 
urable functions on a measurable set U. Then 

(i) {£&,(t)} is bounded in measure on U if to every 7>0 there corresponds 
a number M= M(n) such that 


meas E[teU; | > M] <n 


(ii) {£,(t)} converges in measure on U if to every 7 there corresponds a 
k=k(n) such that 


meas E[teU; | Ex(t) — Em(t)| > 2] <1 


whenever u>k, m>k; 
(iii) {£,(¢)} has property B(e) on U, if there exists a number M independ- 


ent of m, such that 
meas E[teU; lé,(t)| > M] <e 


(iv) {£&,(t)} has property C(e) on U,§ if to every 7>0 there corresponds a 
k=k(n) such that 


* Presented to the Society, September 5, 1936; received by the editors April 27, 1936. 

+ These Transactions, vol. 35 (1932), pp. 549-556. This paper will be referred to as S. F. 

t For the proof of Parts (i) and (ii) of Theorem 3 of S. F. see also the recent book by Kaczmarz 
and Steinhaus, Theorie der Orthogonalreihen, Monografje Matematyczne, Warszawa-Lwow, 1935, 
pp. 24-26. The author’s attention was called to these mistakes by Kaczmarz and by Gowurin. 
(Cf. Gowurin, On sequences of indefinite integrals, Bulletin of the American Mathematical Society, 
vol. 42 (1936), pp. 930-936.) 

§ We shall write {£,(¢)}eB(e) or eC(€ to indicate that the sequence { é,(t)} has property B(e) 
or C(e) respectively. 
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meas EteU; | Em(t) | <e, n>k,m>k. 


In what follows we denote by J a measurable set of finite measure (e.g., an 
interval) and by E a Banach space. We shall consider sequences of functions 
{£,(x, t)} depending on xeE and For each fixed in E, &,(x, are finite 
and measurable functions of ¢ in J. On the other hand, as functions of x, 
they are supposed to be linear operations on £; i.e., additive and continuous. 
This means that £,(%:+%2, 4)+£,(x2, 2) almost everywhere on J, 
whenever x:eE, x2eE and that £,(x, ¢) tends in measure to 0 on J when |x| —0 
(for n fixed). In considering é,(x, ¢) as operations on E we shall often write 
£,(x, t)=F,(zx). 

The operations F,,(x)= é,(«, ¢) will be said to be equally continuous if to 
every 7>0 there corresponds an r>0 such that 


meas Eltel; | x(x, <1 (n= 1,2,---), 


whenever |x| <r. They will be said to be equally continuous with respect to a 
set U cI if the condition above is satisfied with J replaced by U. 

Finally {7} (&=1, 2, - - - ) will denote a sequence of measurable sets in 
I such that the characteristic functions of the sets T; form an everywhere 
dense set in the space of all characteristic functions defined on J. Thus 
for each set Q and every n>O there is a set 7, k=k(Q, 7), such that 
meas (O—QT;,) <7 and meas (7;.—QT;) <7. 

3. We have 


Lemma 1. Let >>" e, be a converging series of positive numbers, {P,} a se- 
quence of measurable sets in I and 


(3.1) P = lim sup P; = II > 

k=1 q=k 
Then, if a sequence {£,(t)}eB(ex) on P, (k=1, 2, - - - ), it is bounded in meas- 
ure on P; and if a sequence { £,(t)}eC(ex) on P; (k=1, 2, - - - ), it converges in 
measure on P. 


Let 
= 2, Pe, 


q=k q=k 


and let 7 be an arbitrary positive number. Choose ky and next so, so that 


(3.2) meas (Qi, — < 


i=ky 


Suppose now that the sequence under consideration eB(e,) on P,. Then 
there is a number M such that 


| 
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n 
meas | > M] < (n = 1,2,---); 


q=kg 2 


thus, by (3.1) and (3.2) 


meas ElteP; | En(2) | > M]| S meas ElteQ,; (2) | >M)<n 


i.e., the sequence {£,(¢)} is bounded in measure on P. 
Next suppose that the sequence { &,(¢) }eC(e,) on P;. Then there is a posi- 
tive integer > such that 


meas | — Em(t) | < < m= MN, 
i=ko 
and so, by (3.1) and (3.2) 
meas ElteP; | £,(t) — Em(t) | > 7] < meas | E,(t) — Em(t) | >a) <2, 


n= No, 


Lema 2. If a sequence { £,(x, t)}eB(e) on a measurable set P <I for every x 
belonging to a set H of the second category in E, then, to every n>0, there corre- 
sponds an r>O such that for an arbitrary xeE with |x| <r, 


(3.3) meas ElteP; | £,,(x, t) | >n] < 3e (n 
Let H,, denote the set of all xeH such that 
meas EteP; | t)| > m] <e (n = 
We have H=)>°°H,,, and so there is a positive integer m» such that H,,, is 
of the second category. Since £,(x, #) is continuous in x on £, the inequalities 
meas ElteP; | t) | >m| (n = 1,2,---) 
hold for all xeH/,,,, and consequently for all x in a sphere Koc H,,,. Let ro be 
the radius of Ko. By the linearity of the operations £,(«, 4), we have 
meas E [teP; | En(x, t) | > 2mo| S 2 (mn = 1,2,---), 
whenever |x| <ro, and therefore condition (3.3) is satisfied with r = nro/(2mo). 
4. We now prove the following theorem: 


THEOREM 1. For any given sequence {£,(x, t)} there exists a set A in I such 
that 
(i) the sequence {&,(x, t)} is bounded in measure on A for all xeE; 
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(ii) the operations F,(x)=£,(x, t) are equally continuous with respect to A; 
(iii) for every x in E, except perhaps for a set of the first category in E, the 
sequence {£,(x, t)} is bounded in measure on no set in I—A of positive measure. 


Denote by ap the least upper bound of all numbers a with the property 
that there exists a set H(a) of the second category in E such that for each x 
in H(a) the sequence { £,(x, t)} is bounded in measure on a set of measure >a. 
Let qg be a positive integer. We shall prove first that there exists a set H, of 
the second category in E and a set P, in J of measure >a o—1/q? such that 


(4.1) t)}eB(1/q?) on P,, «xeHy. 


Indeed to every xeH (ap—1/g?) we can attach a set T,, k=k(x) (see §2), 
such that 


1 
(4.2) t)}eB(1/q*) on T;, meas > ap — 
q 


Let H,,, denote the set of all xeH (a —1/q?) for which (4.2) is satisfied for a 
fixed k. Since H(ao—1/9)=)>0*_,H,,x is of the second category, there exists a 
k=k, such that H,,,, is of the second category. On putting H,=H,,;, and 
P,=Ty,,, we see at once that H, and P, satisfy condition (4.1). 

We shall prove next that for every x in E 


(4.3) {En(x, t)}2B(8/q?) on Py. 


To show this consider an arbitrary point x,¢H,. By (4.1) and Lemma 2 
3 
(4.4) meas ElteP,; | En(%0 — a1, t)|>1]< 
q 


if |xo—«,| is sufficiently small. Hence we can choose x:eH, so as to satisfy 
(4.4). Since { £, (x1, t)} eB(1/q?)on P, this implies that { (xo, }eB(4/q?) on P,. 
But x is an arbitrary element of the set H, which certainly contains interior 
points (a sphere), whence it follows that { £,(x, ¢) } eB(8/q?) on P, for all x in E. 

Now set A=]];,)0~_,Po. It results from (4.3) and Lemma 1 that the 
sequence { £,(x, ¢)} is bounded in measure on A, i.e., that A satisfies condition 
(i) of the theorem. 

Next let 7 be an arbitrary positive number, and let, as in the proof of 
Lemma 1, 


(4.5) - EF, 


q=k q=k 


Let ky and So be positive integers such that 


| 
| 
| 
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(4.6) 24/(ko 1) < meas (Or, — Oi...) < 


By (4.3), Lemma 2 and (4.6), there exists an r=r(n) such that, for |x| <r, 


n 
meas £,(x, t)| >] < < (n =1,2,---), 


and thus, again by (4.6) 
meas Elted ; £,(x, t) | > n]| < meas E[teQ.,; | £,(x, t) | <n 


which is condition (ii). 

Finally, in order to prove condition (iii) suppose that there is a set H of 
the second category in E such that for every xeH the sequence {£,(x, ¢)} is 
bounded in measure on a set Q(x) ¢ ]—A of positive measure. Then, for every 
xeH the sequence { £,(x, ¢)} would be bounded in measure on A+(Q(x). Now 
since 


meas [A + Q(x)] > meas A = lim sup meas P28 lim (ao — 1/9?) = ao, 


we have 
H = Hn, Hn = E[xeH; meas {A + Q(x)} 2 ao + 1/n]. 
n=1 
Since at least one of the sets H/, is of the second category, this contradicts the 
definition of ap. 
5. Next we prove 


THEOREM 2. There exists a set Bin I such that 

(i) for all x in E, the sequence {£,(x, t)} converges in measure on B; 

(ii) for every x in E, except perhaps for a set of the first category in E, the 
sequence {£,(x, t)} converges in measure on no set in I—B of positive measure. 


First observe that for every xeE, except perhaps for a set of the first cate- 
gory, the sequence {£,(x, 4)} does not converge in me sure on any set of 
positive measure contained in J]— A (where A is the set defined in Theorem 1). 
Hence to prove Theorem 2 we may assume that 7=4A, or, which amounts to 
the same (see Theorem 1, (ii)) that the operations F,,(x) = &,(x, ¢) are equally 
continuous with respect to the whole set J. 

From now on we shall follow the line of the proof of Theorem 1. Denote by 
Bo the least upper bound of all numbers 8 with the property that there exists a 
set H(8) of the second category in E such that for every xeH (8) the sequence 
{é,(x, 2) } converges in measure on a set of measure >8. Let g be an arbitrary 
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positive integer, and let H,,, denote the set of all xeH(8.—1/g?) such that 
{&,(x, t)}eC(1/g2) on a set (see §2) of measure Clearly 
H(8o.—1/9?)=>0*_,H.x, and thus there is a k=k, such that H,,, is of the 
second category. Hence upon putting H,=H,,x, and P,=T;, we see that 
there exists a set H, of the second category in E and a set P, in J of measure 
>Bo—1/q? such that 


(5.1) #)}eC(1/q2) on Py, xeHy. 
Now as in the proof of Theorem 1 we shall show that for every x in E 
(5.2) {En(x, ¢)}eC(6/q*) on Py. 


Indeed, let xoeH, and 7 be an arbitrary positive number. The equal 
continuity of the operations F,(x) implies the existence of an x,eH, suffi- 
ciently near to x» such that 


n 1 
(5.3) meas tel; | — xo, t) | >=] <— 
t 6 


Again, in view of (5.1) there exists a positive integer m» such that, for m=mo, 
m=No, 


n 1 
meas B| | Em(a1, 2) — En(21, > =| <— 
t 6 


Thus, by (5.3), 
n 


(5.4) meas | Em(X0, 2) — En(Xo, t) | > 


3 
m= N, n= No. 
Let K, be an arbitrary sphere contained in H, and rp the radius of Ko. Since 
(5.4) holds for all elements xoeKo, we have, by the linearity of the transforma- 
tions F,,(x), 


6 

meas ElteP,; | En(x, — Em(x, t)| > n] < |x| 
q 

This means however that { &,(x, ¢) }eC(6/q?) on P, whenever |x| <ro and con- 


sequently for every x in E. 
Now let 


By Lemma 1 the sequence { £,(x, ¢)} converges in measure on B for every x. 
Hence, the set B satisfies condition (i). To establish condition (ii) suppose 


| 

| 
ij 
| 
> P,. 

k=1 q=k 
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that there is a set H of the second category such that for every xeH the se- 
quence { £,(x, ¢)} converges in measure on a set Q(x) ¢ /—B of positive meas- 
ure. Then, for every xeH the sequence would converge in measure on 


B+0Q(x). But 
meas [B + Q(x)] > meas B = lim sup meas P, = Bo, 


which contradicts the definition of the number §, (cf. the proof of Theorem 1). 
Condition (ii) is thus established. 
6. We now have 


THEOREM 3. There exists a set C in I such that 
(i) for all x in E, supa] £n(x, t)| <2 almost everywhere in C; 
(ii) to every n>O there corresponds an r>0 such that 


meas E|teC; sup | £,,(x, t) | >] <2, | x | <1; 


(iii) for every x in E, except perhaps for a set of the first category in E, 


sup | a(x, = 2 


almost everywhere in I—C. 


Let yo be the least upper bound of all numbers y such that the set H(v) 
of x for which 


meas E|sup | En(x, t) | 


is of the second category. Let q be an arbitrary positive integer and let H,,p.x 
denote the set of all xeH (yo—1/q?) such that 


1 1 
meas ElteTs; sup | t) | meas T; > Yo — 
q 


It is clear that H(yo—1/q2)=>.* ,_,H¢.»,x and so there exist integers k=k, 


p 


and p=, such that H,,»,,x, is of the second category. Put H,=H,,»,,x, and 
P,=T;,,. Thus for every xeH, 


1 
meas E[teP,; sup | > pal <= 
n 


while meas P,>yo—1/q?. Hence, by continuity of £,(x, 4), for every xeH, 
and all s, 


1 
meas E[teP,; sup | (x, > po] —» 
t eke 


é 
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and therefore, for all xeH,, 

1 
¢ 
Let Ko be a sphere contained in H,. If ro is the radius of Ko, (6.1) implies 
in view of the linearity of &,(«, 


(6.1) meas ElteP,; sup | £,(x, t) | >pJs 


2 
meas ElteP,; sup | (x, t) | >2p,.|< 
q 


no matter what xeE, provided |x| <ro, and consequently, for any o >0, 
Too 

Now, again by linearity of &,(«, é) it results from (6.2) that for every xeE, 
sup, | &,(x, t)|< for all ¢eP,, with the exception of at most a subset of 
measure <2/q*. Hence, upon putting C=]];_,>0~_,P. we see at once that, 
for every xeE, sup, | £,(x, t)| <o almost everywhere in C. Thus C satisfies 


condition (i) of the theorem. 
Next, as in the proof of Lemma 1, let 


2 
(6.2) meas EteP,; sup | &,(x, t) | >o]s way | x | < 
q 


q=k 
Let 7 be an arbitrary positive number, and let ko and so be positive integers 
such that 


(6.3) : < meas < 
2 


In virtue of (6.2) there is an r>0 such that whenever || <r, 
n 
meas Sup | > 0] < 
q=ko 


and therefore, by (6.3), 
meas E[teC; sup | > 1] 


< meas E[teQs,; sup | t)| >a] <a, |x| <r. 


Thus condition (ii) for C is established. Finally condition (iii) follows at once 
from the definition of yo, since 


meas C 2 lim sup meas P, 2 70. 
q 
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7. Next we have 


THEOREM 4. There exists a set Din I such that 

(i) for all x in E the sequence { (x, t)} converges almost everywhere on D; 

(ii) for every x in E except perhaps for a set of the first category, the sequence 
{&,(x, t)} diverges almost everywhere on I—D. 


First observe that for every x, except perhaps for a set of the first cate- 
gory, the sequence {£,(x, 4)} diverges almost everywhere on J—C, where C 
is the set defined in Theorem 3. Thus, without loss of generality, we may as- 
sume that J=C. 

For a fixed xeE let I(x) denote the subset of J on which {£,(x, é)} con- 
verges. Further let H(6) denote the set of all xe such that meas ['(x) >6, 
5>0, and let 59 be the upper bound of the numbers 6 for which H(é) is of 
the second category. 

Now, let g be an arbitrary positive integer and H,, the set of all 
xeH (69>—1/g?) such that 


1 1 
meas > 69 — meas T,.T'(x)) < 
q q 


We thus have H(5)—1/9?)=>0 7, ,H,.x, and so there exists a k=k, such that 
H,,x is of the second category. Put H,=H,,x., and P,=T;,. Then 


1 
(7.1) meas (P, — P,I'(x)) xeH,, 
q 


but we shall show that the latter inequality holds for every xeH,. Indeed, 
let xoeH, and 7 be an arbitrary positive number. In virtue of Theorem 3 (con- 
dition (ii) with C=/) we can find an x,;2H, such that 


meas Eltel; sup | — t) | > n| <7. 
Again, by (7.1) there is a positive integer p= 0(n) such that 


1 
meas [teP,; sup | — >a] 

whence 

1 
¢ 
Since 7 >0 is arbitrary this implies the convergence of the sequence { En (x, t)} 
for every xeH, and for all ¢eP,, with the exception of at most a subset of 


meas ElteP,; sup | En(xo,t) — En,(20, ¢) | > 3n] S$ — + 3. 
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measure <1/g?. Since H, certainly contains a sphere the same holds for every 
xeE by the linearity of é,(x, ¢). Therefore, for each xeE the sequence converges 
almost everywhere on the set D=][*_,>0*_,P.. Thus the set D satisfies con- 
dition (i) of the theorem and condition (ii) follows at once since 


meas D=lim sup meas P, = do. 
q 


8. In view of Theorems 1, 2, 3, and 4 to every sequence {£,(x, ¢)} of 
the type considered there are attached four sets A, B, C, and D. We obviously 
have Bc A and DcC (except for sets of measure zero). However, on account 
of condition (ii) of Theorem 1 (or 3) we have B=A (or D=C) whenever E 
contains an everywhere dense set E; such that the sequence { £,(x, é)} con- 
verges in measure (or converges almost everywhere) in J for every x belong- 
ing* to E,. It follows that if E is a separable space then from the sequence 
{é,(x, t)} a subsequence { &,’ (x, 4)} may be extracted which converges almost 
everywhere in BC for every xe£; in fact it is sufficient to select the required 
subsequence so that it converges almost everywhere in B for every x belong- 
ing to an everywhere dense, denumerable set in E. 

9. The theorems of the preceding sections do not holdf in general, if the 
linear space E is replaced by the space R of characteristic functions. However, 
for the latter we have the following theorem: 


THEOREM 5. (i) Jf for all x belonging to a set H of the second category in R 
the sequence {F,,(x)=£,(x, t)}, xeR, tel, converges in measure on I, then the 
operations F,,(x) are equally continuous in I,i.e., for every n>O there exists an 
such that 


meas Eltel; | £,(x, t) | >nl sn 


whenever |x| <r. 

(ii) If for all x belonging to a set H of the second category in R, the sequence 
{&,(x, t)} converges almost everywhere on I, then for every n>O there exists an 
r>0O such that 

meas E[tel; sup | £,(x, t) | >n| <n, 


whenever |x| <r. 
We shall confine ourselves to the proof of statement (ii) of the theorem. 
The proof of statement (i) is the same as that of the lemma of S. F., p. 555. 


* Cf. Banach, Sur la convergence presque partout de fonctionnelles linéaires, Bulletin des Sciences 
Mathématiques, vol. 50 (1926), pp. 27-32, 36-43; Saks, Sur les fonctionnelles de M. Banach et leur 
application aux développements des fonctions, Fundamenta Mathematicae, vol. 10 (1927), pp. 186-196; 
Mazur and Orlicz, Uber Folgen linearer Operationen, Studia Mathematica, vol. 4 (1933), pp. 152-157; 
esp. p. 157; Kaczmarz and Steinhaus, op. cit., pp. 177-178. 

t See Gowurin, loc. cit. 
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Let 7 be any positive number and & a positive integer; let H; denote the 
set of all xeH such that 


meas ter; sup | &,(x, t) — &(x, t) | > 
4 4 


We have H=)>°H; and thus there exists a k= ko such that H;,, is of the sec- 
ond category. Hence 


meas tl; sup | t) — &x,(x, t) | > =| < 
4 4 
for each xeH,,, and therefore, by continuity (cf. the proof of Theorem 3), for 
all xeH,,. Let Ky be a sphere which is contained in H;,, and let ro be its radius. 
For every element xeR, |x| <ro, there are two elements x; and x in R such* 
that «:eKo, x2eKy and x;=22.+4. It is readily seen that, no matter what x 
is, |x| <ro, 


(9.1) meas tl; sup | t) — t) | > < 
2 


Let now r <r be a positive number such that 


n 
meas E| tel; | &,(x, > — | — n=1,2,---,k 


whenever |x| <r. Then in view of (9.1), for every x, |x| <r, 


meas E,[tel; sup | t) | <2. 


* We put 1:=x-+29(1—x), x2=x0(1—-) where xo is the center of the sphere Ko. 
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FUNCTIONS DEFINED BY SEQUENCES OF INTEGRALS 
AND THE INVERSION OF APPROXIMATE 
DERIVED NUMBERS* 


BY 
R. L. JEFFERY 


1. Introduction. Let the function f(x) be measurable on (a, 5), and let 
$=5,(x), Se(x), - - - be a sequence of summable functions tending to f(x) al- 
most everywhere. If f(x) is summable and x a point of (a, b), conditions under 
which 

x 
(1) lim Sx(x)dx = f f(x)dx 
a a 

have been determined.f It is easy to construct sequences for which the limit 
on the left side of (1) exists and is different from the right side. In the present 
paper necessary and sufficient conditions are obtained for the existence of 
this limit in terms of the sequence s,(x). It turns out that the limit function 
F(x) is independent of f(x). In fact if F(x) is an arbitrary continuous function, 
there exists a sequence of summable functions s,(x) tending to zero every- 
where, for which f- “sn(x)dx tends to F(x) everywhere. If F,(x), F2(x),--- is 
a sequence of measurable functions, there is a sequence s,(x) tending to zero 
everywhere for which almost everywhere the set of limits of i a Sn(x)dx is the 
sequence F(x), F2(x), --- . If {,s,(x)dx is bounded in m and e, e any measura- 
ble subset of (a, 5), then F(x), when it exists, is of bounded variation on (a, b). 
Conversely, if F(x) is of bounded variation, there exists a function f(x) and 
a sequence of summable functions s,(x) tending everywhere to f(x) for which 
pa Sn(x)dx tends to F(x), and for which f,s,dx is bounded in m and e. This is 
of some interest for the reason that it provides a characterization of functions 
of bounded variation which can be extended to functions of any number of 
variables. 

It is possible for the limit of the left side of (1) to exist when the function 
f(x) is not summable. As an aid in the study of this situation we introduce the 
following conventions: 

* Presented to the Society, December 27, 1934, and April 20, 1935; received by the editors May 
3, 1935, and in revised form November 13, 1935, and July 11, 1936. 

t W. H. Young, Term by term integration of oscillating series, Proceedings of the London Mathe- 
matical Society, ser. 2, vol. 8, pp. 99-116. Jeffery, The integrability of a sequence of functions, these 
Transactions, vol. 33 (1931), pp. 433-440. T. H. Hildebrandt, On the interchange of limit and Lebesgue 


integral for a sequence of functions, ibid., pp. 441-443. In the second of these papers further references 
are given to the literature on the subject. 
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Let f(x) be measurable on (a, 6). If there exists a sequence of summable 
functions s,(x) tending to f(x) almost everywhere and a continuous function 
F(x) such that f° “sa(x)dx tends to F(x), then f(x) is integrable in the sequence 
sense to F(x), F(x) =S(f, a, x). If s,(x) can be so determined that s,(x) =f 
on E,, s,(x) =0 elsewhere, E, contains E,_:, and mE, tends to b—a, then f(x) 
is totally integrable in the sequence sense to F(x), F(x) =TS(f, a, x). 

In the light of the foregoing statements concerning the limits of Si snd 
with s, tending to zero, it is clear that S(f, a, x) is not uniquely defined. If f 
is finite almost everywhere, and almost everywhere is the approximate de- 
rivative of the continuous function F(x), then S(f, a, x) exists for which 
S(f, a, x) =F (x) —F(a). If f(x) is summable, then TS(f, a, x) is uniquely de- 
fined, and TS(f, a, x) =f “f(x)dex. If f(x) is integrable in the generalized Denjoy 
sense, and F(x) =f “f(x)dx, then there exists TS(f, a, x) =F (x), but in this 
case TS(f, a, x) is not uniquely defined. It is probable that if f(x) is integrable 
in the generalized Denjoy sense and TS(f, a, x) can be determined which 
is (ACG),* then TS(f, a, x) =F(x). Some information is given in regard to 
this point, but so far it has not been possible to obtain all the facts. 

2. The limit function of the sequence of integrals. Let f be summable, and 
let s, be a sequence of summable functions tending to f almost everywhere. 
For an arbitrary positive number 7 let E(/, 7) be the part of (a, x) for which 
|\f—sn| <n, m2], and let C(1, 7) be the complement of E(/, ) on (a, x). These 
sets are measurable, and as / increases mC(1, n) tends to zero. If for a fixed x 

F(x) = lim s,dx = lim s,dx + lim Sndx, 
no Ja ne J J O(1,9) 
then for / sufficiently large the first limit on the right is arbitrarily near to 
J-fdx. Hence if F(x) exists, we have 


F(x) = “fdx + lim E f suds]. 
a C(l,n) 


Law 


We thus get: 


TuHeorEM I. A necessary and sufficient condition for the existence of F(x) 
is the existence of 


lim SndX, n=l, 


* Generalized absolutely continuous. F(x) is (ACG) on (a, 5) if it is continuous, and (a, 6) can 
be separated into a finite or denumerable set of sets E:, E2,- ++ such that F(x) is absolutely continu- 
ous on each E,; Saks, Théorie del’ Intégral, Warsaw, 1933, p. 152, §9. 


1 
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Let U(n, 5), L(n, 5) be respectively the least upper bound and greatest 
lower bound of /.s,, for all e on (a, x) with me <6. The reasoning used by Hilde- 
brandt* can be modified to give: 


THEOREM II. A necessary and sufficient condition that F(x) exists is that 


lim lim [U(n, 6) + L(n, 5)] = K(x). 


6-0 n-@ 


Let g=£1:, g2, -- - be any subsequence of s, and let U(g, n, 5), L(g, , 5) 
be the least upper bound and greatest lower bound respectively of f.g:, me <6, 
4=1,2,--+-,m. 

THEOREM III. A necessary and sufficient condition that F(x) exist is that 


lim lim [U(g, , 6) + L(g, , 6)] = K, 


6-0 n-@ 


where K depends on x but is independent of g. 


The proof of this can be accomplished by the methods of our previous 
paper.f We give here a proof which is much simpler and which includes the 
results of that paper as a special case. 

Suppose F(x) exists. Then by Theorem I of the present paper we have 


(1) lim S,dx = K, 
C(1,n) 


Suppose there is some g of s such that for every 5’>0 there exists 5 <5’ and 
a sequence of positive integers m, m2, -- - such that 


(2) U(g, Ni, 6) + L(g, Ni, 6) >K + r, 
Fix / so that 


(3) f — K|<— 
4 


For a fixed n, U(g, n, 6) tends to zero as 6 tends to zero. As a result of this, 
together with (2), it follows that there exists 5, ;, m/, and a set e, such that 
L<n/ <n;, me<6, and 


> U(g, Ni, 5) 


If C+ and C~ are the parts of C(/, ») for which gn;=0, gn; <0, respectively, 
reasoning similar to that used by Hildebrandtt shows that 
* Loc. cit., pp. 441-442. 


+ These Transactions, loc. cit. 
t Loc. cit., p. 442, lines 1-7. 
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nidx > U i, 6 
(g, mi, 8) 


while the definition of L(g, , 5) gives 
snide & L(g, ms, 8). 
c 
Hence, since Ct+C- =C(I, n), 


f > U(g, Ni, 5) + L(g, Ni, 6) +—: 
C(1,n) 2 2 
Since n/ >I this contradicts (3). Similar reasoning leads to a contradiction, 
if in (2) K+ is replaced by K —X and the inequality sign is reversed. This 
shows that the condition is necessary. 

Next suppose that the condition holds and F(x) does not exist. If there 
exists a subsequence g=f1, g2,- of s such that “g,dx tends to +, the 
method of the first part of the theorem can be used to show that 

lim lim [U(g, n, 5) + L(g, n, 6)] = + ©. 

no 
If no subsequence exists and F(x) does not exist, there then exists two sub- 
sequences g= £1, £2,:-- andh=h, he, - - - of s such that 


z 


lim gndx =G > lim h,dx = H. 


no a a 


By Theorem I, 


Hence G’>H’. By the first part of this theorem 
lim lim [U(g, n, 6) + L(g, n, 6)] =G’, 


lim lim [U(h, n, 6) + L(h, n, 8)] = H’. 

6-0 
Since G’ > H’ the hypotheses are contradicted, and the sufficiency of the con- 
dition follows. 

If s, is such that on (a,b), /.s,dx is bounded in m and e, then for a fixed x 
and g 
lim lim U(g, n, 6) = U(g, x), lim lim L(g, n, 6) = L(g, x). 
6-0 


n-@ no 
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The necessary and sufficient condition for the existence of the function F(x) 
then becomes 


U(g, x) + L(g, x) = K(x), 
where K is independent of g. The functions U(g, x) and L(g, x) are monotone 


in x, and bounded. Consequently K(x) is of bounded variation, and this shows 
that 


F(x) = [sar + K@) 


is of bounded variation, a fact which can easily be proved independently of 
the foregoing. We now prove 

THEOREM IV. If F(x) is a function of bounded variation on (a, b), then there 
exists a function f(x) and a sequence of summable functions s,(x) tending to f(x) 
with f.s,(x)dx bounded in n and e such that f Sn(x)dx tends to F(x) —F(a). 


If d; is a discontinuity of F, set 


si(d;) = F(d;) — F(d; — 0), s,(d;) = F(d; + 0) — F(d;), 


o(x) = + si(di). 
asdj<z asd;sz 
Then F(x) =¢(x)+wW(x) where is continuous.* Hence given there 
exists 5>0 such that if x’ and x’’ are any two points on (a, b) with |«’—x’’| 
<6 then 
(1) | F(x’) — F(x") | < | sds) | + | s-(d)| +. 
(a,b) (a,b) 
Arrange the discontinuities of F in a definite order d;, dz, - - - , and consider 
the intervals A, defined on (a, 6) by the points d,, - - - , d,, where 


(2) > | si(d,) | +> | s(di)| <e. 

i=n+1 t=n+1 
Let (a, d) be the first of these intervals and let F{ =F’, where F’ is finite, 
F/ =0 elsewhere. On this interval (a, d) there is a set of points E with 
mE =d—a at which (i) F is continuous; (ii) F’ exists; (iii) f oF i dx/h tends 
to F’ as h tends to zero; (iv) each point of £ is a point of density of E. From 
(iii) we get, for / sufficiently small, 


* Lebesgue, Lecons sur l’Intégration, Paris, 1928, p. 61. 
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h 


From this it follows that for each x of E there exists 5’ <6, 6 fixed in (1) above, 
for which 


where, on account of (iv), x+6’ can be taken as a point of EZ. Consequently 
with each x of E there is associated an infinite sequence of intervals (x, «+6; ) 
for which (3) holds with 5; tending to zero, and with x+46/ points of Z. It 
is, therefore, possible to select a finite non-overlapping set (x;, x:4:) of these 
intervals for which (4) holds, and for which 


(5) x) >d-—a—n, n <6. 


Let (x;, xj41) be the intervals on (a, d) complementary to the set (x;, x:4:). Or- 
der the intervals of these two sets from left to right into the set (xx, #441). On 
the intervals (xo =a, x1), (x11, x, =d), and the remaining intervals of 
which belong to the set (x;, let s.(x) = —F (xx) } On 
the remaining intervals of the set (xx, x41) let s.(x) =F’, where F’ is finite. 
Otherwise let s.(x) =0. For a fixed k =k’ other than k =0, /—1 it follows from 
(1), (2), (4), and (5) that 


(6) | F(x) — $.dx SxS 


is not greater than the greater of the two numbers 2¢ and e(x—x,-). We have 


f sx = f “saz + f 
a a z,’ 
z 
-f sdx+)>> + xf $.dx +f $.dx, 
a zj 


where in each case the sum is taken over the intervals of the sets (x;, xj4:), 
(x;, X:41) to the left of x,- except (xo, x1). It now follows from (4), (6), and the 
definition of s., that 


(7) F(x) — F(a) -f s.dx| < e(x — a) + 2e, 
for x; 5% and for x=d. Also s,=F’ on a set e with me >d—a—2p. This 


construction can be repeated for each of the intervals of the set A, in such a 
way that relation (7) holds for each point of (a, b) except possibly the points 
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interior to a set of intervals a,=(a, a@t+5n0), (di—Sni, di), (di, di 
(b—5,0 , 6), where d; represents the points of d,, - - - , d, other than a and b. 
Furthermore s., now defined on (a, 5), is such that s.=F’ on a set E, with 
mE,>b—a—2nn, where 7 is arbitrarily small independently of . If €, is a 
sequence of values of ¢ tending to zero, then for the corresponding sequence 
of functions o, =5,, it will now be shown that 


(8) F(x) — F(a) = lim o,dx, 

for all values of x on (a, b). Relation (7) holds for the discontinuities 
d,,---,d,. Consequently (8) holds for all the discontinuities of F. There 
remains the consideration of points of continuity of F which are on an in- 
finite set of the open intervals a,. For a fixed d; the intervals (d;—5,;, di), 
(d;, d;+5,,;) are such that 6,,; tends to zero as m increases. Hence if any point x 
is on the first of these open intervals for an infinite set of values of m, then 


z 


F(x) F(d; 5ni) f ondx < | | + | | 


t=n+1 i=n+1 


+ | v(x) — ¥(d; — 5,3) | 


As n increases each of the three terms on the right tends to zero. A similar 
relation holds for x on (d;, d;+6,;). This, with the foregoing, establishes (8) 
for every point x of (a, b). The sequence ¢, =F’ on E, where mE, tends to 
b—a. It then follows that there exists a subsequence s, of o, and a set € with 
m€ =b—a such that s, tends to F’ on E. Let f(x) =F’ on E, f(x) =0 elsewhere 
on (a, 6). Then this sequence s, tends to f almost everywhere, and (8) holds 
with s, replacing o,. From the manner in which s, was constructed, it is clear 
that /.s,dx is bounded in m and e. The function f and the sequence s, satisfy 
the requirements of the theorem. 

That /.s,dx be bounded in ” and e¢ is a sufficient condition for F to be of 
bounded variation, but it is not a necessary condition. Let x, =a<%2.<43< --- 
be a sequence of values of x on (a, 6) with x, tending to b. On the intervals 
(%n—1, Xn), (Xn, Xn41) let s, be constant and such that the integrals of s, over 
these intervals is m and respectively. Then F(x) =0, a<x3b, but is 
not bounded in m and e. 

3. The independence of F(x) and {-f(x)dx. Some examples are now given 
which show that the limit function F(x) is independent of f(x). We first con- 
struct a special sequence s(a, b, r) on the linear interval (a, 6). Delete the 
interior points of the middle third of (a, 6), then the interior points of the 
middle third of each of the remaining thirds, and so on indefinitely. Let G be 


178 R. L. JEFFERY [March 


the non-dense closed set of zero measure which remains. At the mth stage of this 
process there are 2" undeleted intervals. On each of these intervals let s,(x) 
be constant, and such that /s,dx over each interval is equal to r/2*, where r 
is a prescribed real number not zero. Let s, =0 elsewhere on (a, 6). If s, is now 
redefined to be zero at the points of G, then /s, over any part of (a, d) is not 
changed, and s, tends to zero everywhere. Furthermore, it is easily verified 
that 


¢o(x) = lim 
is continuous, monotone, and ¢(b) —¢(a) =r. Let this sequence s, be denoted 
by s(a, 5, r). 

Let F(x) be any continuous function on (a, 6). Divide (a, b) into m equal 
parts by the points a=d, d,,---, drx=b. Let F(d;)—F(di1)=r;. On 
(d;_1, d;) let s, be the kth member of the sequence s(d;_1, di, r;), where k is 
sufficiently great to insure that s, =0 on a part of (a, 6) with measure greater 
than b—a—1/2". Then =F (d;)—F(a). Since on (d;, di4:), is 
monotone, for x different from d;, Ssndx does not differ from F(x) —F(a) by 
more than the maximum of | F(x) —F(d;)|, di; <2 <dj4:. Since this maximum 
tends to zero as m increases, it follows that 


a 


Since s,=0 on a set E, with mE, >b—a—1/2", it follows that there exists a 
set E on (a, b) with mE =b—a at each point of which s, tends to zero. If s, 
is now redefined to be zero at the points of CE, then (1) holds with s, tend- 
ing to zero everywhere. Now let x, %2, - - - be a sequence of values of x with 
a< +++ <X,<X%pi< +--+ and x, tending to a. Redefine s, on the interior 
of (a, x,) in such a way that /7"s,dx =F(a). We then have 


z 


(2) F(x) = lim SndX 


a 


with s, tending to zero everywhere. We have thus shown: 


If F(x) is any continuous function on (a, b), then there exists S(O, a, x) such 
that F(x) =S(0, a, x), and the sequence s, used in defining S(O, a, x) tends to 
zero everywhere. 


Next let F(x) be any measurable function on (a, b). There exists a se- 
quence of continuous functions ¢,(x) tending to F(x) almost everywhere. By 
the foregoing there exists a sequence s,;, such that s,,=0 on a set E,, with 
mE,.>b—a—e«, and 


i] 
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n(x) -f | < €. 


The quantity e, is independent of m. Hence if ¢,<1/2" and s,=Snx, then al- 
most everywhere on (a, b) 

(3) F(x) = lim $,dX, 

and s, tends to zero almost everywhere. By modifying s, on a set of zero 
measure we have (3) holding with s, tending to zero everywhere. We thus get: 


If F(x) is any measurable function on (a, b), then there exists s,(x) tending 
to zero everywhere for which J s,dx tends to F(x) almost everywhere. 


Finally, let F:(x), F2(x), --- be any sequence of measurable functions 
on (a, b). There exists s,, tending to zero everywhere for which 


F,(x) = iim 

almost everywhere. If from the double sequence s,,; there is selected the single 
SEQUENCE Siki, Sik2) Soke, Sikgy °° then for the single sequence s, 
obtained in this way the set of limits of SJ. sndx includes the sequence of func- 
tions F,(x), F2(x), - -- for almost all points of (a, 6). If in defining s, each 
successive k, is chosen sufficiently great then s, tends to zero almost every- 
where. By redefining this sequence s, at a set of zero measure we have the 
following: 


If F(x), F2(x), - - - is any sequence of measurable functions on (a, b), there 
exists a sequence of summable functions s,(x) tending to zero everywhere such 
that for almost all points of (a, b) the set of limits of J sndex includes the sequence 
F,(x), F,(x), 


4. The inversion of approximate derived numbers. If f(x) is finite except 
for a denumerable set, and almost everywhere is equal to one* of the derived 
numbers of the continuous function F(x), then f is integrable in the Denjoy 
sense to F(x) —F (a). We now obtain the corresponding theorem for approxi- 
mate derived numbers, with a set of measure zero replacing the denumerable 
set, and sequence integration replacing Denjoy integration. 

Let f(x) be measurable and finite almost everywhere on (a, b), and almost 
everywhere be equal to one of the approximate derived numbers of the con- 
tinuous function F(x). Since F is continuous it is measurable. Then, since f 
is finite except for a set of zero measure, it follows that f= ADF almost every- 


* Not necessarily the same derived number at each point. 
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where.* Let E, be the set for which —n <f <n. Then f is summable over E,, 
at almost all points of Z, the density of £, is unity, and 


1 
(1) lim — fdx =f. 
hh J (2, 24h) 
At a point x for which (1) holds let E, be any measurable set with right-hand 
density unity at x. Then 


fdx =f. 


h E,E,(2,2+h) 
For if =E,(x, x+h)—E,E,(x, x +h), then 


1 1 1 
— fdx =— fdx+— fdx. 


h E,(2,2+h) h EzE,(2,z+h) 
Since |f| <m on E,, the second integral on the right is at most equal to 
nmE'/h, and as h tends to zero this tends to zero for the reason that the den- 
sity of E’ is zero at x. Since at almost all points of £,, f is the approximate 
derivative of F, we have for these points x, 
F(é) — F(x 
(2) E> x, 

for a set e; of right-hand density unity at x. Hence, from (1) and (2), for a 
given e>0, and a given 7 with 0<7<1, there exists 6>0 for which 


F(é) — F(x) | € | ~ f € 
<—) d <—») 


me;(x, x +h) >nh, 0<h<6, 5 depending on ~x, and this relation holding for 
almost all points of £,. For m sufficiently large mE, is arbitrarily near to 
b—a. We conclude, therefore, that there exists on (a,b) a set E with 
mE =b—a, to each point x of which there corresponds a set e, and a num- 


ber 6>0 for which, 
F(t) —F 1 
(¢) — F(x) f faz| <e, 


belonging to e,, me,(x, x +h) >nh, 0<h<6. Hence to each point x of E 
there corresponds a sequence of intervals (x, x+;) with 4; tending to zero 
* J. C. Burkill, and U. S. Haslam-Jones, Proceedings of the London Mathematical Society, 


ser. 2, vol. 32 (1900), pp. 346-355. It is shown that if F is measurable and finite, then almost every- 
where A DF exists and is finite, or AD*=AD-= ~, AD, =AD_=—~., 


4 
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such that on (x, x+4;) there is a set e, which includes the point x+4;, with 
mex, x+h;)>nh;, and for which 


(4) Fa) 2, 

where on (x, x+h;) the set e; is the set e,(x, x +h;). From the set of intervals 
thus associated with the set £, it is possible to select a finite set (xx, Xx4:) 
with >> >mE—e. Let (x;, be the intervals on (a, b) comple- 
mentary to the set (x;, x.4:). Furthermore, let (x;, x44) be so chosen that if 
x’ and x”’ are any two points on an interval of the set (xx, #41) or on an in- 
terval of the set (x;, x;-1) then 


(5) | F(x’) — F(x") | <e. 


Let Seq=f ON €2,=€k, Sen = { F(xi41) — F(x;) }/ —x;) on (x;, and s.,=0 
elsewhere on (a, b). The function s.,=f on }-ex, which is a set with measure 
>n(b—a—e). For k=k’ and x a point of e,, we have 


F(x) — F(a) < | F(x) — F(xx-) — 


| F(xi41) — F(x) — 


i 


+ F(x141) — F(x) -f Send |, 
where (x;, x:4:) includes all the intervals of (xx, with k<k’ and (x1, X14:) 
includes all the intervals of the set (x;, x;4:) to the left of x,-. On account of 
(4) the first term on the right is not greater than e(x—x,-), and the second 
term is not greater than e(x,,-—a). While from the definition of s,., on (xj, x41), 
the third term is zero. Hence for x any point of the set }>ex, 


(6) F(x) — F(a) <e(x— a). 


Let e; be a closed subset of e, for which 


(7) f fdx|<e, 

and let (a, 8) be an interval on (x, x41) complementary to e/. If x is any 
point on (a, 8) which is not a point of e, then it follows from (5), (6), and (7) 
that 


| 
¥ 
i 
| 
| 
4 
4 
i 
Hid 
ih 
# 
ae 
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— F(a) < — a) + 2e. 


On an interval of the set (x;, ¥;41), Se, is constant. Consequently the integral 
of S., over (x;, x) is linear on (x;, x;41) and varies from zero to F(x;41) — F(x;). 
It then follows from the relation (5) that if x is a point on the interval 
(x;, %j41), we have 


F(x) — F(a) -f Seqdx | < €(x — a) + 2e. 
Hence for all values of x on (a, 5), 


F(a) F(a) | < e(x 0) +26, 
and s.,=f on a set with measure >n(b—a—e). If then we take a sequence 
of values of ¢ tending to zero and a corresponding sequence of values of 7 
tending to unity, we arrive at a sequence of functions, s,, for which 


F(x) — F(a) = lim SndX. 
no a 
Furthermore, since s,=f on a set with measure >7,(b—a—e,) it follows that 
there exists a subsequence of s, which converges to f almost everywhere on 
(a, b). We have thus proved 


TuHeoreM V. Let the function f(x) be measurable and finite almost every- 
where on (a, b), and almost everywhere be one or the other of the approximate 
derived numbers of the continuous function F(x). Then f(x) is integrable in the 
sequence sense to F(x)— F(a). 

5. The limit of s,(x) not summable. Let 21, x2, --- be a sequence of val- 
ues of x on (0, 1) with 1.=0, x;<xi4:, and with x; tending to unity. On 
(x;, Xis1) let f= +1/[t(xi41.—%,)], + or — holding accordingly as i is odd or 
even. Let s,=f on (x;, xi4:), 2=1, 2,---, m, and s,=0 elsewhere. Then the 
integral of f exists on (0, 1) as a non-absolutely convergent integral, s, is 
summable for each n, and 


(1) = F(x) = tim 
0 0 

Let 5;= (x;, xi41). On 6; the function f is positive or negative accordingly as 7 

is odd or even. Let the sequence 6;, 52,--- be rearranged in the order 

51, 53, 52, 5s, 57, 54,- +--+, two intervals on which f is positive followed by 
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one on which f is negative. Let this rearranged sequence be 1, 72, - - - , let 
on E,=%1, Y2, Yn, and let s,=0 elsewhere on (0, 1). Then 


z z 1 1 
(2) lim -f f(x)dx, OS x<1; lim > f fdx. 
0 0 0 0 
In both (1) and (2) s,=f on E,, E, > E,-1, and mE, tends to unity. We thus 
see that for the function f defined above there is a sequence 5, of this general 
type for which (1) holds, and another such sequence for which (1) does not 
hold. This raises the question: If f is any function which is integrable in a 
non-absolutely convergent sense, does there exist at least one sequence of 
this general type for which (1) holds? The answer is in the affirmative for 
the generalized Denjoy integral. The proof of this is built up in several stages. 
Let f(x) be a measurable function which is integrable in the generalized 
Denjoy sense on (a, 6). Let E, be the points of non-summability of f on (a, 5), 
and (a;, B;) the set of open intervals complementary to EZ. Fix «, and let 
(a, , Bd) be an interval with a;<a, <8,’ <#;, and such that for x on (a;, a, ), 
(8, , 8:) we have respectively 


| F(x) — | F(x) — F(B)| < en. 
The function f is summable on (a, , ), and if s,=f on (a,’, and s,=0 
elsewhere on (a;, 8;), then 
F(x) — -f | < a; 


Letting ¢, tend to zero and a, , 8, tend monotonically to a;, 8; respectively 
we get 


F(x) = lim f Sndx, ai x s B;, 


where s,=f on E,, s,=0 elsewhere on 8;), Z,> and mE, tends to 
B:—a;. Hence we have: 


On each interval (a;, B;) complementary to E, there exists TS(f, a, x) such 
that F(x) —F(a;) =TS(f, a, x). 

Let E: be the points of non-summability of f over EZ, together with the 
points of E, at which >>| F(6,)—F(a;)| diverges, (a:, 6;) the intervals com- 
plementary to £,. Now let (a;, 8;) be an interval of the set complementary 
to Fix e, and let (a, , 8,’) be an interval with a;<a,’ <8,’ <8; such that 
for x on (a;, ax), (Bx , B;) we have respectively 
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(1) | F(x) — F(ai)| < én, | F(x) — F(Bi)| < en. 
Let e be the part of E; on (a,’, 8,’ ), (a;, B;) the intervals complementary to e 
on (a,’, B,/). Then >>| F(8;)—F(a;)| converges. Fix p, so that 


(2) Dd | — Flas)| < en, 


i=Pptl 
and so that for 7>), and x on (a;, B;), 
(3) | F(x) — F(a;)| < en. 


At a point x of ¢ on (a,/, B,) we have 


4) F(a) Pat) =D (FG) Fad} +f sae. 

e(an, 2) 
On (a;, Bj) (G=1, 2,--+, pn) there exists Z,; with mE,,; arbitrarily near to 
(a;, B;), and s,;=f on E,;, $,;=0 elsewhere on (a;, 8;) for which 


If on (aj, Bj), on e, and s,=O0 elsewhere on (ai, it follows 
from (1), (2), (3), (4), and (5) that 


F(a) — F(a;) -f Sndx| < 4en. 
Let «, tend to zero, a, , 8, tend monotonically to a;, 8; respectively, and p, 
increase monotonically. Also on the intervals (a;, Bj), 7=1, 2,---, Pn, let 
E,; be so determined that E,,; contains and >. ; mE,,; tends to >. (8;—a,;). 
Then 


F(x) — F(a;) = lim f S,dX, a,x Bi, 


Sn=f on E,, E, > E,-, and mE,, tends to B;—a;. Thus we have: 


On all the intervals (a;, B;) complementary to E, there exists TS(f, a, x) for 
which F(x)—F(a:)=TS(f, a, x), a; SxS Bi. 

If £; is the set of points of non-summability of f over E, together with the 
points of E, at which diverges, (a:, the intervals com- 
plementary to £2, then the foregoing process can be repeated to obtain the 
corresponding result for the intervals (a;, 8;) complementary to £3. Further- 
more, the process can be repeated for every set E, for \<w, where w is the 
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first transfinite ordinal of the second kind. Let (a;, 8;) be an interval of the 
set complementary to E, and (a, , 8,) an interval with a;<a, <8, <8; and 
with 

(6) | F(x) — Flas)|<en, F(x) — F(B)| < en, 


for x on (a, a), (B,, B:) respectively. There is a set E,, \<w for which the 
part of on , 8,’ ) is empty. It then follows that the methods of construc- 
tion given above lead to the existence of TS(f, a, , x), for which TS(f, a, , x) 
=F(x)—F(a,), a¢ Sx<B,. Hence on (a,’, B,) there exists s,.=f on 
0 elsewhere on , >Bn—On— and 


If e, tends to zero and a, , B, tend respectively to a;, B;, it follows from (6) 
and (7) that, if s,.=s,, then 


F(x) — F(a;) = lim S,dX, 
where s,=f on E,, s,=0 elsewhere on the interval (a;, 8;) and mE, tends 
to Bi:—a;. Let «1, €2, -- - be asequence of values of « tending to zero. Fix m 
so that 


(8) | F(a) — F(a;) < €1, 


Let €,=E,, and o1=5p,. Fix mz so that 


(9) F(x) — F(a) — f 


and so that 
(10) f | f| dx < 
G 


where G = €,— E,,. Relation (10) is possible for the reason that f is summable 
on €, and mE, tends to (8;—a;). Set €:=E,,+(€:—€,,). Then €& 3 &. 
Also, if ¢.=f on E:, ¢z=0 elsewhere on (a;, B;) it follows from (9) and (10) 
that 

F(x) — -f | < 2ee, a; Bj. 
This process can be repeated indefinitely, giving a sequence of functions 
01, for which 
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z 


F(x) — F(a;) = lim o,dx, 
where o,=f on ¢,=0 elsewhere on (ai, B;), Ex > E,-1 and mE, tends to 
B:—a;. This allows us to state: 


If w is the first transfinite ordinal of the second kind and (a;, B;) an in- 
terval on (a, b) complementary to E., then there exists TS(f, a:, x) for which 
TS(, Qi, x) = F(x)—F(a:), 


The processes of construction given above can be repeated to give the cor- 
responding result for an interval (a;, 8;) of the set complementary to E,, where 
d is any finite or transfinite ordinal of the first kind, or for an interval (a;, B;) 
of the set complementary to £,, where w is any transfinite ordinal of the sec- 
ond kind. The method of transfinite induction can now be used to prove: 


TuHeoreM VI. If f(x) is measurable on (a, b) and integrable in the general- 
ized Denjoy sense to F(x), then there exists TS(f, a, x) for which TS(f, a, x) 
=F(x),asxsb. 


The sequence Si, 52, - - - of Theorem V converges to f almost everywhere, 
but is not defined wholly in terms of f. There may be intervals (x;, %j41)"on 
(a, b) for which s,= { F(xj4:)—F(x;) }/(x;4:—,), and consequently s, can- 
not be determined on these intervals without a knowledge of the values of F 


at the points x;, x;,:. In some cases s, can be determined without a knowledge 
of the values of F at particular points. To throw further light on this point 
we start with a continuous function F(x) which is also (ACG), and prove 


Lemma I. Let F(x) be (ACG) on (a, 6), and let e be any closed set with 
me=(. Then there exists a finite set of intervals (an, b,) with (an, bn) points of e 
which contain, either as end points or interior points, all of e except at most a 
finite set, and for which 


D | F(bn) — Flan)| <€, (bn — an) <8, 


where « and 6 are arbitrary positive numbers. 


Under the conditions of the lemma e=e,+e:+ ---, where F is abso- 
lutely continuous on each e,. Let é, be the set e, together with its limit 
points. Then, since e is closed, é, ce, and the continuity of F can be used to 
show that F is absolutely continuous on é,. Let (a;, 8;) be the intervals on 
(a, b) contiguous to é,, and (c:/, c:/’) the finite set of intervals on (a, 6) be- 
longing to the complement of the intervals (a:, 8:1), - - - , (@n, Bn). Then the 
intervals (c:/, c:/’) contain, either as end points or interior points, all of &, 
except at most a finite set. The points c/, c/’ belong to é. Then, since F is 
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absolutely continuous on é, and since mé,=0, it follows that if m is sufficiently 
great, 


(1) > | Flat’) — F(a!) | < 41, (ai’ — af) <6. 


Let B/, B/,--- be the finite set of intervals complementary to the set 
(ci? ¢1f’), and let &; be the part of é on the closed interval B/. There then 
exists on B/ a finite set of intervals containing, either as end points or 
interior points, all of the set é;:, except at most a finite number of points of 
é;, and which satisfy relations similar to (1). If (ce/, ce’) is the total set of 
intervals thus determined for all of the set B/ , it is possible to have 


(2) > | Feel’) — F(ce!)| > (cel! — ce!) < de. 


The set (¢:/, c:/’)+(ce/, cof’) contains all of and except for at most a 
finite number of points. We designate by B} the finite set of intervals on 


(a, b) complementary to (¢:/, c:f’)+(ce? , coi’), and proceed to determine on 


B? a finite set of intervals containing all of @3;, except at most a finite number 
of points. Continuing this process we arrive at the countable set of intervals, 
(c;:, ¢,) none of which overlap, which contain, either as end points or as 
interior points, all of e except at most a countable set P, and for which, if 


5: <5, 
i i 


Let D be the end points of the intervals C= (c;/ , c;/’), and E the limit points 
of the set D+-P. The set D+ P is enumerable. Since is closed and C+ 
it follows that D+P>£E. Consequently E is enumerable and closed. Let 
E=%, x2, Since e is closed and me=0, the set is non-dense on (a, 
Hence each point x; of the set E is the left-hand end point of an interval 
(x:, x/), or the right-hand end point of an interval (x/, x;), or both, where 
in the first case x/ is a point of e which is not a limit point of e on the right, 
and in the second case x} is a point of e which is not a limit point of e on the 
left. Thus EZ is on a set of intervals whose end points are not limit points of e 
from without. Furthermore, these intervals can be chosen so that 


(4) | F(x!) — F(x) | < «, | xf — x| <4. 


Since E is closed, it easily follows that there exists a finite non-overlapping 
set A of these intervals associated with the set E=%1, %2, - - - which contain, 
either as end points or interior points, all the points of Z. If an end point of 
the set A happens to be an interior point of an interval (c;}, c;/’), it can be 
changed to one or the other of the end points of (c;}, c;/’) without altering 
relations (4). There will then be only a finite set C’ of the intervals of C 
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which are exterior to or abutting the altered set A, and if (a,, b,) is the finite 
set of intervals C’ +A, then (a,, 5,) contains, either as interior points or end 
points, all of e except at most a finite set, the points a,, 5, belong to e, and 


| F(bn) — F(an)| (ba — an) < 38. 


This establishes the lemma. 

Let the function f be finite almost everywhere on (a, b), and almost every- 
where be equal to one or the other of the approximate derived numbers of the 
function F which is (ACG) on (a, 6). Working as in Theorem \V, it is possible 
to determine on (a, 6) a finite set of intervals (x;, x.4:), and on each interval 
a set ex, where 


en E) 

where the set £ is the set e., where me, and where (x441—2%) 
is arbitrarily near to b—a, in particular >(b—a)/2. Denote this finite set of 
intervals by K, and the part of (a, b) complementary to K, by CK,. It is 
then possible to determine on CK, a finite set of intervals Ke satisfying rela- 
tions similar to (5), with mK,>mCK,/2. Denoting the part of (a, 6) com- 
plementary to KitK2 by CKz, we can determine a set K; on CKz with 
mK;>mCK:/2, and with the set K; satisfying relations similar to (5). 
Continuing this process we arrive at a set of non-overlapping intervals 
K=K,+K-2+ --- with mk =b—a. Let e be the end points and limit points 
of end points of K. Then e is closed, me=0, and consequently, this set e 
satisfies the conditions of Lemma I in relation to F. Let (a,’, b,’) be the 
set of intervals provided by this lemma. It is evident that these intervals can 
be reduced to a non-abutting set (a,, b,) with the same properties relatively 
to F. The complement of the closed intervals (a,, b,) and the finite number of 
points of e exterior to (an, b,) is a finite set of open intervals (x,, x41) of the 
set K. Let s.,=f on ex, 5..=0 elsewhere on (a, 6). Then, as in Theorem V, 
for any point of (a, 5), 


F(x) — F(a) — < e(x — a) + 26 + F(bn) — F(a) | 


< eb — a) + 3e. 


Also >n(b—a—«). If now we take a sequence of 
values of « tending to zero, and a corresponding sequence of values of 7 
tending to unity, we arrive at a sequence of summable functions s, for which 
Sn=f on a set E,, s,=0 elsewhere, mE, tends to b—a, and 
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(6) F(x) — F(a) = lim Sn dx. 

Proceeding as in the concluding part of the proof of Theorem VI, a subse- 
quence ¢,, of s, can be determined for which (6) holds and for which o,=f 
on €,, ¢,=0 elsewhere, E,> €,_,, and m€, tends to b—a. Thus we have 
proved 


THEOREM VII. Let f(x) be finite almost everywhere on (a, b), and almost 
everywhere be equal to one or the other of the approximate derived numbers of the 
continuous function F(x) which is also (ACG). Then f(x) is totally integrable in 
the sequence sense to F(x)— F(a). 


If f(x) satisfies the conditions of Theorem VII it is integrable in the 
generalized Denjoy sense.* Hence Theorem VII follows from Theorem VI. 
Conversely Theorem VI follows from Theorem VII. For if F(x) is the gener- 
alized Denjoy integral of f then F is (ACG), and almost everywhere ADF=f. 
Between the proofs of these two theorems there are these distinctions: 
Theorem VII holds for continuous functions F(x) which are not (ACG), but 
which behave relatively to every closed set of zero measure in the manner 
described by Lemma I, provided such functions exist. Again the proof of 
Theorem VII does not involve transfinite induction, and gives, therefore, a 
method for constructing a generalized Denjoy integral without the use of 
transfinite numbers. This construction is particularly simple when the points 
E of non-summability of f are of zero measure. 

The set E is closed. It then follows from Lemma I that there is a finite 
set (a,, 5,) of non-abutting intervals containing all of E except a finite set P, 
with >>| F(b,)—F(a,)| <e. Let (a;:, B;) be the finite number of intervals 
complementary to the set (a,, b,)-+P. If (a;*, 8;*) is an interval with a; <a; 
<6 <8;, then on this interval f is summable. Furthermore, if, for each i, 
a;*, 8 are sufficiently near to a;, 8; respectively, then 


F(b) — F(a) — rf fdx| <2, 


and F(b)—F(a) is obtained by taking a sequence of values of ¢« tending 
to zero. 

6. Conditions for uniqueness of total sequence integration. We first con- 
struct a function 7S(f, a, x) which is not equal to be f(x)dx. Let G be the 
Cantor non-dense closed set on (0, 1) defined as in §3. Let (a, b) be the middle 
third of (0, 1), r»x=a<x1<%2< - - - , a sequence of values of x on (a, b) with 


* Saks, loc. cit., p. 197, §2. 
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x, tending to 6. On x), i#1, let f(x) = + or — holding 
accordingly as 7 is odd or even. On (%o, x:) let f be constant and such that 
Szf dx=1—log 2. Then ff dx exists as a Denjoy integral on (a, 5), with 5 
the single point of non-summability of f, and this integral has the value zero 
at x=b. Let (a’, b’) be one of the two intervals deleted from (0, 1) in the 
second step in the construction of G. Let the point x’ on a’ <x’ <b’ correspond 
to the point x on a<x<b by means of a one-to-one projective transforma- 
tion which carries a’ into a and b’ into b. At x’ on (a’, b’) let f(x’) =f(x)/2?, 
where x is the point on (a, 6) which corresponds to x’ on (a’, b’). The function 
f(x’) is integrable in the Denjoy sense on (a’, b’), b’ is the single point of 
non-summability of f(x’), and 


x and x’ corresponding points on (a’, b’) and (a, 5). On each (a’, 6’) of 
the four deleted intervals arising in the third step of the construction of G 
let f(x’) be defined similarly, except that f(x’)=f(x)/2‘, which gives 


z’ 


= 


where x and x’ are corresponding points. Continuing this process, and setting 
f=0 on G, the function f is integrable in the Denjoy sense on (0, 1). If 
(a;, 8;) are the intervals complementary to G, F(x)= - f dx is such that 
F(a;) =F(8;) =0, and for x a point interior to (a, 8;), F(x) = Ja, f dx. 

Let \ be a fixed positive number >1—log 2, and on (a, 5), the middle 
third of (0, 1), let e:, e,---, e, be the intervals (x, x1), (x2, %3),---, 
(Xen, X2n41)- On these intervals f is positive. There exists m such that 


n—l 


> | fdx 


Let Ey =e:teet --- +en. Let 52:1, 522, 523 be the three deleted intervals 
arising at the end of the second stage in the construction of G, ordered from 
left to right. On 522 the middle third of (a, let Ex= (eo, Xen) 
Where €n41= (Xen42, (Xen+4, Xen45), and where 


On 42:, 523 obtain sets Ex, E23 by repeating the construction of the set Eu 
on (a, b) with \/3 replacing X. Let €;= Eu, €2= Es:. Then contains 
Let 531, 532, -- - , 537 be the seven deleted intervals arising at the end of the 
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third step in the construction of G. On 53; construct the set E3; according to 
the above scheme with 4/7 replacing \/3, taking care that E;= )\E;; con- 
tains €,. This process of construction can be continued, giving the sets 
E,, &:,--- with €,> €,_, and mE, tending to unity. Let s,=f on €, and 
S,=0 elsewhere on (0, 1). Then s, is summable on (0, 1), s, tends to f, and it 
is easily verified that 

(1) lim = ¢(x), 


where ¢$(x) is continuous. Let x be any point on (0, 1), and let ®,(x) be the 
number of whole deleted intervals to the left of x arising at the mth step in 
the construction of G. There are 2"—1 of these intervals, and it is easily 
verified that as m increases R,(x)/(2"—1) tends to a limit R(x), where 
R(x) is continuous, non-decreasing, constant on the intervals (a;, B;) com- 
plementary to G, and such that R(0)=0, R(1)=1. Furthermore 


(2) = (a) + f fae. 


We thus have ¢(x) =TS(f, a, x) dx. 

The function ¢(x) is not (ACG) on (0, 1). Suppose the contrary to be true. 
If @ is (ACG) on (0, 1) then, since G is closed and mG=0, it follows from 
Lemma I that there exists a finite set of intervals (a,, 6,) on (0, 1) containing 
all of G except a finite set P, where a,, b, are points of G, >> (b,—a,) is arbi- 
trarily small, the intervals (yn, 5.) complementary to (an, 6,)+P are a 
finite number of the intervals (a;, 8;) complementary to G, and the sum 
>-|¢(b.) —¢(an)| is arbitrarily small. Since R(x) is constant on (a;, 6), it 
follows from (2) that ¢(8;) —¢(a:) = Seif dx =0. Hence ¢(6,) —¢(y,) =0. But 

$(1) — $(0) = {G(b,) — H(an)} + — on) 

Since the first term on the right can be made arbitrarily small by a proper 
choice of the intervals (a,, b,) and since the second term on the right is zero 
for every choice of (a,, 5,) in accordance with the requirements of Lemma I, 
it follows that ¢(1)—¢(0) =0. Again, since R(0) =0, R(1)=1, and Sf dx=0, 
it follows from (2) that ¢(1)—¢(0)=1. We thus get a contradiction, and are 
able to conclude that ¢(x) is not (ACG) on (a, 6). 

It is possible to prove: 


THEOREM VIII. If f is integrable in the generalized Denjoy sense on (a,b), 
if the set E of points of non-summability of f has zero measure, and if TS(f, a, x) 
exists which is (ACG), then 


TS(f, a, x) = fsa = F(x). 
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Since mE=0 we can consider that f=0 on E. There exists an interval 
(l, m) containing a part e of E on its interior such that if (a;, 8;) are the 
intervals on (1, m) complementary to E, then >- {F(@;)—F(a;)} converges. 
If (a@’, 8’) is an interval such that a;<a’<’<§;, then f is summable on 
(a’, B’) and consequently 7S(f, a’, 8’) =F(8’)—F(a’). It then follows from 
the continuity of TS(f, a, x) that TS(f, a:, B:)=F(8;)—F(a:). Let $(x) 
=TS(f, a, x) and apply Lemma I as above to get (a,, b,) and (yn, 6,) with 
(yn, 5,) an interval of the set (a;, 8;) and consequently $(y,) —¢(6,) = F(d,) 
—F(y,), and >°|¢(b,)—¢(a,)| arbitrarily small. These intervals can be so 
chosen that >> {F(5,)—F(y,)} is at the same time arbitrarily near to 
F(m)—F(l). It follows from these considerations that ¢(m)—¢(l) = F(m) 
—F(l), and for x on (1, m), ¢(x)—@(1)=F(x)—F(l). The method of trans- 
finite induction can now be used to show that for x on (a, b), @(x) = TS(/, a, x) 
= F(x). 

Added in proof, December 9, 1936. It is now known that there exists 
TS(f, a, x) which is (ACG) with TS(f, a, x) xf f dx. The proof of this, to- 
gether with necessary and sufficient conditions for TS(f, a, x) = ri f dx will be 
published in a subsequent paper. 
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TANGENT LINES AND PLANES IN 
TOPOLOGICAL SPACES* 


BY 
CHARLES C. TORRANCE 


The object of this paper is to extend to topological spaces some of the 
concepts and theorems of direct infinitesimal geometry. To attain this ob- 
ject we define certain point sets in a topological space which will play the 
role of lines, planes, and hyperplanes in Euclidean space. By means of these 
sets we define the terms tangent line, tangent plane, etc. We arrive at our 
principal results in Theorems 4 and 4a. 

Let S be a point space with a system of neighborhoods satisfying 


Axiom 1. There exists a sequence {G,},n=1, 2, - - - , of collections of neigh- 
borhoods in S such that (1) for each n, G, covers S; (2) for each n, Gr41 is a sub- 
collection of G,; (3) if R is any neighborhood in S, and if X and Y are points 
of R, distinct or not, there exists an integer m such that, if g is any neighborhood 
of the collection G,, containing X, then Z is a subset of (R—Y)+X; and (4) if 
H and K are mutually exclusive closed point sets in S and if H is compact, 
there exists an integer m such that no neighborhood of the collection Gn, contains 
both a point of H and a point of K. 


This axiom consists of the first four parts of R. L. Moore’s Axiom 1’f 
and is sufficient{ to establish the theorems to be quoted below. In particular, 
point sequences and their sequential limits have the various properties§ re- 
quired in 


Derinition 1. If {A,} is a sequence of point sets in the space S, then the 
sequential limiting set of {A,} is the set of all points P such that there exists a 
sequence {P,,} of points with sequential limit P, where P,, is in A, for each n; 
the limiting set of {A,} is the set of all points P such that there exist a subse- 
quence {n;} of the sequence {n} and a sequence {P,,} of points with sequential 
limit P, where P,,, is in An, for each nj. 


* Presented to the Society, in part, September 12, 1935, under a slightly different title; received 
by the editors June 9, 1936. The main portion of this paper was presented to the International Con- 
gress of Mathematicians at Oslo, July 17, 1936. 

T Moore, Foundations of Point Set Theory, Colloquium Publications of the American Mathe- 
matical Society, vol. 13, New York, 1932, p. 324. Hereafter, we shall designate this reference by the 
letter M. 

t M, p. 82. 

§ M, Chapter I, Theorems 2, 3, and 11. 
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Remark 1. If, in the preceding definition, all the sets A, have a common 
subset M, then the limiting set A and the sequential limiting set A’ of {A,} 


each contain M; if A,=M for each n, then A =A’=M. 


DEFINITION 2. If G and H are two collections of point sets in the space S, 
then G is called H-continuous provided that (1) if g is any element of G and 
{g,} is any sequence of elements of G such that, y being the sequential limiting 
set of {gn}, the part of y contained in g is not contained in any element of H, 
then, {B,} being an arbitrary sequence of points with B, in gn for each n, each 
subsequence of {B,} contains a subsequence having a sequential limit in g; and 
(2) in the preceding notation, each point C of g is the sequential limit of some se- 
quence {C,} of points, where C, is in g, for each n. 


REMARK 2. It is apparent that the preceding definition is not essentially 
altered if merely the sequence { B,} itself is required to contain a subsequence 
having a sequential limit in g. Nor is the preceding definition essentially al- 
tered if each point of g is required to be merely the sequential limit of a se- 
quence {C,,}, where {,} is some subsequence of the sequence {x}. 


Lemma 1. If G is an H-continuous collection in S, and if M is a point set 
in S which is contained in no element of H, then there exists at most one element 


g of G which contains M. 


Suppose there exist two distinct elements g and g’ of G which contain M. 
Let P be a point of one of these elements, say g’, which is not in the other. 
Let {g,} be the sequence g’, g’, g’,- - - . By Remark 1, M is a subset of the 
part of the sequential limiting set of {g,} contained in g. Hence g and {,,} 
are in the relation described in Definition 2. If {B,} is taken to be the se- 
quence P, P, - - - , then P, contrary to hypothesis, is in g. 

Remark 3. If G is an H-continuous collection in S, and if g and h# are any 
two distinct elements of G, then it follows from Lemma 1 that some element 
of H contains the common part of g and h. 


Lemma 2. If G is an H-continuous collection in S, and if no element of G is 
contained in any element of H, then the elements of G are closed and compact. 


Let g be an element of G and let P be a limit point of g. There exists a 
sequence {P,,} of points of g such that lim P, =P. Let {g,} be the sequence 
g,g,°°+. Thengand {g,} are in the relation described in Definition 2 since 
g is contained in no element of H. If {B,} is taken to be {P,}, it follows that 
P is in g. The proof of compactness is similar. 

Notation. If H is a collection of point sets, then H* denotes the point 
set sum of all the elements of H. 
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DEFINITION 3. If G is a collection of point sets such that G* =S, then a sub- 
collection R of G is called an element neighborhood provided that (1) R* is open, 
and (2) if g is an element of G such that g* c R*, then g is an element of R. 


If G is a collection of point sets such that G*=S, then G itself is an ele- 
ment space which may be topologized in the usual manner by means of the 
element neighborhoods just now defined. Thus it has meaning to speak of a 
limit element, of a closed set of elements, of an element continuum, etc. 

Notation. If G is 4 collection of point sets, and if U, V,--- comprise a 
collection H of point sets, then ryy... denotes the collection of all those ele- 
ments g of G such that g contains at least one point of each element of H, 
and Ruy... denotest the collection of all those elements g of G such that 
g* c ov 

If in Definition 2, H is the collection of all those point sets which consist of 
a single point, then G is called point continuous. Moreover, g and {g,} are 
in the relation described in Definition 2 when, and only when, there exist two 
sequences {A,} and {A,’} of points with distinct sequential limits in g, 
where A, and A, are in g, for each n. 


DEFINITION 4. The elements of a collection G of continua in the space S 
are called lines if (1) G® is point continuous; (2) if P and Q are distinct points 
in S, there exists at least one element of G™ containing P and Q; and (3) if U 
and V are mutually exclusive neighborhoods in S containing the points P and Q 
respectively, there exist neighborhoods U' and V’ of P and Q within U and V 
such that ry-y: = Ruy, where ry-y: and Ry-y: are defined relative to G™. 


In what follows, all the point sets considered lie in the space S; moreover, 
it will be supposed that G® is a given collection of lines in S and that the 
word “line” always connotes “line of GY.” By Lemma 1, there exists a unique 
line containing any two distinct points P and Q; this line will sometimes be 
denoted by PQ. 

Remark 4. If P is a point, there exists a neighborhood of P which contains 
no line. To show this, let Q be a point distinct from P. There exists} a pair 
of mutually exclusive neighborhoods U and V of P and Q. If each neighbor- 
hood U’ of P within U contains a line, then Condition (3) of Definition 4 
cannot be met since U’- V =0 and U’ ¢ Roy, where V’ is any neighborhood 
of Q within V. It follows from this remark that every line contains more than 
one point. 


+ We use the notation Ryy... because of Lemmas 3 and 3a; in what follows, the collection G, 
relative to which Ruy... is defined, is always explicitly understood. 
t M, Chapter I, Theorem 23. 
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EXAMPLE 1. In the Euclidean space E, of four dimensions, let \ be the 
family of planes 


bet ay+w=n 


together with the planes 
{ x=a 
y= 8. 
The elements of X are lines in the sense of Definition 4 when only a bounded 
convex portion of E, is considered, since two points determine an element of X. 


Lemma 3. If U and V are mutually exclusive open point sets, then the set 
of lines Ruy is a line neighborhood. 


The proof of this lemma is effected in two stages. Let A be a point not in 
V and let C be the “cone” of lines containing A and a point of V. Suppose 
that C*—A is not open. Then there exists a point P of C*—A which is the 
sequential limit of a sequence {P,,} of points in the complement of C*—A. 
Let Q be a point of the line AP in V. By Condition (2) of Definition 2, Q 
is the sequential limit of a sequence {C,} of points, where C,, is in the line 
AP, for each n. By Lemma 1, the lines AP, have no point in common with 
C*—A. Hence no point C, is in V. It follows that C*—A is open. 

Now let P be a point of Riy. There exists a line / containing P, a point of 
U, and a point of V. Let A be a point of / distinct from P and in either U 
or V, say U. Let C be the cone of lines containing A and a point of V. Then 
P is in the open point set C*—A. But C*—A ¢ Rov. Hence Roy is open. That 
Rvy is a line neighborhood now follows from the definition of the symbol 
Roy. 

Three point sets are called non-collinear when there exists no line con- 
taining a point of each of these sets. Three non-collinear point sets are evi- 
dently mutually exclusive. 

If in Definition 2, H is the collection G™, then G is called line continuous. 
Moreover, g and {g,} are in the relation described in Definition 2 when, and 
only when, there exist three sequences {A,}, {A,’}, and {A,/’} of points 
with non-collinear sequential limits in g, where A,, A, , and A,/’ are in g, 
for each n. 


DEFINITION 4a. The elements of a collection G® of point continua in S are 
called planes if (1) G® is line continuous; (2) if P,Q, and R are non-collinear 
points, there exists at least one element of G® containing P, Q, and R; (3) if 
U, V, and W are non-collinear point neighborhoods containing the points P, Q, 


1937] TANGENT LINES AND PLANES 197 


and R, respectively, there exist neighborhoods U’, V’, and W’ of P,Q, and R 
within U, V, and W such that ruy-w: =Ruvw, where ruy-w: and Ry-y-w: are 
defined relative to G ; and (4) if P and Q are distinct points, and if g is an ele- 
ment of G® containing P and Q, then g* > PO*. 


In what follows, it will be supposed that G® is a given collection of planes 
in S and that the word “plane” always connotes “plane of G®.” By Lemma 1, 
there exists a unique plane containing any three non-collinear points P, Q, 
and R; this plane will sometimes be denoted by POR. 

RemaRK 4a. If / is a line, there exists a line neighborhood R of / such that 
R* contains no plane. To show this, let P; and P; be distinct points of / and 
let Q be a point not in /. There exists a pair of mutually exclusive open point 
sets D and D’ containing / and Q. It will be shown in Lemma 4 below that 
there exist mutually exclusive point neighborhoods U and V of P; and P2 
such that Roy ¢ D. If W is a neighborhood of Q within D’, then U, V, and W 
are non-collinear. Suppose that, for each neighborhood U’ of P; within U and 
each neighborhood V’ of Pz within V, Ry-v: contains a plane. Then Condi- 
tion (3) of Definition 4a cannot be met since Ry-y-- W =0 and, by Condition 
(4) of Definition 4a, Ro-y-¢Ro-v-w-, where W’ is any neighborhood of Q 
within W. It follows from this remark that every plane contains more than 
one line. 

EXAMPLE la. In the Euclidean space E,, let the word line have its ordi- 
nary significance, but let “line” denote a plane of Example 1. Since every line 
is contained in some “line,” the set of all planes in a bounded convex portion 
of E, is both line continuous and “line” continuous. But this set of planes 
fails to meet Condition (4) of Definition 4a with respect to “lines.” 

EXAMPLE 2. Let A, B, and C be non-collinear points in the space S. Let 
the flat r1zc be defined as the point set sum of all lines / which contain a 
“vertex” and a point of the “opposite side” of the “triangle” ABC. If it is 
postulated that a line is contained in a flat if the line contains two distinct 
points of the flat, then a flat is a point continuum and the set of all flats is line 
continuous. To show this, let rasc be a flat and let A’, B’, and C’ be non- 
collinear points of masc. Then ma-pc =Tasc. (If P is a point of ra-z’c’, and 
if A’, B’, and C’ are in razc, then P is in tagc. Hence Tasc. Thus, if 
C’ is in BC, then C is in BC’ and 4c =7azc’. The same result follows when 
C’ is in AC. If C’ is in razc but not in AC or BC, then eitherC’A meets BC 
in a point D, or C’B meets AC, or C’C meets AB. In the first case, tasc =Tasp 
=Tasc’, the other cases being similar. It follows that =Tapc’ 
=T4'p'c’.) Let {x,} be a sequence of flats containing three sequences {A,}, 
{A,’}, and {A,/’} of points with non-collinear sequential limits A, A’, and 
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A”’ ina flat 7, where A,, A,/, and A,’ are in z, for each n. It may be assumed 
that, for each n, A,, A,, and A,’ are non-collinear. Hence 7,=74,4,4.’. 
Let {B,} be a sequence of points with B, in 7, for each n. For infinitely 
many v, either A,B, or A, B, or A,’ B, has a point D, in common with the 
respective line A,/A,’ or A,Ax’ or AnA,; Say it is A,B,. Since lines are 
point continuous, some subsequence of {D,} has a sequential limit D in 
A’A’’. Hence some subsequence of {B,} has a sequential limit B in AD and 
therefore in 74/4. By Remark 2, Condition (1) of Definition 2 is met. The 
proof of Condition (2) is similar. Thus the set of all flats is line continuous; 
by Lemma 2, every flat is closed. Since every flat is connected, it is a con- 
tinuum. It follows that if Condition (3) of Definition 4a is postulated for 
flats, then flats are planes. 


Lemma 3a. If U, V, and W are non-collinear open point sets, then the set 
of planes Ruvw is a plane neighborhood. 


The proof of this lemma is effected in three stages. Let A and B be points 
which are non-collinear with the open set W. An argument similar to that 
used in the proof of Lemma 3 shows that the “sheaf” o of all planes containing 
AB and a point of W is such that o* —AB* is open. Now let A be a point and 
let V and W be open sets such that A, V, and W are non-collinear. An argu- 
ment similar to the second argument used in the proof of Lemma 3 shows 
that the “bundle” £ of all planes containing A, a point of V, and a point of W 
is such that 8*—A is open. A repetition of this argument, using this last re- 
sult, leads to the lemma. 


Lemma 4. If lis a line, if D is an open point set containing I*, and if P and Q 
are distinct points of 1, then there exists a pair of mutually exclusive point neigh- 
borhoods U of P and V of Q such that Rov ¢D. 


Suppose there does not exist such a pair of neighborhoods. Let {U,} and 
{V,} be sequences of point neighborhoods which close down ont P and Q. 
It may be assumed that, for each n, U, and V, are mutually exclusive. For 
each n, there exists a point Z, of rz,y, not in D. Hence there exists, for each n, 
a line of rv,y, containing Z,, a point X, of U,, and a point Y, of V,. Since 
lim X,, =P and lim Y,, =Q, it follows by Definition 2 that some subsequence of 
{Z,} has a sequential limit Z in /. But D is open and contains /. Hence the 
original supposition is inadmissible. 


Lema 4a. If p is a plane, if D is an open point set containing p*, and if 
P,Q, and R are non-collinear points of p, then there exist non-collinear point 
neighborhoods U, V, and W of P, Q, and R respectively such that Rovw ¢D. 


t That is, IU,=P, U.> U,,:, and if T is any point neighborhood of P, T> 77, for some n. 
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It was pointed out in Remark 4a that there exist non-collinear neighbor- 
hoods U, V, and W of P, Q, and R. The rest of the proof is similar to the proof 
of Lemma 4. 


Lemna 5. If l and |; are distinct lines, there exists an open point set contain- 
ing I* but not l*. If p and p, are distinct planes, there exists an open set contain- 
ing p* but not p*. 

The lemma follows immediately from Remarks 4 and 4a, the fact that 
two lines have at most one common point and two planes have at most one 
common line, and the fact that lines and planes are closed. 


DerFIniTion 5. If H is a collection of lines and if P and Q are distinct points, 
then P and Q are called H-related if, for arbitrary point neighborhoods U of P 
and V of Q, there exists a line 1#PO of H which contains a point of U and a 
point of V. If H is a collection of planes and if P, Q, and R are non-collinear 
points, then P,Q, and R are called H-related if, for arbitrary point neighborhoods 
U, V, and W of P,Q, and R, there exists a plane p~ POR of H which contains 
points of U, V, and W. 


Lemma 6. In order that a line | be a limit line of a collection H of lines it is 
necessary and sufficient that | contain at least one pair of H-related points. 


Necessity. Suppose no two distinct points of / are H-related. Let P and 
Q be any two distinct points of /. By hypothesis, there exist point neighbor- 
hoods U of P and Y of Q such that no line of H, except possibly PQ, contains 
a point of U and a point of V. It may evidently be assumed that U and V are 
mutually exclusive. By Condition (3) of Definition 4, and Lemma 3, there 
exists a line neighborhood ry-y- of / which contains no line of H except pos- 
sibly PQ. The original supposition is thus inadmissible. 

Sufficiency. Suppose that P and Q are H-related points of 1. Let R be an 
arbitrary line neighborhood of /. By Lemma 4, there exists a pair of mutually 
exclusive point neighborhoods U of P and V of Q such that Ruy ¢ R. Since 
P and Q are H-related, Ruy, and hence also R, contain a line of H other than 
PO. 

Lemma 6a. In order that a plane p be a limit plane of a collection H of planes 
it is necessary and sufficient that p contain at least one set of three non-collinear 
H-related points. 


The proof is similar to the proof of Lemma 6. 
Lema 7. If R is a line neighborhood, then R* ¢ R*. 


Suppose there exists a point A of R* which is not contained in R*. Let J 
be a line of R containing A. Then / is a limit line of R. By Lemma 6, / contains 
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at least one pair of R-related points P and Q. Let {U,} and {V,} be se- 
quences of point neighborhoods which close down on P and Q respectively. 
For each n, there exists a line /, of R containing a point P, of U, and a point 
Q, of V,. Since lim P, =P and lim Q, =Q, it follows that / and the sequence 
{2,} are in the relation described in Definition 2; but it is apparent that Con- 
dition (2) of Definition 2 cannot be met with regard to A. 


Lemma 7a. If R is a plane neighborhood, then R* ¢ R*. 
The proof is similar to the proof of Lemma 7. 


THEOREM 1. There exists a sequence {G,! } of collections of line neighbor- 
hoods satisfying Conditions (1), (2), and (3) of Axiom 1 when S is interpreted 
to be G™ and “point” is interpreted to be “line.” 


For each integer and each line / let D,; be the sum of all the neighbor- 
hoods of G,, which contain at least one point of /, and let G,, be the collection 
of all line neighborhoods R such that R* ¢ D,,. For each integer m let G,’ be 
the sum of all the collections G,,. It is evident that the sequence {G,’ } satis- 
fies Conditions (1) and (2) of Axiom 1. To show that it satisfies Condition (3), 
let R be an arbitrary line neighborhood, and let x and y be lines of R, distinct 
or not. It is sufficient to consider the case x ~y. By Lemma 5, there exists an 
open point set D containing x* but not y*. D may obviously be assumed to 
lie within R*. By Lemma 4, there exists a line neighborhood R’ containing x 
such that R’* ¢ D. 

Suppose there exists no integer m such that, if g is a line neighborhood of 
G,, containing x, then Z is necessarily a subset of R’. In this event there exists 
a sequence {g,} of line neighborhoods, where, for each n, g, belongs to G,’, 
contains x, and 2, is not contained in R’. Let c, be a line such that g,* ¢ D,.,. 
Since x is in g,, x* ¢ D,.,. Let P and Q be distinct points of x. Because D,., 
is a proper covering of c,, there exist neighborhoods U, and V, of G, contain- 
ing P and Q respectively and also containing points P, and Q, respectively 
of c,. It follows by (3) of Axiom 1 that lim P, =P and lim Q, =Q. Hence, by 
an argument similar to that used in the proof of Lemma 4, if E is an open 
set containing x*, there exists an integer m such that c,* ¢ E for all m2=m. 

Since x is compact (Lemma 2), there exists} an open set E containing x 
such that Ec R’*. Let my be such an integer that, for all n= mo, c,* ¢ E. The 
point set x*+ch,+cn 41+ --- is closed, compact, and contained in E. 
By Condition (4) of Axiom 1, there exists an integer m2=mp such that 
Dinz+Dmems+Dmemss,+ *** is contained in E. By Lemma 7, (Z,)* ¢ E. Thus 
the original supposition is inadmissible and the proof is complete. 


Tt M, Chapter I, Theorem 23. 
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THEOREM 1a. There exists a sequence {G,i’ } of collections of plane neighbor- 
hoods satisfying Conditions (1), (2), and (3) of Axiom 1 when S is interpreted 
to be G® and “point” is interpreted to be “plane.” 


The proof is similar to the proof of Theorem 1. 

Theorems 1 and 1a enablef us to quote theorems from Chapter I of M 
with regard to collections of lines in the line space G™ and with regard to 
collections of planes in the plane space G®. 


DerFiiTIon 6. Let K be a point set and let P be a limit point of K. A linel 
is called a tangent line of K at P if, for an arbitrary point neighborhood V of P 
and an arbitrary line neighborhood R of |, there exists a line of R containing at 
least two distinct points of KV. The set of all tangent lines of K at P is called the 
paratingent of K at P. 


DEFINITION 6a. Let K be a point set and let P be a limit point of K. A plane 
p is called a tangent plane of K at P if, for an arbitrary point neighborhood 
V of P and an arbitrary plane neighborhood R of p, there exists a plane of R 
containing at least three non-collinear points of KV. The set of all tangent planes 
of K at P is called the biparatingent of K at P. 


RemaRkK 5. For a line / to be a tangent line of a point set K at a limit point 
P of K it is necessary that / contain P. It is evident that K has no tangent 
line at a point which is not a limit point of K. Similar comments apply to 
tangent planes. 


THEOREM 2. The paratingent A of a point set K at a limit point P of K is 
closed. 


If / is a limit line of A, and if R is a line neighborhood of /, then R contains 
a line /, of A. Since /; is in A, there exists, for an arbitrary point neighborhood 
V of P, a line 1’ of R which contains two distinct points of KV. Thus / is in A. 


THEOREM 2a. The biparatingent II of a point set K at a limit point P of K 
is closed. 


The proof is similar to the proof of Theorem 2. 

RemaRK 6. Definition 6 is not essentially altered if the clause “there exists 
a line of R containing at least two distinct points of KV” is replaced by the 
clause “there exists a line of R which contains at least two distinct points of 
KV or is a limit line of lines containing at least two distinct points of KV.” 
This remark may be substantiated by an argument similar to that used in the 
proof of Theorem 2. A similar remark applies to Definition 6a. 


Tt M, p. 82. 
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Lemna 8. If H is a collection of lines containing a common point P, then a 
necessary condition that H be the sum of two mutually separated{ collections M 
and N is that P be a cut point of the connected point set H* = M*+N*. 


Suppose that H*—P is connected. Then at least one of the sets M*—P 
and N* —P, say the former, contains a limit point Q of the other. It is evident 
that P and Q are N-related. By Lemma 6, PO is a limit line of NV. But PQ is 
a line of M. This contradicts the hypothesis that M and WN are mutually 
separated. Hence H*—P is not connected and P is a cut point of the point 
set H*. 


Lemna 8a. If H is a collection of planes containing a common line l, then a 
necessary condition that H be the sum of two mutually separated collections M 
and N is that | be a cut line of the connected line set H** = M** + N**, where H** 
denotes the collection of all lines contained in any plane of H. 


It follows from Lemma 9 below and the fact that a line is a continuum 
that if A is a point and if / is a line not containing A, the set of all lines con- 
taining A and a point of / is connected. Hence it follows that a plane is a 
connected set of lines. (Let p be a plane and let / and /’ be distinct lines of p. 
Let A and B be points of / and let A’ and B’ be points of J’, where all four of 
these points are distinct. The set of all lines containing A and a point of A'B 
is connected; this set contains / and AA’. The set of all lines containing A’ 
and a point of AB’ is connected; this set contains J’ and AA’. Hence the sum 
of these two sets is connected and contains / and /’.) It therefore follows that 
H** is connected. 

Now suppose that H**—/ is connected. Then at least one of the sets 
M**—1l and N**—1, say the former, contains a limit line /’ of the other. The 
line J’ is coplanar with / and determines a plane Ji’. If P is a point of J’ not in /, 
then, by Definition 2, P is a limit point of the point set V*—/. If Q and R are 
distinct points of / not in /’, then P, Q, and R are N-related. The remainder 
of the proof follows the line of argument in the preceding proof. 


Axiom 2. The space S is compact. 
THEOREM 3. The line space G is compact. 


Let {/,} be a sequence of distinct lines and let {P,} be a sequence of 
points with P, in /, for each n. By Axiom 2, some subsequence {P,,} of {P,} 
has a sequential limit P. By Remark 4, there exists a neighborhood V of P 
which contains no line. Let {Q,,} be a sequence of points where, for each i, 
Q,, is in J,, and not in V. By Axiom 2, some subsequence of {Q,,} has a 


Tt Two sets are said to be mutually separated if they are mutually exclusive and if neither con- 
tains a limit element of the other. 


1937] TANGENT LINES AND PLANES 203 


sequential limit 0, and Q~P. By Lemma 6, some subsequence of {/,} has a 
sequential limit. An obvious extension of this argument proves 


THEOREM 3a. The plane space G is compact. 


Notation. If K is a point set and if A is a point, then K;A denotes the 
closure of the set of all lines containing A and a point of K—KA. If B and B’ 
are points of K distinct from A, and if there exists a connected subset of K;A 
containing BA and AB’, then K;B,A,B’ denotes the component of K;A 
containing BA and AB’. If k is a set of lines with a common point A and if a 
is a line containing A, then k;a denotes the closure of the set of all planes con- 
taining @ and a line of k—ka. If b and dD’ are lines of k distinct from a, and if 
there exists a connected subset of k;a containing ba and ab’ (where ba is the 
plane containing b} and a), then k;b,a,b’ denotes the component of k;a con- 
taining ba and ab’. 

Lema 9. If K is a connected point set, if A is a point, and if B and B’ are 
points of K distinct from A, then either K;B,A,B’ exists or else K;A,B,B’ and 
K;B,B’,A exist. 

It may be assumed that A, B, and B’ are non-collinear, as otherwise the 


lemma is trivial. Suppose there exists no connected subset of K;A containing 
BA and AB’. Since K;A is closed and compact, K;A consists{ of the sum of 


two mutually separated line sets M and N containing BA and AB’ respec- 
tively. By Lemma 8 it follows that M*—A and N*—A, and hence 
M*(K —KA) and N*(K—KA), are mutually separated. Hence A is a point 
of K and A separates B and B’ in K. By a well known theorem,t B does not 
separate A and B’ in K, and B’ does not separate A and B in K. Therefore 
K;A,B,B’ and K;B,B’,A exist. 


Lemma 9a. If K is a connected set of lines with a common point A, if ais a 
line containing A, and if b and b’ are lines of k distinct from a, then either 
k;b,a,b’ exists or else k;a,b,b’ and k;b,b‘,a exist. 


The proof is exactly parallel to the proof of Lemma 9. 

Notation. If K is a connected point set, if A is a point, and if B and B’ are 
points of K distinct from A, then K;B—A—B’ denotes K;B,A,B’ if this set 
exists and K;A,B,B’+K;B,B’,A otherwise. Since K;A,B,B’ and K;B,B’,A 
have a common line, it follows by Lemma 9 that K;B—A —B’ always exists, 
contains BA and AB’, is connected, and each line of K;B—A—B’ contains 
at least two distinct points of the point set K+-A or is a limit line of such lines. 


+ M, Chapter I, Theorem 35. 
t M, Chapter I, Theorem 49. 
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Lemma 10. If {M,} is a sequence of connected sets of lines (planes), and if 
there exists a convergent sequence {m,} of lines (planes) with m, in M, for each 
n, then the limiting set of {M,,\ is a line (plane) continuum. 


This lemma occurs in M, Chapter I, as Theorem 42. 


THEOREM 4. If K is either a locally connected point set or a point continuum, 
and if P is a limit point of K, then the paratingent A of K at P is a continuum 
of lines.* 


The proof of this theorem is carried out first for the case where K is a 
continuum. Let {V,} be a sequence of point neighborhoods which closes 
down on P. Let p and a be distinct lines of A (assuming A to contain more than 
one line). Let {R,} and {S,} be sequences of line neighborhoods closing down 
on p and a respectively. By Definition 6, there exists a pair of distinct points 
A,, and B, in KV, such that the line A,B, is in R,; likewise there exists a 
pair of distinct points C, and D, in KV, such that the line C,D, is in S,. Of 
the two points C, and D,, let C, be taken as one which is distinct from B,. 
Let it be supposed that V; was so chosen that K contains a point outside V;. 
For 2>1, let 8, (y,) be that component of KV: containing B, (C,). Since K 
is a continuum, there existsf a point B,’ (C,’ ) of 8, (y,) on the boundary of V2. 
Since the boundary of V2 is compact, there exists a subsequence {n,;} of the 
sequence {m} such that the sequence {B,/ } has a sequential limit B’; like- 
wise, there exists a subsequence {m;,} of {”;} such that the sequence {C.} 
has a sequential limit C’, where a runs (both now and in what follows) 
through the sequence {,,}. By Lemma 9, there exist, for each a con- 
nected line sets 6.;B,—Aa—Bi, Ba;Ba—Ca—Béd, Ya;Ca—Ba—C/, and 
Ya;}Ca—D.—Cd, where each line of each of these four sets contains two dis- 
tinct points of KV, or is a limit line of such lines. Since 6.;B.—C,—Baz and 
Ya;3Ca—B,—C, have the line B,C. in common, 6,;Ba—Ca—Bi + 
Ya;Ca—Ba—Cd is connected. But lim B,A, =p and lim A.B. =PB’. Hence p 
and PB’ are lines of the limiting set =! of the sequence {8.;B.—Aa—Bz }. 
Similarly, PB’ and PC’ are lines of the limiting set >? of {8.;Bs—Ca—Bé + 
Ya;Ca—Ba—C/}, and PC’ and ao are lines of the limiting set =* of 
}. By Lemma 10, 21, and are line continua; because 
pairs of these sets have common lines, their sum A; = 21+ 2?+ 2? is a line con- 
tinuum containing p and ¢. Every line of \; contains at least two distinct 
points of KV, or is a limit of such lines. Let \, be the line continuum obtained 
from KV,, by the same process that led to \; from KV;. By Lemma 10, the 

* The central idea underlying the proof of this theorem was suggested by a proof of Mirguet, 


Annales de l’Ecole Normale Supérieure, vol. 51 (1934), p. 201. 
7 M, Chapter I, Theorem 40. 
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limiting set \ of the sequence {d,} is a line continuum; it is evident that d 
contains p and ¢. But by Remark 6, each line of d is a tangent line of K at P. 
Hence A is connected. By Theorem 2, A is closed. Therefore A is a continuum 
of lines. 

The proof of the theorem in the case where K is locally connected is simi- 
lar to the above proof. Within each neighborhood V,, of the above sequence 
{V,} there exists a neighborhood V,’ of P such that KV,’ is connected. 
The points A,, B,, C,, and D, may be taken in KV,’. By Lemma 9, the sets 
KV,! ;A,—B,—C, and KV,’ ;B,—C,—D, exist. Since these sets have the 
common line B,C,, their sum is connected. The limit process based on Lemma 
10 may be applied as before to these sets. 

Notation. If K is a point set, if A and B are distinct points, and if C and 
C’ are points of K not in AB, then (K;A);AC,AB,AC’, if it exists, will be 
denoted by 
.C,A,C’ 


If K is connected then, by Lemma 9, either 

(1) K;C,A,C’ exists, or 

(2) K;A,C,C’ + K;C,C’,A exists. 

In Case (1) it follows by Lemma 9a that either 


(1a) K; a a exists, or 


(1b) K; B,A,C’ + K; CAB exists. 
Cc Cc 
In Case (2) either 


(2a) K; + exists, or 
(2b) K; + + exists, or 


(2c) K; + K; + exists, or 


(2d) K; + a; + K; exists. 


Of the six sets (1a) to (2d), let 


& 
‘Bi 
4, 
# 
ia 
il 
| 
# 


C. C. TORRANCE 


Air 
K; 


denote the first one existing. If C and C’ are collinear with A or B, then 


= , 


denotes the single plane ABC = ABC’. Thus, for any connected point set K 
and for points A, B, C, and C’ as described above, 


Air 
K; 


always exists, contains CAB and ABC’, is connected, and each plane of 


Air 
K;C—,-C€ 
contains at least three non-collinear points of K+A+B or is a limit plane 
of such planes. 

The extension of Theorem 4 to tangent planes in the case where K is a 
point continuum seems to present difficulty in that the non-collinear point 
triples needed for the proof may not exist. However, the following lemma 
makes it possible to prove the extension in two special cases of interest. 


Lemma 11. If P is a point, if {an} and {B,} are two sequences of point sets, 
if the sequential limiting set of {an} contains a point A distinct from P, if the 
limiting set of every subsequence of {8,} contains a point distinct from P, and 
if it is impossible to find a subsequence {n,} of {n} and sequences {A,,} and 
{B,,} such that lim A,,B,, exists and does not contain P, where, for each n;, An; 
is a point of an,, Bn, is a point of B,,, and A,,~B,,, then the limiting sets of 
{an} and {8,} are contained in the line PA. 


The proof of this lemma is readily effected by first showing that an arbi- 
trary point of the limiting set of {8,} is contained in PA and then using this 
result to show that an arbitrary point of the limiting set of {a,} is contained 
in PA. 

Let K be a point continuum and let P be a point of K. Let {V,} be a se- 
quence of point neighborhoods closing down on P. Let p and @ be distinct 
planes of the biparatingent II of K at P. Let {R,} and {S,} be sequences of 
plane neighborhoods closing down on p and a respectively. By Definition 6a, 
there exist three non-collinear points A,, B,, and C, in KV, such that the 
plane A,B,C, is in R,; likewise there exist three non-collinear points X,, Y,, 
and Z, in KV, such that the plane X,Y ,Zn is in S,. Let an, Bn, Yn, Mny Fn 
be those components of KV:2 containing Ax, Bn, Ca, Xn, Yn, and Zp. 


206 [March 


1937] TANGENT LINES AND PLANES 207 


If no non-degenerate subcontinuum of that part of K within some neigh- 
borhood V of P is contained in a line, and if V; is taken within V, then by 
Lemma 11 it is possible to find a subsequence {m;} of {nm} and points B,/, 
and of and nn, such that lim Baj/Cnj, lim Xnj, 
and lim X,/ Y,/ do not contain P. Hence there exists a set of connected sets 
of planes of the following sort for sufficiently large n;: 


Ynys ng Bi. ng ng? ng 


na? ng ng nq? ng 


ns 


Y¥ni3 Ung — — Un; 

Xn Xn, 


+ &,; X 
Eng Zane ng nyy “Ang 


, 


If the preceding hypothesis concerning the subcontinua of K is not valid, 
it is still possible to obtain a set of planes of the form (1) by imposing condi- 
tions on the lines and planes of the space S like the following: (a) if P is a 
point of the space S, there exists a point neighborhood V of P such that, if + 
is a plane containing a point of V, then V—Vz is the sum of two mutually 
separated point sets; and (b) a line is a simple continuous arc. Having ob- 
tained the set (1), one may prove the extension of Theorem 4 by following the 
line of argument in the proof of Theorem 4. 


THEOREM 4a. If K is a locally connected point set and if P is a limit point 
of K, then the biparatingent Il of K at P is a continuum of planes. 


The proof of this theorem is effected by taking neighborhoods V,’ of P 
within V,, such that KV,’ is connected and by modifying the above argument 
in exactly the same way as in the last paragraph of the proof of Theorem 4. 

It is readily possible to define hyperplanes of every finite “dimension” 
with the aid of Definition 2 and the inductive process indicated in Definition 
4a. Most of the results of this paper may be extended by means of these 
hyperplanes. 
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ON RINGS OF OPERATORS. II* 


BY 
F. J. MURRAY{ AND J. von NEUMANN 


Introduction. This paper is a continuation of one by the same authors: 
On rings of operators, Annals of Mathematics, (2), vol. 37 (1936), pp. 116-229. 
It contains the solution of certain problems which were left open there. We 
will prove the general additivity of trace Trm(A), its weak continuity, and 
certain isomorphisms between §, M, and M’ (cf. the remarks (i)—(iv) at the 
end of the above quoted paper). All these considerations refer to “Case (II)” 
for M (cf. Theorem VIII, loc. cit.). 

The properties of 7ry(A) are established by obtaining for it a represen- 
tation 

Tru(A) = > (Agi, gs) 
t=1 
(with a fixed, finite m=1, 2, - - - , and fixed gi, - - - , gne). This represen- 
tation is remarkable, because it is obviously a close analogue of the repre- 
sentation of Try(A) as a trace, that is, as the arithmetic mean of the diagonal 
matrix-elements of A in the cases (I,), #=1, 2, - - - , when M is essentially 
the full matrix ring of an -(finite-) dimensional Euclidean space. 

For certain cases (with the help of which the others are then mastered) 
we have even m=1. 

In Part I the above representation of 7ry(A) is obtained approximately. 
The technically interested reader may find it worth observing that the ex- 
haustion method we use there (§§1.2 and 1.3) is analogous to certain pro- 
cedures which can be used advantageously in the theories of measures and 
integration too. On this basis we establish the main properties of Try(A) in 
Part II, and then obtain the exact representation of Try(A) in Part ITI. 
Here two maximum-problems, called (A) and (B), which seem to possess 
some independent interest too, play a decisive role. 

Part IV is devoted to establishing an isomorphism between §, M, and M’. 
It turns out that a certain algebraic-topological extension Q(M) of M is 
isomorphic to § and that M and M’ play in it the role of right- and left- 
multiplication. This leads to an interesting and entirely new type of infinite 
hypercomplex systems, which are at the same time Hilbert spaces. A subse- 
quent paper will be devoted to their independent study. 

* Presented to the Society, October +1, 1936; received by the editors July 28, 1936. 

t National Research Fellow. 
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The appendix deals with the possibility of considering M (in the case 
(II,)) as a system of matrices with continuously spread rows and columns. 

We will use the notations, definitions, and results of our paper On rings 
of operators, quoted above, throughout this paper. We will quote it, whenever 
necessary, as R.O. All other quotations follow the bibliography of R.O. 
(pp. 125-126, Nos. (1)—(22)). 

The isomorphism problems of different rings M of class (II,) (cf. the 
remark (v) at the end of R.O.) are not discussed here. They will be dealt with 
in a subsequent publication. 

Since the appearance of R.O. the second-named author has succeeded in 
finding new representations of case (II,) in terms of infinite direct products, 
which throw new light on (II,) as a limiting case of the (I,), m=1, 2,---, 
as well as a way of applying the present theory to quantum-mechanics. These 
subjects too will be discussed in papers which will follow soon. 
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Introduction. 
Chapter I. Approximate form of Trm(A) (for a21). 
1.1. The normalization. 
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1.4. Properties of such a piece. 
1.5. Extension of the approximately homogeneous piece. 
1.6. Properties of the extension. 
1.7. Formulation of the result. Theorem I. 
Chapter II. Immediate consequences. 
2.1. Additivity and restricted weak continuity of Trm(A). Properties 
I, II. 
2.2. Definition of Trm(A) for all (not necessarily Hermitian) AeM. 
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Chapter III. The exact form of Trm(A) (for a=1). 
3.1. The spectral form (A) with Dy(E(A)) =X. 
3.2. The maximum problems (A) and (B). 
3.3. Reducibility of a geS by an EeM. 
3.4. Decomposition of a g from Theorem I. 
3.5. Construction of an exact g for Trm(A). Removal of the condition 
a2=1. Unrestricted weak continuity of Try(A). Theorems II, III, 
IV. 
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4.2. The correspondences of §, Q(M), and Q(M’). Criteria for u.d. 
Equivalence of u.d. for M and for M’. Isomorphism properties of 
these correspondences. Theorems V, VI. 

4.3. Analysis of Q(M), Q(M’); their Hilbert-space character. Theorems 
VII, VIII, IX. 

4.4. Algebraic properties of Q(M). Roles of M, M’ in it. Properties 
II°, IV°, V°. Theorem X. 

4.5. Implication of a spatial isomorphism by an algebraic ring-isomor- 
phism. Theorem XI. 

4.6. Description of further results. 

Appendix. The matrix-aspect of the M of class (II). 


CHAPTER I. APPROXIMATE FORM OF Try(A) (FOR a2=1) 


1.1. We assume that we have given a factor M in case II,. Now we nor- 
malize Dy and Dy so that C=1 (cf. R.O., pp. 179-182). This means (R.O., 
loc. cit.) that for every feS, Du(Dty™’) = Du (M,™”) and that the range of Du 
is the interval 0<x%<1. Let the range of Dy: be the interval 0 <x <a, where 
0<as~. In this part, we assume that a21. 

Now M’ is a factor of class II, or II., by R.O., Theorem X. In the first case 
the range of Dy, is in the normalization (loc. cit.) the interval, 0<*<1, and 
C=1/a (since Du: =1/a times its value in the previous paragraph). Since 
C1, we have in both cases by the discussion on page 182 of R.O., that 
A,=A. By R.O., Definition 10.1.1, this implies that there exists an f such 
that Du(M,™’) =1. Since we can pass from the normalization of this para- 
graph to that of the previous paragraph by multiplying Dy: by a and leaving 
Dm unchanged, we see that this holds even with our previous normalization. 

Thus we have an f such that Dy(E;”’) =1=Dm(1) or Du(1—E,”’) =0 
which implies 1—£,“’ =0; that is, E;”’=1. We now assume that such an f 
has been chosen and is held fixed for the following discussion. 

1.2. With respect to this fixed f, we now define certain relations concern- 
ing a projection EeM. 

DEFINITION 1.2.1. Let E¥0 be a projection, eM, 0 a real number =0. The 
relation E>@ (E=0, E<0, E<8) is said to hold if (Ef, f)>@Dm(E) ((£f, f) 
>0Dm(E), (Ef, f) <@Du(E), (Ef, f) <0Dm(E) respectively). 

The relation EZ ,A (ES ,A) is said to hold for a projection EX0 if for every 
FeM such that FS E, F #0, we have F= (F Sd). 


Lemma 1.2.1. Let {E;} be a sequence of projections (finite or infinite) with 
ExeM, E,;E;=56;'E;. Then if for every i, E; SX (E;2), and if for some i, say 
in, Ei,<d (Ei,>d) we have :E;<d 
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We have, for every i, AD(E,) (Eif, f), hence i4i,D(Es) f) 
and \D(E;,) <(E;,f, f). These imply f) or 
<(>-.E;f, f), which was to be shown. 

Lemma 1.2.2. If (ESA), then there exists an F such that 
(FS,)). 

By Definition 1.2.1 we have E+0. Suppose there is no such F. Then there 
must be an such that E> and E,<X. (Otherwise itself would be 
such an F.) Now let © be the first ordinal number which belongs to a cardinal 
number S>WN>. Let a be an ordinal number such that a<Q. Let us suppose 
that for all 8B<a an Eg has been defined in such a way that E,;+0, Es<E£, 
Eg <A, Es, = 5s,,8,Es,- Now if let be undefined for 
a’ >a. If, however, by hypothesis, is not = pA, 
hence there exists an Eo, with Ey ~0, E—) = Eo, EZ peaks 
>Eo. Thus if we let Ea=Eo, we have, if an which is 
orthogonal to all previous Es and E, <x. 

Now D(E) =>os<aD(Es) for every a. Since D(E,) >0, this implies that 
there is only denumerably many of the numbers D(E,). Hence for some 
a<Q, E—>)°s<.E3=0. Inasmuch as a<Q, we can re-index the E,’s into a 
finite or a simply infinite sequence. Now E, <A, E; SX, and since E=)_;Ei, 
Lemma 1.1 implies that E<X, a contradiction. 


Lemma 1.2.3. If EZ, (ES,)), then if F¥0, FeM, we have 
F2,d (FS,A). 

If F; is such that F=>F,, F,¥0 then E2>F2F, and hence by Definition 
1.2.1, Fi2X. This statement implies that F2 ,X. 

1.3. Now (1f, f) =||/||?=|{f||2D(1). Now let 00=||f||? which is of course not 
zero for Dty“=§H and this precludes f=0. Thus 1 (the projection, not the 
number) is >0o. By Lemma 1.2.2, there exists an EeM, such that E= ,6o. 
Now let be the least upper bound of the numbers @ such that E2,0. 
must be less than (Ef, f)/Dmu(E) and since Dy(E) >0, it must be finite. 
Let ¢ be any number >0. E is not =,A+e. Hence there is an £;, such that 
E2£,, and E,<\+e. Lemma 1.2.2 now implies that there is an EZ: with 
and Ens pAt+e. 

Now if F is such that E> F, FeM, F we have F for all which 
means of course that F2X and E=,X. Now since E= E, = E,, Lemma 1.2.3 
implies that E,2 ,. Thus for some fixed \>0, given any e>0, we can find a 
non-zero E,¢M, such that for all FeM with the property E,=F, we have 


(A + €)Du(F) 2 (Ff, f) \Dm(F). 
Now if we let f be \"f above, e=\(K —1)E.=E, we see that 


| 
| 
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Lema 1.3.1. To every K>1 there exists an f and EeM, EX¥0, such that 
for every FeM with the property E2F, 


KDu(F) 2 (Ff, f) = Du(F). 


1.4. We can now show 


Lemma 1.4.1. Let K, f, and E be as in Lemma 1.3.1. Let AeM be a positive 
definite self-adjoint operator such that EA=AE=A. Then 


KTru(A) 2 (Af, f) = Tru(A). 


Let c be the bound of A, E(A) the resolution of the identity correspond- 
ing to A. Now by R.O., pp. 212-213, 


Tra(4) = f = f ra 


Now since AE=A, E(0)=1-—E, and since A commutes with E, E com- 
mutes with all E(A) (cf. (15), Theorem 8.2). Now E(A) = E(A)E+£(A)(1—£). 
Since E(A) and E commute, E(A)E=F(A) is a projection and similarly 
E(A)(1—Z£) is a projection. For \20, we have E(A)(1—Z) $1—E and also ‘ 
E(A)(1—E) = E(0)(1—E) = (1—E)?=1—E and thus E(A)(1—E) =1—E. So 
ford =0, E(A) = F(A) +(1—£). Now F(A) (1—E) = E(A) E(1 —E) =0, hence by 
R.O., Definition 8.2.1, D(E(A)) = D(F(A)) + D(1—Z£). Thus we have 


Tru(A) = f ranceay) = f + f ra — E)= f 
0 0 0 


and 


(4,9 = f = + — ED, f) 


= f p. 


But Lemma 1.3.1 now implies that if 0<a<6 Sc, then 
KDu(F(8) — F(a)) 2 ((F(8) — F(@))f, f) 2 Du(F(B) — F(a) 
which by the definition of the Riemann-Stieltjes integral yields that 
KTrm(A) 2 (Af, f) 2 Tru(A). 


Lemma 1.4.2. For a projection E¥0, E=,0 (<,0) is equivalent to the 
statement that for all positive definite AeM such that EA=AE=A, 


(Af, f) = ru(A) (S 0Trm(A)). 
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Since Try(F)=Dms(F), F a projection, the last statement implies the 
first. The converse is shown by a proof similar to that of Lemma 1.4.1. 


Lemma 1.4.3. Let AeM be such that EA=AE=A, then ||A*f||?< K|| Af||?, 
if E, f, K are as in Lemma 1.3.1. 

A*A is positive definite and eM. Furthermore A4E=EA=A implies 
EA* =A*E=A’*, and thus EA*A =A*A =A*AE. Hence Lemma 1.4.1 ap- 
plies to A*A and we have 


(a) KT1y(A*A) = (A*Af, f) = Tru(A*A). 


Using the canonical decomposition (R.O., Definition 4.4.1) for A* we have 
A*=UB, where U may be taken as unitary. (In the finite cases, we see 
(cf. R.O., Lemma 16.1.1) that there exists a partially isometric V with initial 
set (f; A*f=0) and final set (f; Af=0). Now if W is as in R.O., Definition 
4.4.1, for A =A*, let V=W+V.) B is self-adjoint and equals (A.A*)"?. Now 
A =BU*=BU~ and hence A*A = UBBU = Hence 


(B) Tru(A*A) = Try(UAA*U-!) = Try(AA*). 
Substituting A* for A in our previous result we have 
(y) KTru(AA*) 2 (AA*f, f) 2 Tru(AA*). 
Combining (a), (8), and (¢), we obtain 
K(A*Af, f) = KTrm(A*A) = K Try(AA*) = (AA*f, f). 


Since (A*Af, f) =(Af, Af) =||Af||2, (AA*f, f) =(A*f, A*f) =||A*/]|?; this is the 
desired inequality. 

1.5. Now if Z is as in Lemma 1.3.1, let 2 be the smallest integer such 
that 1/n<Dy(E). Then if E°SE is such that Dy(E°) =1/n, Lemma 1.3.1 
will hold with £° in place of E. Now f was chosen in such a manner that 
M,"’ =H. This implies that MM; is the range of E°, because since the set 
(A’f; A’eM’) is dense in §, the set (E°A’f; A’eM’) =(A’E°f; A’eM’) must be 
dense in the range of E°, or Since C=1, Du 

Now let E°=E,, Ef%,=E!. Since Du(E,) =1/n, Du(1) =1, we can find 
projections {£;}, 7=1, - - -, with the first equal to EZ, such that E,eM, 
1, E,E;=0 if i¥j, Du(E;) = 1/n. Since Du: ) = 1/n, Du: (1)=a= 1, 
there exist projections eM’, 7=1, - - - , m, with the first equal to and 
such that E/ =0 if and Dy (E}) =1/n. Since = Dmu(E;), there 
is a partially isometric operator W;«M with initial set the range of EZ, and 
final set the range of EZ; (cf. R.O., Definition 4.3.1). Similarly we have a 
Wj«M’ with initial set the range of E/ and final set E}/. The relations 
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| 
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and W} hold, also = W;. 
E\W;=W;, W*E;=W7, =W}/, Eiwj* 
W/*E} =W}* (cf. R.O., Lemma 4.3.1). 

Let WjW;E.f=f;, ok, Then 
=W} W =f,and E; Ej} W} WE, f= W} W =fi. Thus Ef; =f;=E} f;. 

Let Ji, then Eg= EX f= ED" fi= 
Similarly E/ g=f;. Now for any AeM if either 1+7 or k/1, then E;A Exg is 
orthogonal to E;A E,g. For inasmuch as E.g=f;,= Es g, we have, 


(E;A Exg, E;AE xg) = (E;E;A Exg, AE ig) => 5 Exg, AE vg) 
= 6; (E;AEX 8; g) = E;Ag, Ej Ag) 
= (E/ Ef E;Ag, Ag) = E:Ag, Ag). 
These results imply that if AeM, then 
n n 2 n n 2 n n 


i=1 j=1 i=1 j=l j=l 


= = OD = OD wi Ww sil? 


i=l i=1 j=l t=—1 j=l 


|W EAEW fill? = |W} EY 


jal j=l 


jal i=l j=l 


fll? = || sil? 


i=l j=l i=l j=l 
- > || W*EAE,W = > || W#EA E,W f\l?, 
j=l tml 
remembering that W/ is isometric on the range of E/ , W* on the range of E; 
and. W ,E, = W;. Substituting A* for A and interchanging i and j we also have 


j=l t=1 j=l 


But recalling the properties of W; and W#* we have 
Thus Lemma 1.4.3 with A=W*E,AE,W; yields ||(W*E;AE,W,)*f||? 
< K||W*E,AE,W f||? and with this, we obtain from the above equations for 
|| and || 4*g||? that || 4*g||*< 
This result may be stated as follows. 


n n n n n n 
n n n n 
n n n n 
n n n n 
n n n n 
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Lemma 1.5.1. If K is any number >1, there exists a geD, g~0 such that for 
every AeM, ||A*g||?< K||Ag||?. Obviously we may assume that ||g|| = 


1.6. We now have 


Lemma 1.6.1. Let K and g be as in Lemma 1.5.1. Then if E and F, €M, are 
two projections such that Du(E) = Dma(F), then K— (Fg, g) (Eg, g)< K (Fg, g). 


Inasmuch as Dy(Z) =Dms(F), there exists a partially isometric operator 
W such that W*W =F, WW*=E, WeM (cf. R.O., Definition 8.2.1, Definition 
6.1.1, and Lemma 4.3.1). Now (Fg, g)=(W*Wg, g)=(Wg, Wg) =||Well?, 
(Eg, g) =(WW*g, g) =(W*g, W*g) =||W*g||?. Lemma 1.5.1 with A=W im- 
plies (Eg, g)<K(Fg, g). With A=W*, the same lemma implies (Fg, g) 
< K(Eg, g) or K-'(Fg, g) = (Eg, g). We have now shown our lemma. 

Suppose EeM is such that Dy(E)=1/m, where m is an integer. Then 
there exist m—1 projections E2, - - - , E,, such that when we let E,=E, we 
have E,E;=0, for EjeM, Du(E;) =1/m. Now returning to 
the g of Lemmas 1.5.1 and 1.6.1, we have 


1 = ||g||? = (¢, g) = = (Ex, g). 


j=1 j=l 


Let (Eig, g) =a. Then Lemma 1.6.1 implies that g) =>K-'a, for 
every 7. Summing over j, gives Kma=1=K-'ma or Ka=1/m2= K-'a which 


is the same as 
(+) K(Eg, g) = Du(E) = K~(Eg, g), 
since Dy(E) =1/m. 

Let us ened the class = of Z’s in M which satisfy the equation (+). 
Now if Fi,---, Fy or Fi, F2,---+ satisfy (+) and F,F;=0, ij, then 
or also satisfies (+). But if FeM is such that Du(F) =q/p, 

F=> for mutually orthogonal F,’s with Du(F;)=1/p and hence 
satisfying (+). Thus if Du(F) =q/p, F satisfies (+). 

Let E be any projection of M, Du(E) =a. Let {a:}, a;20 be a sequence 
of rational numbers, )_;_,#;=a. Then there exists a set of mutually orthogo- 
nal projections {£;} such that E;<E, EieM, Du(E,) =a;. To show this, 
suppose Ey, -+ +, E;. have been chosen with these properties. Then 
Du(E->~ i) Hence an E; can be chosen in such a L way 
that is SE with Dy(E;)=a;. Now 
or _,E;. Since each E; satisfies (+), E does too. Since 
E is arbitrary we have 


Lema 1.6.2. Let K and g be as in Lemma 1.5.1, then for every EeM 
K(Eg, g) = Dmu(E) K-'(Eg, g)- 


a 
i 
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1.7. From Lemma 1.6.2 we can conclude, using Lemma 1.4.2, that if 
AéeM is positive definite, then 


K(Ag, g) 2 Tru(A) = K-\(Ag, g)- 


We can state our result as follows. 


THEOREM I. Let M be a factor in case II,. Let M and M’ be such that 
when Dy and Dy: are normalized in such a way that the range of Dy is the 
interval (0, 1) and C =1 (cf. §1.1), then the range of Dm: is an interval (0, a) 
with 0<a< @, then a=1. Then to every K >1, there exists a ge such that for 
every positive definite AeM, 


K(Ag, g) 2 Trm(A) 2 K~(Ag, g). 


CHAPTER II. IMMEDIATE CONSEQUENCES 


2.1. We are now able to show that 7ry has the following two properties 
when M is in a finite case (cf. R.O., Theorem VIII); that is, when M is in a 
case I, (n=1, 2, ---) or Ih. 


Property I. For all Hermitian A and BeM 


Tru(A + B) = Tru(A) + Trm(B). 


Property II. Trm(A) is weakly continuous if A is subject to either of these 
conditions: 

(i) A is uniformly bounded (that is, ||| A|||<D for some fixed D); 

(ii) A is definite. 


These properties are obviously independent of the normalization of 
Dy(E) and Try(A). 

If M is in cases I,, m=1, 2, - - - , these are of course well known results 
about Trm(A) (cf. R.O., p. 220). So we may assume M to be in case I]. 

Then we have in the normalization of R.O., Theorem VIII, three possibili- 
ties for the factorization M, M’: Il,, II..; Il, with C<1; I, with 
C21. The two first ones correspond to a2=1 in the normalization of §1.1, 
and since we shall only use Theorem I, from §1.1, we may treat these two 
cases together. 

We therefore consider first the conditions under which Theorem I holds: 
the normalization of §1.1, and a=1. We obtain an equivalent statement of 
Theorem I with AeM, Hermitian and not necessarily definite. 

Let K, g be as in Theorem I, then K-(g, g) =K~-||g||?< 7rm(1) =1, or 
||g\|?<.K. Furthermore if AeM is Hermitian, then A = Az, where A, and Az 
are both positive definite and A,4;=0=A2A,. (Take A,=}(A+|A]), 


EB 
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A;=}(|A|—A) (cf. (15), Chapter VI, or (19), p. 203 ff.).) Since Ai and Az 
commute, 7rm(A) =7rmu(A:) —Trmu(Az) by R.O., Lemma 15.3.4. It is a con- 
sequence of Theorem 1 that, if e=K—1, 


| Tru(A1) — (Aig, g)| S (Arg, g); Tru(As) — (Agg, g)| S €(Aag, g)- 
These with the above equation for 77y(A) imply 
| Tru(A) — (Ag, g)| S g) + (Aog, g))- 


But the bounds of A; and Az are each not more than that of A. Also 
\|g||?<1+. So if A has the bound D, we have 


| Tru(A) — (Ag, g)| 2e(1 + 


Let A, B, A+B have the respective bounds D,, D2, D;. Substituting in 
(1) each of these operators, inasmuch as ((A+B)g, g) =(Ag, g)+(Bg, g), we 
get 


| Tru(A + B) — Tru(A) — Tru(B)| S 2(1 + €)(Di + Dz + Ds), 


which since e may be taken arbitrarily small, implies Property I. 

We turn our attention to Property II, (i). Consider the set = of all 
Hermitian AeM, with a bound less than or equal to a fixed D. We will 
show that to every Aez and to every 7 >0, there exists a weak neighborhood 
of A, U(A; g; g; n/3) such that for all Bed and BeU(A; g; g; n/3) (ie., 
| ((B—A)g, g)| <n/3) we have | Tru(B) —Tru(A)| <n. Letting ¢ be such that 
e(1+¢)D<n/3, as above we can find a g such that for A and every Bez, 
| Tru(A) —(Ag, g)| Se(1+¢e)DSn/3, | Tru(B)—(Bg, g)| $n/3. In particu- 
lar for BeU(A; g; g;n/3) (cf. above) which means that we also have 
| ((B—A)g, g)| <n/3, these inequalities imply that | Tru(A) —Tru(B)| <n. 

Thus we have shown the weak neighborhood continuity of Try(A) with 
of course a restriction. From this the sequential continuity follows immedi- 
ately. (If A,—A, then the A, are uniformly bounded and for any 7>0, 
almost all the A, must be in the above given neighborhood.) In this situation 
the two kinds of continuity are equivalent (cf. (18), pp. 383-384), but we 
will use only the sequential. 

Trm(A) is also weakly continuous when considered only for the positive 
definite AeM. For suppose A is such and an e>0 is given. Let the K of 
Theorem I be chosen in such a way that 1<K $2, and (K—1)Trm(A) <é/5, 
and let g correspond to this K as there. Let 7 be chosen in such a way 
that »<e«/5. Then if a positive definite BeM is in U(A; g; g; n), we have 
| Tru(A) —Tru(B)| <« (because | ((B—A)g, g)| <n Se/5, | Tru(A) —(Ag, g)| 


| 
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<(K—1)Trm(A) <é/5, and, in addition, | Tru(B) —(Bg, g)| <(K —1)(Bg, g) 
<(K—1)((Ag, g) +n) $(K —1)(Tru(A) +€/5+n) S3¢/5). 

Thus we have settled the factorizations II,, and I, with C <1. 
But we still must consider the case II,, Il, with C>1. Let m be an integer 
such that C/m<1, E,, an m-dimensional unitary space. Form E£,,.@ (cf. 
R.O., Theorem I). Let N be the ring of operators on E,,, N’ the corresponding 
set of operators on E@® (cf. R.O., Lemma 2.3.1 and Lemma 2.3.2), B the 
set of all operators in §, B® the corresponding set in E@§. 

Under the above correspondence of B and B®, M~M, M’~M’). The 
first and hence each of the others is a full ring isomorphism (R.O., Lemma 
2.3.4 and (22), §4). Thus M® and M’™ are in case IT, (R.O., Theorem IX). 
Now let ¢i, - - - , @m be a complete orthonormal set in E,, and let us think of 
the set up of R.O., §2.4. By R.O., Lemma 2.4.5, we have M®’ = R(N“, M’) 
and by R.O., Lemma 11.5.2, R(N“, M’®) is in case II, since as we have 
mentioned before, M’‘ is in this case. 

Thus the coupled factorization, M‘, M’, is in case II,, II, and M® is 
fully ring isomorphic to M. Furthermore such an isomorphism preserves Dy 
in the standard normalization (R.O., Theorem IX) and hence the trace. Now 
suppose we have shown that for M®, M‘’ we have C® <1. Then M® has 
Properties I and II, by the above and M must have them to be the iso- 
morphism. (As m is finife, even weak operator topology is conserved under 
the mapping B~ 

Therefore it remains to show that C’ <1. Consider the closed linear mani- 
fold, (¢:@/; feH) = (say) M, in E,,®H. The correspondence of M and H given 
by ¢:@f~/f is unitary. Under it, Myr and R(N, M’)m (cf. R.O., Definition 
11.3.1) are unitarily equivalent to M and M’ (cf. R.O., §2.4). Thus the C for 
M, M’ is the same as that of Mj; and R(N“, M’®)g. Then from the proof 
of Lemma 11.4.3, we can conclude that C = (Dy@($)/Dmyer(M))C =mC 
or C® =C/mS1. 

2.2. Previously Try(A) has only been considered for Hermitian AeM. We 
now define it for all AeM. 


DEFINITION 2.2.1. If AeM, then A=B+iC, where B=}(A+4A%*), 
C = —}i(A —A*) are Hermitian, and we define Tru(A) = Tru(B)+iTrm(C). 

Tru(A) has the following property. 

Property III. (*) Tru(A) agrees with the previous definition of Tru(A) 
if A is Hermitian. 

(* *) For uniformly bounded or for definite A’s, Tru(A) is weakly con- 
tinuous. 
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(i) Trm(1)=1; 

(ii) Tru(pA)=pTrm(A), p complex; 

(iii) Trm(A +B) =Tru(A)+Tru(B) ; 

(iv) Trmu(A) 20, if A is definite; 

(iv)’ If A is definite and #0, Tru(A) >0; 
(v) Tru(A*) =Tru(A); 

(vi) Try(AB) =Trmu(BA); 

(vi)’ Tru(U-!AU) =Tru(A), if U is unitary. 


Now, (#*) and (v) are immediate consequences of the definition. (i), (iv), 
and (iv)’ follow from (*) and R.O., Theorem XIII. A* is a weakly con- 
tinuous additive function of A. Thus B and C are too, and we may infer (iii) 
and (* *) from Properties I and II respectively. To show (ii) we first note 
that if A is Hermitian by Definition 2.2.1, Trm(iA)=iTrm(A) and if a 
is real by (*) Tru(aA)=aTry(A). Then (ii) can be shown by a calculation 
involving (iii). 

To show (vi) suppose A and BeM are Hermitian. Let C=A+7B, 
C* =A —iB. Then Try(CC*) =Tru(C*C) (by (*), cf. proof of Lemma 1.4.3, 
equation (8)). Substituting for C, expanding the products according to the 
distributive law and collecting terms, we get 2i(Tru(AB) —Trmu(BA)) =0 or 
Tru(AB) =Try(BA). From this we can show (vi) in general by using Defini- 
tion 2.2.1, (ii) and (iii). (vi)’ follows from (vi) by letting A = U-1A, B=U and 
using the associative law. 


Property IV. (i)-(iv), (v), (vi)’ of Property III characterize Try(A) 
uniquely. 

Let Tr’(A) have the listed properties. Then if A is Hermitian, Tr’(A) 
is real by (v). This and (i)-(iv), (vi)’ imply that for AeM and Hermitian 
Tr’(A) =Trm(A) (R.O., Theorem XIII). By (ii) and (iii), we then have that 
for an arbitrary C=A+iB, A and B Hermitian, Tr’(C) =Tr’(A +7B) 
= Tr'(A) +Tr’ (iB) = Tr'(A) +iTr’ (B) = Tru(A) +iT1rm(B) = Tru (A 
= Tru(C) or Tr’(C) =Tru(C). 


CHAPTER III. THE EXACT FORM OF 77ry(A) (FOR a=1) 


3.1. We again assume M in case II,. Some lemmas about families of 
projections and spectral forms in M are needed. Of these the two last ones 
have some interest of their own. 


LEMMA 3.1.1. For any two projections E, FeM with ESF, and any 
a =Dy(E), <Dm(F), a projection GeM with ESGSF, Du(G) =a exists. 


F-—E is a projection, and 0Sa—Dy(E) Du(F) = Dau(F —E) 


it 
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<1. Thus a projection G’eM with Dy(G’) =a—Dy(E) exists (because M is 
in case II,). So Du(G’) = Du(F —E) and therefore a projection G’’eM with 
G’’ < F—E, Du(G"’) = Du(G’) =a— Dy (E) exists. G’’ is thus orthogonal to E, 
and therefore G’’+E is a projection and Dy(G’’ +E) = Du(G”’) +Du(E) =a. 
Besides, G’’+E2E and G’’+E<s<(F-—E)+E=F. SoG=G"+E has the de- 
sired properties. 


Lemma 3.1.2. For any two projections E, FeM with ESF a family of pro- 
jections G(a)eM defined for all « with Du(E) Sa <= exists, which possesses 
the following properties: 

(i) G(a)=E or F if ~=Dm(E) or Du(F) respectively. 

(ii) implies G(a) SG(8). 

(iii) Du(G(a)) =a. 

Choose a sequence p:, p2,--- Which lies and is dense in the interval 
Du(E) Sa Du(F), with p:=Du(E), p2=Du(F). 

We will now define a sequence of projections G(p:), G(p2), - - - , «M, so 
that (i)--(iii) hold for a=p;, po, ---. Put first G(pi:)=E, G(p2) =F; then 
(i)-(iii) hold for a=p;, pz Assume now that for a j=3, 4,--- the 
G(p.), - - G(p;-1) are already defined, so that (i)—(iii) holds fora=p,, -, 
p;-1, we will now define G(p;) without violating (i)—(iii). 

Consider the p;,i=1, - - - ,7—1, with p; <p; (they exist: p:= Du(E) <p,); 
let p; be the greatest one. Consider the p;,i=1, - - - , 7-1, with p;=p; (they 
exist: p2=Dy(F)=p;); let pi be the smallest one. Thus p,; Sp; and so 
Besides Du(G(pi)) Sp;Spiv = So Lemma 
3.1.1 can be applied to E=G(p;), F=G(pi-), a=p;, and we define G(p;) =G. 

Thus G(p;-) <G(p;) SG(p;), therefore p;Sp;, i=1,---, 7—1, ‘mplies 
piSpi, G(pi) SG(pi-) S$G(p;) and p;=p;, i=1, --- , implies ps2 
G(p;) => >G(p;). Besides Du(G(p;)) =p;. So (i)—(iii) hold fora=p,, - - -, 
Pj-1, Pj, too. 

Thus all G(p:), G(p2), - - - are defined. Owing to (ii), lim,,.,.;>« G(p:) 
exists for all a with Dy(E) =p: Sa Sp2=Dy(F). If ais equal to a p;, then this 
limit is meant to denote the value at p;. So we can extend the definition of 
G(a) to all above a by defining 

G(a) = lim G(p,). 


pi>za 
Now (i) remains true, and (ii), (iii) extend by continuity to all above a. 
Lemma 3.1.3. Let AeM be a definite operator with bound <1. Then there 
exists a monotonous non-decreasing and right semi-continuous function o(a) for 
OSaS1 with 0<¢(a) S1 and a resolution of identity E(a)eM (cf. (16), p. 92, 
or R.O., Definition 15.1.1) with the following properties: 
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(i) E(0)=0, E(1) =1, 
(ii) Du(E(@)) =a, 
(iii) (Af, g) =S,¢(a)d(E(a)f, g) for any f, g, or symbolically, 


A= 


Let F(A) be the resolution of identity corresponding to A. As A is def- 
inite, so F(0) =0; as the bound of A is $1, so F(1) =1. 
Consider now the two following functions: 


¥(A) = Du(F(A)), 
¢(a) = l.u.b. r. 


OSAS1, Sea 


¥(A) is monotonous non-decreasing and right semi-continuous in 0S\<1, 
because F(A) is a resolution of identity, and besides ¥(0) =0, ¥(1) =1. Thus 
¢(a) is monotonous non-decreasing and right semi-continuous in 0Sa<1, 
and its values are all in 0<\ <1. One verifies these facts, as well as those 
which follow, easily; besides, their discussion may be found in (19) (numbers 
in parentheses refer to the bibliography in R.O., pp. 125-126) on p. 193. 
(Our ¥(A), (a) corresponds to the ¢(a), ¥(b) there, thus they are both 
“m-functions,” and ¢(a) is the “measure function” of ¥(A).) The relation 
between ¢(a) and ¥(A) is symmetric (cf. loc. cit., Y(A) is the “measure func- 
tion” of ¢(a), we must define for the empty set in 0<\S1 the l.u.b. 0); 
that is, 
¥(A) = l.u.b. (¢(a@) S A). 


Finally (cf. loc. cit.) 

(*) ¥(O(W(A))) = HA). 

That is, Du(F(¢(¥(A))) =Du(F(A)). But F(¢(¥(A)))ZF(A), and therefore 
this implies 

(+ *) F(¢(W(A))) = FQ). 

If ¢(a) <1, then choose » with ¢(a) <p <1, and let u-¢(a). Under these 
conditions the definition of ¢(a) implies Dyu(F(u)) >a, so Du(F(¢(a))) Zo For 
=1 this holds, too: Du(F(¢(a))) = Du(F(1)) = Du(1) =1 2a. On the other 
hand, if ¢(a)>0, then a sequence of » with 0<y<¢(a), u—-d(a) and 
Du(F(u)) Sa exists, so Dyu(F(¢(a) —0)) Sa. This holds for ¢(0) =0, too, if we 
identify F(0—0) with F(0) =0: Du(F(0—0)) = Dmu(0) =0 <a. So we have 


(#) Du(F (¢(a) — 0)) a Du(F(¢(a))). 
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Form now for every 0<\ S51, E=F(A—0), F=F(A) and apply Lemma 
3.1.2. A family of projections G(a)eM, Du(F(A—0)) Dmu(F(A)), results. 
Choose for every 0<AX1 such a family, and hold it fixed: G(A, a). (If 
F(A—0) = F(A), then necessarily a= Dy(F(A)), and G(A, a) = F(A). So only 
the A with F(A —0) # F(A), the point-proper values of A, are important. Their 
set is finite or enumerably infinite.) 

Now define for every 0S 
(§) E(a) = G(o(a), a) 


(this expression has a meaning owing to (#)). 

We have now by definition Dy(E(a)) =a, so condition (ii) is satisfied. 
For a=0, 1, this gives E(0)=0, E(1) =1, so condition (i) is satisfied, too. 
If a<B, then ¢(a) <¢(8). The relation ¢(a) =¢(8) gives 

E(a) = G(¢(a), a) = G(¢(8), a) S G(o(8), 8) = E(B), 
while ¢(a) <¢(8) gives 

E(a) = G(¢(a), a) S F(¢(a)) S F(¢(8) — 0) S G(g(8), 8B) = E(B). 
So we see that 
(*) a implies E(a) E(8). 
Furthermore 8 >a gives 

Du(E(8) — E(a)) = Du(E(8)) — Du(E(a)) = B — a, 

so limg.a,8>a Du(E(8) — E(a)) =0. But 


lim Dy(E(8) — E(a)) = Du( lim £(6) — E(a)) = Du(E(a +0) — E(a)) 


8>a B>a 


so Dy(E(a+0) —E(a)) =0, E(a+0) = E(a), or 
lim E(8) = E(e). 


Ba ,B>a 

(i), (+), (+ *) state that E(a) is a resolution of unity. 

It remains for us to prove (iii). 

Consider the expression ¢(a) and ||E(a)f||? are both 
monotonous non-decreasing functions of a if a increases from 0 to 1, then 
these functions increase from $(0) to ¢(1) =1 and from 0 to ||f||? respectively. 
Thus our integral is, by partial integration, equal to ||f||?— f*|| E(@)f||*db(a). 
We may now introduce a new variable of integration: \=¢(a). Then we 
have (cf. loc. cit., p. 198) = But by (§) 
E(¥(A)) ¥A)), and by (*) =Du(F@(Y())). So the 
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definition of G(u, a) gives G(P(Y(A)), =F@(Y(A))). By (* *) this is 
F(A), so we have E(y(A)) =F (A). Thus our original expression is equal to 
| fil?— S'\|FQf||%dA, and this becomes by another partial integration 
J Pet 5 that is, (Af, f). Thus we have proved: 


(4f,f) = E(a) |? 


Replacing herein f by f+ g/2, and subtracting, gives the real part of (iii). 
Now replacing f, g by if, g gives the imaginary part of (iii). Thus the proof is 
completed. 

Finally we need the following lemma. 


Lemma 3.1.4. Let E(a)eM be a resolution of unity in as asb, E(a) =0, 
E(b) =1. Thena bounded Hermitian operator BeM with (Bf, g) = f Ad(E(A)f, g), 
symbolically B= f AdE(A), exists. For every bounded Baire function (a) 
an operator C=y(B)eM with (Cf, g)= V(A)d(E(A)f, g) symbolically 
"Y(A)dE(A) exists. If O<W(A) S1, then C is Hermitian, definite, and of 
bound 1. For all W(d) 


b 
Tru(C) = ¥(d)dDu(EQ)). 


The existence of the bounded B is a well known fact about spectral forms, 
as all E(A)eM so BeM (see (18), p. 389, Theorem 1). C=y(B) exists and is 
bounded ((19), p. 205), and BeM implies CeM ((19), p. 213, Theorem 6). 
0<y(a) <1 implies the Hermitian, definite character of C and 1—C ((19), 
p. 205) (C Hermitian: by Property b; C and 1—C definite: by Property e), 
with F(x) or 1—y(x) and G(x) =H (x) =(F(x))/*. Thus the bound of 
Cis <1. (Alternatively (16), p. 113, Theorem 4*, could be used.) 

It remains to prove the final formula for the trace. If it holds for 
and the y,(A), #=1, 2,--- are uniformly bounded and 
everywhere convergent in a<\36, then it holds for ¥(A) =lim,..y,(A) 
too: ¥(B) =strong lim, ..~,(B), the y,(B) being uniformly bounded, by (19), 
p. 205, Property h), and Try is continuous for strong (even for weak) con- 
vergence by Property III, (* *). Thus our relation holds for all bounded 
Baire functions (A) if it holds for all continuous functions y(A). And it 
holds for these, if it holds for all intervalwise constant functions ¥(A). But 
these are linear aggregates of functions ¥.,4(A) =1 for c<A <d=0 otherwise, 
where a<c<d3<b. So it suffices to consider these. Now clearly 


¥-,a(B) = E(d) — E(c), 
Tru(c,a(B)) = Du(E(d) — E(c)) = Du(E(d)) — Du(E(c)), 


] 
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b 
f Ve. = — Due(E(0)), 


completing the proof. 

3.2. We return now to the normalization of §1.1, and assume that an M 
in case IT, is given with a21. 

Consider a g and K which are related as in Theorem I. Our objective is 
to prove Theorem II below, but we begin by considering these two maximum 
problems. 

(A) For a givend with 0<A<1 consider all projections FeM with 
Du(F) =x, and the corresponding values of (Fg, g). Prove that these (Fg, g) 
possess a maximum m, which they assume for a certain F = Fy from the above 
class. 

(B) For a given \ with 0<\ <1 consider all definite operators BeM of 
bound <1 with Trm(B) =X, and the corresponding values of (Bg, g). Prove 
that these (Bg, g) possess a maximum m, which they assume for a certain 
B=B, from the above class. 


LemMA 3.2.1. Problem (B) possesses a solution B= Bo, the maximum m, 
fulfills Sm 


For the B of the class described in Problem (B) we have by Theorem I, 
\K-'s (Bg, g) So these (Bg, g) possess a l.u.b. mi and mj 

Select now a sequence B,, Bo, - - - from this class, so that lim, ..(Bng, g) 
=m. As the B,, Bz, - - - are uniformly bounded, there exists a subsequence 
B,,, Bn, (m<m< ---) such that B)>=weak lim B,, exists. As all B,, 
are €M, definite, and of bound <1, the same is true for Bo. As all Trmu(B,,;) =X, 
so Property II or ITI, (* *) gives Trm(Bo) =X. Finally (Bog, g) =lim;..(Bn,g, g) 
=lim,..(Bng, g) 

Thus By belongs to our class, and (Bog, g) =m. Therefore the l.u.b. m/ 
isa maximum: mj =m, and \K~!<m,=)K. So the proof is completed. 


LemMA 3.2.2. The Bo of Lemma 3.2.1 can be chosen as a projection. 


Consider the By of Lemma 3.2.1. By Lemmas 3.1.3 and 3.1.4 we have 
B,=¢(B), where B= E(x) (symbolically), being a resolution of 
unity with E(a)eM, Dy(E(a)) =a, and ¢(a) a monotonous non-decreasing and 
right semi-continuous function. 

Consider any Baire function ¥(a), O<Sa<1, with 0<y(a) <1. Form 
=f "¥(a)dE(a) (symbolically), using Lemma 3.1.4. Then is eM, 
definite, and of bound 31, and 


224 
and 


ON RINGS OF OPERATORS, II 


Tru(v(B)) = = f ¥(a)da. 


Thus ¥(B) belongs. to the class of Problem (B) if and only if f ¥(a)da =x. 
Besides (¥(B)g, g) = S,¥(a)d(|| E(«)gll?). 

Apply this to ¥(a)=¢(a), ¥(B)=¢(B)=Bo. We get 
S'¢(a)d(|| E(a)g||?) =m. And the maximum property of By gives the follow- 
ing. For every Baire function ¥(a), OSa<1, with 0<y(a) <1 the equa- 
tion =) implies S'W(a)dl| 

If we had ¢(1—A) =0, then the monotony of ¢(a) would give ¢(a) =0 for 
and the right semi-continuity ¢(a) <} for 1-A<as1—A+e’ 
for a suitable e’ >0. Besides (a) is always <1. Thus 


1 
0 


contradicting \¢(a)da =i. Therefore ¢(1—X) >0. 

If we had ¢(1—A—0) =1, then the monotony of ¢(a) would give ¢(a) =1 
for 1—ASa@X1 and the definition of ¢(1—A—0), g(a) =} for 1—A-—e’ 
Sa<1-—4, for a suitable e’ >0. Besides ¢(a) is always =0. Thus 


, 


1 
0 


contradicting =X. Therefore ¢(1—A—0) <1. 

So we can choose a 6, 0<5<1, with ¢(1—A)>6, o(1—A—0) <1—6. 
Thus 1—ASa@S1 implies (¢(a) —5)/(1—45) = (@(1—A) —8)/(1—6) and 
and implies ¢(a)/(1-—6)20 and 
<(1-—6)/(1—6)=1. Now put ¢,(a)=1 for and ¢,(a)=0 for 
0<a<1-—. Then we have 0<¢,(a) $1 for all OSa@<1; and also, for ¢2(a) 
= (¢(a) — (a))/(1 —5), $1 for all OSa<1 (we proved this above 
separately for 1—\A Sa<1 and for 0<a<1-4). Besides 


(#) o(a) = + (1 — 4) ¢2(a). 


Now clearly $:(a)da= X. This and $(a)da= and (*) give 
= Therefore E(a)g||*<m, E(a)g||? < mo. But 
(*) gives 


f $1(a)d|| E(a)g||? + (1 — 6) f $2(a)d|| E(a)g||? = $(c)dl| E(a)g||2 = mo. 


Therefore necessarily ms. In other words, for B:=¢.(B) 
which belongs to the class of Problem (B), we have (Big, g) =m 


| 
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Thus B, =¢,(B) is a solution of Problem (B), too. But one verifies easily 
that B; =¢,(B) =1—£(A), and so B, is a projection. 
Therefore replacement of By by B, completes the proof. 


Lema 3.2.3. Problems (A) and (B) possess a common solution Ey= Bo, and 
for the maxima we have mz=my. 


The class of the Z in Problem (A) is obviously a subclass of the B in 
Problem (B): It consists of all projections of the latter class. (This is so, 
because for projections E, Dy(E) =Trm(£) (cf. R.O., Lemma 15.3.1).) Now 
Lemma 3.2.2 states, that a solution of Problem (B) exists, which is a pro- 
jection and thus belongs to the class of Problem (A). Therefore it is a solution 
of Problem (A) too, and mz=m». 

Problems (A) and (B) can be modified, when a projection G= PyeM is 
given, in the following sense: Replace $, M by N, Mim) (cf. R.O., §11.3). 
Then Dy(£) must be replaced by Dy(£)/Dmu(G), in order to conserve the 
standard normalization and so the normalization of §1.1 requires replacing 
of Du (E’) by Du (E’)/Du(G). This @ is replaced by a/Dy(G) and so a21 
remains true. Lemma 3.2.3 is modified, in so far as \ is replaced by \/Du(G) 
and M in Problems (A) and (B) is to be replaced by Mw). This means that 
projections FeM must be SG, and operators BeM must fulfill BO=GB=B. 

Combining this and-the corresponding changes in Lemma 3.2.1 (observe 


that (Bog, g) = g) =||Eog||*), we have 


Coro.ary. Let a projection GeM be given. Replace Problems (A) and (B) 
by Problems (Ag) and (Bg), which arise by imposing these further restrictions: 
In (Ac) the projections FeM are FSG. In (Be) the operators BeM fulfill 
BG=GB=B. Assume 0 <2 Dy(G). Then Problems (Ag) and (Bg) possess a 
common solution E>=Bo, and we have for the maxima K-|| Eog||?<ma=myS 
K|| Eog||?. 


3.3. We hold g fixed, and make the following 
DEFINITION 3.3.1. Let E, G be two projections eM, ESG. We say that E 
reduces g with respect to G if for every AeM with AG=GA=A 
(AEg, g) = (EAsg, g). 


If G may be taken =1, we say that E reduces g. 


Lema 3.3.1. Let G be a projection eM, Ey a solution of Problem (Ag) 
(cf. the corollary to Lemma 3.2.3). Then Eo reduces g with respect to G. 


If U is unitary, eM, and commutes with G, then U~'E,U is a projection 
eM, it is <U-'GU=G, and Dy(U-'E,U) = =r. So (U-'E.Ug, g) 
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< g). Now (U-'E,\Ug, g)=(U*EWUg, g)=(EoUg, Ug). So (Eng, g) 
—(E,Ug, Ug) 20. 

Let A be Hermitian, eM, and commute with G. Put for some «20 
$.(a) =(1+iex)/(1—ieax). As |¢.(a)| =1, so U.=¢.(A) is unitary, and it is 
and commutes with G along with A. Further ¢,(a) 
where y.(a) = —a?/(1—iex). So |y¥.(a)| <D? if |a|<D, and therefore 
| y.(A) | < || All]? (cf., for instance, (16), p. 113, Theorem 4*). Now 

O S (Eog, g) — (EoUg, Ug) = (Eng, g) 
— (Eo(1 + 2ieA + €%.(A))g, (1 + 2ied + 
= 2e(i(AEo — EoA)g, g) + O(e). 
So we have 
2ei((AEy — EoA)g, g) + 2 O. 
As €20, this necessitates ((AE)—E,A)g, g) =0, that is, 
(A Fog, g) = (EoAg, g). 


This equation extends from the Hermitian AeM to all AeM, which commute 
with G. Put for such an A, A; =}(A+A*), —3i(A —A%*), then it holds 
for A,, Az and so for A = A,+7A2. Thus we have established that Ey reduces g 
with respect to G. 


LemMaA 3.3.2. If E reduces g relatively to G and G reduces g, then E reduces g. 
We must show that for every AeM, (AEg, g) =(EAg, g). Now 
(EAg, g) = (GEAg, g) = (G(EA)g, g) = ((EA)Gg, g) = (EGAGg, g) 
= (GAGEg, g) = GAEg, g) = ((AE)Gg, g) = (AEg, g). 
Lemna 3.3.3. If { E:} is a sequence of projections E;eM each of which reduce 


gand E;-E;=0if then _,E; reduces g. If E, and reduce g and E,= E; 
then E,— E> reduces g. 


This is immediate for AeM implies A is bounded. 


Lemna 3.3.4. Let{E;} be a sequence with the same properties as in Lemma 
3.3.3. Let E=))7_ Then for AeM, 


(EAg, g) = (AEg, g) = (EAEg, g) = >> (EiAEig, g). 


t=1 


Also if E reduces g, EF =0, FeM, then (EAF¢g, g) =(FAEg, g) =0. 


We have (EAg, g) = (E(EA)g, g) = (EAEg, g) = (E(AE)g, g) = ((AE)Eg, g) 
=(AEg, g). Hence we have (EAg, 8) 


| 
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=D (EAE, g). Also (EAFg, g) =(E(AF)g, g) = ((AF) Eg, g) =(A(FE)g, g) 
=0=((EF)Ag, g) =(E(FA)g, g) =((FA)Eg, g) = (FAEg, g). 

Lemma 3.3.5. Let {E;} be a sequence of mutually orthogonal projections. 
If E=>-._,E; and A and ExeM, 


t=] 


Tru(EAE) = >> Tru(E,AE)). 
i=1 

By Property III, (vi), Trm(EZAE)=Tru(AE-E)=Trm(AE). Simi- 
larly Try(E;AE,;)=Tru(AE,). By Property III, (* *), and (iii) Trm(A£Z) 
= 7 u(AE)). Thus Tru(EAE) (EAE). Note 
that we have also demonstrated the convergence of ));_,7rm(E:AE;). 

Lema 3.3.6. Let { E;} be a sequence of projections each E;= ,( A) for g. 
Furthermore let us suppose that each E; reduces g and E;-E;=0 if iAj. Then 

Let A be positive definite, «¢M and such that EA=AE=A. Then by 
Lemma 3.3.4 


(Ag, g) = (EAg, g) = (EAE, 8). 
i=1 
Now E,AE£; is positive definite and is unchanged by left- or right-multiplica- 
tion with E;. Hence Lemma 1.4.2 yields (E;A Eig, g) >ATru(E;AE;). Thus by 
Lemma 3.2.6 


(Ag, g) = > (E;AExg, g) => Tru(E;A E;) = ATrmu(A). 


t=1 t=1 


Lemma 1.4.2 now implies E2 ,X. 
3.4. We still suppose that g is held fixed. 


Lemma 3.4.1. Let be a projection, eM, and such thatas ,ES ,b. Let 
with 0<\<Dm(E) be given. Then there exists a projection EyeM with the follow- 
ing properties: (i) Eo SE; (ii) Du(Eo) =); (iii) Eo reduces g with respect to E; 
and (iv) there exists a with aS ,E—EoS S pb. 


Consider the solution Ey of Problem (Ag) with G=E, in the corollary to 
Lemma 3.2.3. This Eo is a projection eM and fulfills (i), (ii) by definition, 
and it fulfills (iii) by Lemma 3.3.1. As to (iv), both Ey and E—E, are 2 pa 
and <,b along with E, by Lemma 1.2.3. 

So we must only find a with E—Ey)< ,é< Eo. Let I’ be the set of all 
n’s, for which there exists an F S$ Ey with F <n; and let I’’’ be the set of all 
n’s for which there exists an FS E—Ep with F>n. I’ and ’” are open in- 


: 
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tervals, and clearly every >b belongs to I’, and every <a belongs to 
So there exists either a ) such that every 7 in I’ is >& and every 7 inT’”’ is 
or andI’’”’ have a common element 

If the former holds, then F < Ey implies F =n for all 7 <£o, and so F2&, 
that is, Ey = Similarly E — Ey ,£o. So in this case the rest of (iv) is proved, 
too. 

If the latter holds, then we have even a £,—6 in I’ and £,+6 in I” for 
some suitable 5>0. So an F, SE, with F,<£,—6 exists, and an F,S£E—E,y 
with F,>£,+5. By Lemma 1.2 there exist two F; and F, (both ~0), with 
F;SF,, and F3S We may assume that Dm(Fs) 
= Dy(F:), since otherwise we may replace F3, F, by two Fj <F;, Fi SF, with 
Du (Fi ) = Du(Fi) =min (Dau (Fs), Du(Fs)) (remembering Lemma 1.2.3). 

Now as Eo, Fy S E—Ep, so is a projection and 


Dmu(Eo — Fs + Fs) = Du(Eo) — Du (Fs) + Du(Fs) = Du(Eo) = 2, 
while 
((Eo — Fs + Fa)g, g) = (Eog, g) — (Fag, g) + (Fag, g) 
= ma — — 5)Du(Fs) + + 8)Du(Fs) 
= ma — — (Fs) + (& + 5)Du(Fs) 
= + 25Dmu(Fs) > ma, 


contradicting the maximum property of m,. So this case cannot arise. 
The proof is therefore completed. 


Lema 3.4.2. We can define for all OSa<1 a family of projections E(a) 
and a function &(a) with the following properties: 

(i) E(0)=0, E(1)=1, (ii) implies E(a) SE(8), 

(iii) £(0) =K, &(1)=K>, (iv) a<B implies 2£(8), 

(v) Dm (E(a)) =a, (vi) E(a) reduces g, 

(vii) implies —0) ,E(8) —E(a) ,§(a+0). 

Choose a sequence pi, p2,--- Which lies and is everywhere dense in 
0<aX1, with p,=0, po=1. We will define E(a) and for a=pu, po, - 
so that they fulfill (i)-(vi) and 

(vii)’ E(a) 2 ,§(a), 1—E(a) S,£(a), 
for alla=p, po,---. 

Put first E(0) =0, E(1) =1, =K, = K-!. Then a= py, p2 are taken 
care of, and (i)—(vi) as well as (vii)’ hold for a= ;, pz. Assume now that for 
a j7=3,4,--- the E(a), &(a) for a=pi,---, p;-1 are already defined, so 
that (i)—-(vi), (vii)’ hold for a= ,, - - - , p;-1, we will now define E(p;), &(p;) 
without violating (i)—(vi), (vii)’. 


i 
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Consider the p;, i=1, - - - , 7—1 with p;Sp; (they exist: p:=0<p,); let 
pi be the greatest one. Consider the p;, i=1, - - - , 7—1, with pi=p; (they 
exist: pp=12p,;); let p; be the smallest one. As pi, pi pj, So we have 
pir <p;<pi. So (ii) gives E(p;-) E(p;-), and (v) gives Du(E(pi-) — 
= pir — pi>pj—pi 

Apply now Lemma 3.4.1 to E= — E(py), \=pj— pi with 
b=£(p,-). Owing to (vii)’ and Lemma 1.2.3 we have E(p;--) S$ E(pi) 
and therefore and and therefore 
That is, aS ,E<,b. An Ey SE(py-) —E(px) and a & result, put 
E(p;) = E(pi) +£o (this is a projection eM) and £(p;) =. Let us now con- 
sider (i)—(vi), (vii)’ for - - , pi-1, pj. 

(i), (iii) are unaffected. 

In (ii), (iv) the only new possibilities are a=p;<p;=8 and a=p;<pi=8, 
where i=1,---, j—1. In the first case p;Spi, so E(a) 
S +Eo=E(p;) = E(8), and =&(pi) =b 20 =E(0;) =E(8). In 
the second case so E(B) =E(p;) = E(pi) = E(pi) + —E 
2 E(p;) + Eo =E(p;) =E(a), and £(8) =£(p;) = E(x). So 
(ii), (iv) remain true. 

In (v) we need only Du(E(p;)) = p;. Now Du(E(p;)) = 
= Du(E(pi)) +Du(Eo) = pi +(p;— pir) = 

In (vi) we need only that E(p;) reduces g. As E(p;) = E(pi-)+Eo, and 
E(p;) reduces g, we must only show that Ey reduces g (use Lemma 3.3.3). 
But E> reduces g with respect to E= E(p,;--) —E(p;) by Lemma 3.4.1, (iii), 
and E(p;-) —E(p,-) reduces g because E(p,--) and E(p;,) do (again use Lemma 
3.3.3), therefore Ey reduces g by Lemma 3.3.2. So the property (vi) remains 
true. 

In (vii)’ we need only E(p;)=y£(p;), 1- 2(p;) Now E(o;) 
= E(pi) + Eo, and = E(p;), Eo= by Lemma 3.4.1, (iv), 
so E(p;)=,£(p;) by Lemma 3.3.6. On the other hand 1—E(p;) =1—E(pw-) 
+((E(pi) —E(p)) —Eo) and by Lemma 3.4.1, (iv), 1—E(pi-) S 
S£(0;), —E(pi)) — Eo) = E— Eo p§o=E(p;) so that 1 — E(p;) S 
by Lemma 3.3.6. Therefore (vii)’ remains true. 

Thus we have verified (i)—(vi), (vii)’ for a=pi, - - - , pj-1, p;- Therefore 
all a=p1, p2, --~- are taken care of, and (i)—(vi), (vii)’ hold for all of them. 
Owing to (ii) and (iv) lim ,,.4,.;>2/(p;) and lim,,.«,.>a¢(p;) exist for all a 
with 0<a<1. If @ is equal to a p;, then this limit is meant to denote the 
value at p;. So we can extend the definitions of E(a) and £(a) to all above a 
by defining 


E(a) = lim = lim £(p;). 


pia, pida pia, pi>a 
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The statements (i), (iii) are unaffected by this extension, while (ii), 
(iv)—(vi) extend by continuity to all 0<a<1. 

Let us now consider (vii). Assume a<f. Choose a sequence p;,, n=0, 
+1, +2,---, with a<--+ <8 and 
lim =@, We have pi_,>pi_,> ->a, so that E(p;_,) 
> E(p:_,)= - - - 2E(a). Therefore lim,._.E(p;,) exists, and is = E(a). Now 
we have 
Du( lim E(p,) — E(a)) = lim Du(E(p:,)) — Du(E(a)) 


= lim lim E(p;,) = 


Similarly 
lim E(p;,) = E(8). 


Therefore 


— = tn (Bios...) — 


= lim (E(o:,) — E(i_,)) = E(8) — E(a). 

We have E(p;,,,,) —E(i,,) S$ E(p:,,,,), therefore (vii)’ (for a=pi;,,,,) and 
Lemma 1.2.3 give E(p;,,,,) —E(p:,,) = 2€(8—0). Then Lemma 3.3.6 
gives — E(a).= ,§(8—0). On the other hand we have E(pi,,,,) —E(p:,,) 
<1—E(p;,,) therefore (vii)’ (for a=p;,,) and Lemma 1.2.3 give E(pi,,,,) 
— E(pi,,) v€(p:,,) +0). Then Lemma 3.3.6 gives E(8) — E(a) p§(a+0). 
Thus we have proved 

£(8 —0) ,E(8) —E(a) ,£(a+0), 
that is, (vii). 

We have established (i)—(vii) for all 0<Sa<1, and so the proof is com- 
pleted. 

Lemma 3.4.3. Let ai, i=0, 1,---,m be a set of numbers such that 
and let d;, i=1,---, be a set of positive 
real numbers. Put (with the E(«), (a) of Lemma 3.4.2) 


i=1 


AZE(a:1 +0); min AP — 0). 


Then for all definite AeM 
CiTrm(A) = (Ag’, g’) 2 C2Trm(A). 


| 
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We have 


(Ag’, g’) = (> Ai(E(a;) — E(ai-1))g, > A,(E(a;) — E(ai-.))8) 


= — Elau-s))g, (E(a;) — E(a;-1))g) 


i=1 j=l 


= AA j((E(a;) — E(a;-1))A(E(ai) — E(ai-1))g, g). 
rer 

As every E(ax) — E(ax_-1) reduces g (by Lemma 3.4.2, (vi), and Lemma 3.3.3) 
and as (E(a;) — E(a;-1))-(E(a;:) — E(a:-1)) =0 for 7#i, Lemma 3.3.4 permits 
us to drop all terms with 7+7 from the above sum oe j-1: Therefore it be- 
comes ,_,\i?((E(a:) — E(a:-1)) A (E(a:) — E(ai-s))g, g). 

Now E(a;) — E(ai-1) S pé(ai1+0) by Lemma 3.4.2, (vii). Therefore it is 
evident from Lemma 1.4.1 that ((E(a;) —E(a:-1))A(E(a:) —E(ai-1))g, g) 
S£(ai1+0) Tru((E(as) — E(ai)) A (E(a:) — E(ai-))). So 


< Tru((E(as) — — E(os1))) 


t=1 
S Ci T1m(A) 
(use Lemma 3.3.5). Similarly E(a;) —E(a;:-1) 2 p&(a:—0) by Lemma 3.4.2, 


(vii). Therefore Lemma 1.4.1 gives ((E(a;) — E(ai-1))A (E(a:) — E(ai-1))g, g) 
2 — E(ai)) A (E(as) — E(ai-))). So 


(Ag’, 2 > AZ — 0) Tru ((E(ai) — — E(ai-1))) 


t=1 
= Tru((E(ai) — — = C2Tru(A) 
t=1 
(use Lemma 3.3.5). Thus the proof is completed. 
3.5. We can now take the decisive step. 


Lemma 3.5.1. Let g and K be as in Theorem I. Let K’ be any number such 
that 1<K'<K. Then there is a g’ which is related to K’ as g is to K in The- 
orem I, and such that 


Let be the smallest positive integer with (K’)"=>K. Put 6=K"'!", so 


[March 
n on 
t=1 
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1<0@<K’. Choose the a;, i=0, 1,---, m with --- 
Sa,=1, so that (For i=0, 6*-*=6"=K;; for 
i=n, 0"—*i1=§-"= K-!_) Put \;=0*-“+/2, Now apply Lemma 3.4.3. We have 
>(K’)-, so C:SK’ and C,=(K’)-. Therefore the g’ of that lemma 
gives for every definite AeM: K’Try(A) = (Ag’, g’) =(K’)—'Trm(A); that is, 
K'(Ag’, g’) =Trm(A) = (K’)—"(Ag’, g’). So it is related to K’ as g and K are in 
Theorem I. 

Compute now ||g’—g||. The projections E(a;) — E(a;-1), i=1, - - - , m, are 
mutually orthogonal, therefore the (E(a;) — E(ai-1))g, i=1, - - - , m are mu- 
tually orthogonal too. Now we have 
2 


i=1 i=1 


n 2 
(As — 1)(E(as) — E(ai-s))g | 


t=1 


> (A; — — 


i=1 


S max, Os — ||(E(a) — 


i=1 
ymax (As — 
Now clearly 
(A; — 1)? = — 1)? = (64/2 — 1)? 1)* = (K 1)? 


so that ||g’—gl| <(K—1)|lgll. 
But A =1 in Theorem I gives 


le l|2=(g, g)SKTru(1) =K, ||g|| 


Therefore ||g’ —g|| < (K —1)K'/*. Thus the proof is completed. 

Let K;=1+2-“), i=0, 1, 2, - - - . We define inductively a sequence of 
elements g;,7=0, 1, 2, - - - . Let go be related to Ko as gis to k in Theorem I. 
Suppose g; has been defined and is related to K; as in Theorem I. Then in 
Lemma 3.5.1 let g=g:, K=K;, K'’=Kis:. We then define g;,; as g’. Then 
gi41 and K;,, are related as g and K in Theorem I and we also have 


1 
— gil] S (Ki — 1) = ms 2i+1 


Then for p>0 


= 
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n+ p— + p—1 1 


1 n+p—1 n 


i=n i=n i= 


1 1 


This implies that the g,’s satisfy the Cauchy condition. Let g be their limit, 
and let A again be definite and eM. Then, since A is bounded, 


(Ag, g) = lim Ki(Agi, g:) 2 Tru(A) 2 lim K7"(Agi, gi) = (Ag, g). 


Thus, if AeM is definite, (Ag, g)=Trm(A). 

For AeM, Hermitian, we have as in §2.1, under Property II, A = A1—Az, 
A, and A», eM and positive definite. Property I of §2.1 then yields 
(Ag, g)=Trm(A). If A is merely €M, then Definition 2.2.1 now implies that 
(Ag, g) =Trm(A). We have thus demonstrated 


THEOREM II. Let M be a factor in case II, with a=1. (In the normalization 
of §1.1. In the normalization of R.O., Theorem VIII this means M, M’ are 
either in case II,, II. or in case II,, Il, with C <1, standard normalization.) 
Then there exists a ge such that 


(Ag, g) = Trm(A). 


We now drop the restriction that a=1. Let M, M’ be in case Ih, Ih, 
a <1, and let m be an integer such that ma21 or in the standard normaliza- 
tion of R.O., Theorem X, C/m<1. Let Ei, Ex, ---, En be m projections 
each of which is eM, Dy(E;) =1/m, E;E;=0 if i+7. Let the range of E; be M;. 
Let us recall R.O., §11.3 using M; for M. 

Consider the Mgp)=M; and M’g, =M; of Definition 11.3.1. By 
Lemma 11.3.2, these constitute a factorization in I%;. Now we can take for 
AeM and such that E,A=AE;=A, Dm,(Az,)=Dm(A) and for A’eM’, 
Du'(Az;)=Dmu(A’), Du; and Dy’, are dimension functions for M; and 
M; respectively (Lemma 11.3.6). 

The ranges of Dugp) and Dagny are by Lemma 11.3.7, the intervals 
(0, 1/m), (0, a) respectively. So we can obtain the standard normalization of 
R.O., Theorem X by multiplying by m and 1/a respectively. But in this 
latter normalization, by Lemma 11.4.3, C=(Dm(E,)/Dm-(1))Co=Co/m<1, 
where Dy and Dy: refer to the standard normalization for M and M’ as in 
R.O., Theorem X. 

By Theorem II above this implies that there is a geM, such that, 
if AoeM;, then Try-(Ao)=(Acg?, g®). But now if AeM is such that 
E;A=AE;=A, let Ao=Az,. From the above it will be seen that Try(A) 
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= (1/m)Tru,(Ao) = (1/m)(Aog?, = (1/m)(Ag?, g?) = (Agi, gs), if 
Now if AeM, we have by Lemma 3.2.6 


Tru(A) = EAE) = (EAE i, 8: 


t=—1 t=1 


= > Eigi) = (Agi, gi). 


t=1 t=1 
If M, M’ is in case In, In, m< ©, we may proceed as follows. By R.O., 
Lemma 8.6.1, 5=£,@2, where E,, is an m-dimensional euclidean space. 
Let - - , be a complete orthonormal set in E,, and fe$z with ||f|| =1. 
Then if we let g:=¢:@f, we easily verify that the above formula for Try 
holds. Thus we have 


THEOREM III. Jf M is a factor in a finite case, then there exists a finite 

number of elements g:eD such that 
Tru(A) = > (Agi, gi). 
t=1 

Suppose that AeM is held fixed. Then consider the weak neighborhood 
U=U(A; 81, 8m3 81; » 8m; €/m). XeU implies | ((X—A)g;, g:)| <e/m 
for i=1,---, m. Hence if X is also eM, Theorem III implies | Trm(X) 
—Try(A)| <e. This proves 


THEOREM IV. If Mis a factor in a finite case, Try(A) is weakly continuous. 


CHAPTER IV. THE ISOMORPHISM OF M, M’ AND © (FoR a=1) 


4.1. We assume that M, M’ is in case II,, II, and a=1 or what is the 
same thing that C=1 and we have the standard normalization. We know by 
the discussion of R.O., §§11.3 and 11.4 how all other cases II can be reduced 
to this case. 

As a=1, Theorem II holds. We define 


DEFINITION 4.1.1. A g which satisfies Theorem II is uniformly distributed 
with respect to M; abbreviated g u.d.r. M. 

Lemma 4.1.1. If g is u.d.r. M, then (i) ||g|| =1, (ii) E™’ =1, (iii) EM =1 
(cf. R.O., Definition 5.1.1). 


To prove (i), in Theorem II take A as 1. Then 1=7rm(1) =(g, g) =||g||2. 
To prove (ii), in Theorem II take A as EZ’. Then 


1 = = (Ee g, 8) = Tru(Ey ) = Du(Es ) 


or Dy(E™’) =1 which in our normalization implies EX’ =1. 
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Consider (iii). Since we have the standard normalization and C=1, 
Du (E™) = Du(E™’) =1. This implies =1. 


DEFINITION 4.1.2. Let g be €S. Let O,(M) consist of all operators ZeU(M), 
i.e., Z is linear closed nM and with a dense domain (cf. R.O., Definition 4.2.1), 
for which Zg exists. 


Now consider any fe such that E¥’=EM=1. By R.O., Lemma 9.2.1, 
if he, then h=XYf, where X and Y are eU(M). But if M is in case II, by 
R.O., Theorem XV, Z=[XY] is eU(M), and, since Z2 XY, Zf exists, and 
we also have h= XYf=Zf;i.e., every heG is in the form Zf, where Z is e€U(M). 

Furthermore this Z is uniquely determined by h. For suppose Z; and 
Z.«U(M) are such that Z,f=Z2f or (Z:—Z2)f =0. Then [Z,—Z2] is by R.O., 
Theorem XV, eU(M) and since [Z,;—Z2] 2 Z,—Z2[Z, —Z:]f exists and is zero. 
Let A’ be eM’. Then since [Z,—Z.]A’f 
=A’|Z,—Z,|f=0. Thus [Z,—Z,] is zero on the set of A’f, A’eM. But since 
E™’ =1, this latter set is everywhere dense in $. Thus [Z,—Z,] is zero on a 
dense set and since it is closed it must be zero. R.O., Theorem XV, then 
yields 


Z, = [Z, — 0] = [Z, — — Z2]] = [[Z: — + Z2] = [0+ = 22. 


So we have proved 


Lemna 4.1.2. If f is such that E#’ = EM =1 (in particular, if f is u.d.r. M), 
then h=Zf defines a one-to-one correspondence of S and the set of all ZeU(M) 
for which Zf exists (i.e., between S and Q;(M)). 


Since our assumptions on f are symmetric in M and M’, we also have 


Lemna 4.1.3. Let f be as in Lemma 4.1.2. Then h=Z'f defines a one-to-one 
correspondence of § and the set of all Z’eU(M") for which Z'f exists (i.e., 
between and Q;(M’)). 


Thus for he we have three correspondences defined by the equations 
Zf=h=Z'f, if f is u.d.r. M: (1) the correspondence Sm of § and Q,(M), 
(2) the correspondence 3m of S and Q(M’), and (3) the correspondence 
of Q,(M) and Q,(M’). 

4.2. We now investigate these three correspondences. We know that they 
are one-to-one. They are obviously linear and of course along with § the 
sets 0;(M) and Q,(M’) are linear. But inasmuch as $m,w is a correspondence 
of operators, we would like to know the algebraic properties of this corre- 
spondence as well as certain properties of Q,(M) and Q,(M’). In particular 
we would like to know: 
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(i) To what extent can the operation [XY] be performed in Q;(M) 
(or Q,(M"))? 

(ii) To what extent can the operation X* be performed in Q,;(M) (or 
Q,(M"))? 

(iii) Is the property of being bounded invariant under %$m,m; i.e., since 
Mc0Q,(M), M’cQ,(M’), is M mapped on M’ by 

(iv) Are the properties of being Hermitian, definite, or unitary invariant 
under 

Lemna 4.2.1. If f is u.d.r. M, then every Uf, UeM and unitary, is u.d.r. M 
also. 

If AeM, then 


(AUf, Uf) = (U-"AUf, f) = Tru(U-!AU) = Try(A). 
Lemma 4.2.2. If f and g are each u.d.r. M, then there exists a U'eM’ and 
unitary with g=U'f. 
If h= Af, AeM, define h* as Ag. The correspondence Ae@h* is linear, and, 
since 


|| = ||Agl|? = (4g, 4g) = (A*Ag, g) = Tru(A*A) = (A*4Y, f) 
= (Af, Af) = ||Af||? = 


it is isometric. Thus the equation Wh=h* defines a linear isometric and 
hence one-valued operator W. Since Ey =EM = 1, both domain and range of 
W are everywhere dense and hence its closure W is unitary. 

Now if / is in the domain of W, h=Af, AeM. Then, for every BeM, 
BWh=Bh* =BAg=WBAf=WBh or BWEWB. This implies that [BW] 
[WB]. But BW =BWc [BW], while since B is bounded [WB]=WB. 
Hence BWe WB. If in particular B is unitary, R.O., Lemma 4.2.2 now 
yields that W is nM’ and R.O., Lemma 4.2.1 implies that W is eM’. 

Letting A =1 in the definition of W, we get g=Wf=Wyf. 


Lemma 4:2.3. If f and g are u.d.r. M, then there exists a UeM and unitary 
such that g = Uf. 


By Lemma 4.1.2, g=Zf where Z is e«U(M). Using the canonical decom- 
position for Z, Z= BW, where B is self-adjoint and definite and W is partially 
isometric and as indicated in the proof of Lemma 1.4.3 may be taken as 
unitary; that is, g=BWf, where W is unitary and B definite and self-adjoint. 
We must show that B=1. 

By Lemma 4.2.1, fo= Wf is u.d.r. M. Hence we must show that if fo and g 
are u.d.r. M and g=Bfo, where B is definite and self-adjoint, then B=1. 


i 
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Let E(A) be the resolution of the identity corresponding to B. If E(A) =0 
for \<1 and E(A) =1 for \>1, then B=1. Thus if B is not 1, either there 
exists a \,;<1 for which E(\,)~0 or a \2>1 for which E(A,) #1. In the 
first case we have E(Ai)fo) =(E(Ai)fo, fo) = 
= (E()g, g) = ||EQu)gll? = ||ZQ.)Bfd|? = ||BEQu)foll? or 
This implies 0=|| fo) = Trw(EQu)) 
= Dy(E(\1)) or E(x) =0, a contradiction. In the second case a similar type of 
calculation yields that | (1 — E(ds))fol| |B(1 — E(s))fol|? (1 — E(ds))fol|? 
which again implies that 1— E(A,) =0, a contradiction. Thus B must be 1 and 
our lemma is proved. 


Lema 4.2.4. If fis u.d.r. M, and U'eM’ and unitary, then U'f is u.d.r. M. 
If A is eM, 
(AU'f, U’f) = f) = (AU""U’'f, f) = (Af, f) = Tru(A). 


Lemma 4.2.5. Unitary operators correspond to unitary operators under 
Sum’; i.e., if f is u.d.r. M, UeM, U'eM’ and Uf=U'f, then if either U or U’ 
is unitary the other is too. 

Let UeM be unitary, then by Lemma 4.2.1 Uf is u.d.r. M. Then Lemma 
4.2.2 yields that there is a unitary U’eM, such that U’f=Uf. Thus U~U’ 


under $m.w-. Similarly Lemmas 4.2.4 and 4.2.3 yield that to every unitary 
U’eM, there exists a unitary UeM such that U’f= Uf. 


Lema 4.2.6. f u.d.r. M is equivalent to f u.d.r. M’. 


Let f be u.d.r. M and A’eM. Then consider T)(A’) =(A’f, f). It is linear 
in A’. By Lemma 4.1.1, (i) To(1) =1. If A’ is definite, then To(A’) =(A ‘fo, fo) 
Furthermore we have 7)(A’*) =(A’*f, f)=(f, A’f) =(A’f, f) =To(A). 
Therefore 7,(A’) satisfies (i)-(iv) and (v) of Property III with M’ instead 
of M. 

We would like to verify next (vi)’ of the same property for 7)(A’). By 
Lemma 4.2.5 we have for any unitary U’eM 


To(U’*A'U’) = f) = (A'U'f, U'f) = (A'Uf, Uf) 
= (U-'A'Uf, f) = (A’(U“'U)f, f) = (A’f, f) = TA’). 
Thus (vi)’ holds. Property IV of §2.2 now implies that 7)(A’) =7rm-(A’) 
and hence f is u.d.r. M’. 


Replacing M by M’ in the above argument yields the converse. 
We note that the above argument also proves 


Lemma 4.2.7. If fe® is such thot (i) |||] =1 and (ii) if to every unitary UeM 
there exists a unitary U'eM’ such that Uf =U’, then f is u.d.r. M. 


| 
| 
{ 
| 
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TueoreM V. Let fe® be such that ||f\|=1 and let M, M’ be in case I1,, Ih 
with C=1. Then the following statements are equivalent: 

(a) fis u.d.r. M. 

(8) fis u.d.r. M’. 

(y) If U is unitary and €M, then there exists a unitary U'eM’ such that 
Uf=U'f. 

(6) If U’ is unitary and «M’, then there exists a unitary UeM such that 
U'f=Uf. 

Furthermore either («), (8), (y), or (6) implies EM = E/’ =1. 

(a) is equivalent to (8) by Lemma 4.2.6. (a) and (vy) are equivalent by 
Lemmas 4.2.5 and 4.2.7. Replacing M by M’, the last mentioned lemmas 
also show (8) and (4) to be equivalent. This and Lemma 4.1.1 prove the last 
statement of the theorem. 

In view of Theorem V, we will say that f is uniformly distributed (abbre- 
viated u.d.) if f is u.d.r. M. 


Corotiary. If f is u.d., maps M(¢Q;(M)) on M’(cQ,;(M’)); that 
is, the property of being bounded is invariant under Sum. , 


By Theorem V, the property of being unitary is invariant under $m.m. 
This and the linearity of $m. imply together that the property of having 
the form A =)>>.,4,U, (n=1, 2, - - - ; a, complex, U, unitary and in Mor M’ 


along with A) is invariant under $m,m-. 

We will show that A«Q,(M) (or Q;(M’)) is bounded if and only if it is in 
this form. Now if A is in this form, it is obviously bounded so we must only 
show that every bounded A is in this form. Since A =A,+7A2, A; and Ae 
Hermitian, it will be sufficient if this is shown for Hermitian A’s. Since if A 
is in this form, cA is also, we may assume that the bound of A is <1. Then 
1—A? is definite and (1—A?)"? exists. Letting U=A+i(1—A*)"/?, then 
U* =A —i(1—A?)”? and U is unitary. Furthermore A =}(U+U%). 

Now since the form -14,U , is invariant under boundedness must 
be also. 


THEOREM VI. Assume that fo is u.d. Then Su.m: is an anti-isomor phism of 
M and M’. That is, if A~A’, B~B’, then (i) aA~aA’; (ii) A*~A”*; (iii) 
A+B~A’+B’; (iv) AB~B’A’; (v) if A (or A’) is Hermitian, then A’ (or A) 
is also. ‘ 

(i) and (iii) are obvious. 

Consider (iv). We have ABfo=AB’f, = so that AB~B’A’. 
To prove (v), let U be unitary, U~U’. Then U’ is unitary also by Theorem 
V. Similarly inasmuch as U-' is unitary, if U-'~V’, V’ is unitary. As 


it 
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UU-!=U~—U =1 by (iv) we have U’V’ = V'U’ =1, and hence V’ =(U’)-!. So 
U-'~(U")— and a(U+U-') ~a(U’+(U’)-!) by (iii). If a is >0, the right 
side is Hermitian and the left side is any Hermitian element of M (cf. the 
proof of the corollary of Theorem V). This proves (v). 

We now prove (ii). If A is eM, then A=B+iC, A*=B-iC, B, C are 
Hermitian and eM. If A~A’, B~B’, C~C’, then B’, C’ are Hermitian and 
A~B'+iC’=A’, A*~B’—iC’ =A" proving (ii). 

CoroLiary. The properties of being Hermitian, being definite, being a pro- 
jection, as well as the numerical quantities |||A ||| (the bound of A) and 
Tru(A) (or Trm-(A’)), all within M (or M’), are invariant under Sum. 


A Hermitian means A = A*; A a projection means A = A* = A?; A definite 
means that there exists an Hermitian B with A = B?. So all these properties 
are invariant under $m,m-. 1 is invariant (1eM and 1€M’, 1fo=1f/,). ||| A ||| 
is the smallest a=0 such that a?-1—A*A is definite, so ||| A ||| is invariant. 
If A~A’, then Afy=A’fo and Tru(A) =(Afo, fo) =(A'fo, fo) =Tru(A’) by 
Theorem V. 

4.3. In what follows fo will always be assumed to be u.d. The discussion 
which follows could be based on an extension of the notion of Trmy(A) 
(and of Tr%-(A’)) to unbounded AnM (or A’nM’) but we prefer an approach 
which avoids this. ; 


THEOREM VII. The sets Q;,(M) and Q;,(M’) are independent of the choice of 
of u.d. fo. We will therefore denote them by Q(M) and Q(M’), respectively. 
Furthermore the values of || Zfo||, (Xfo, Vfo), where X, Y, ZeQ(M), or Q(M’) are 
independent of the choice of the u.d. fo. 


Owing to the symmetry between M and M’ it suffices to prove the state- 
ments concerning M; i.e., let fo and go be u.d., then for AeU(M), Afy is de- 
fined if and only if Ago is defined and || Afo|| =|| Ago||. Owing to the symmetry 
in fo and go it will be sufficient to show that Ag is defined if Af is and 
|| Afol| =|] 

By Lemma 4.2.2, there exists a unitary U’eM’ such that go=U’fy. Since 
A is €U(M), A=U’-'AU’. Hence since Afy exists Afy = Uf) = go 
exists. This implies that A gp exists and since Ago =U’ Afo, || Ago|| =|| Afol|. Also 
if BeQ;,(M), then Bgo= U'Bfy and (Ago, Bgo) =(U'Afo, U' Bfo) = (Afo, Bfo). 

So we must have these mappings: 


(I) Ju: ~ ~ QCM’); QCM) ~ Q(M’). 


By the corollary to Theorem V, $m,» maps M on M’. So $m maps M and 
Sm maps M’ on the same subset % of S and we have the further mappings 


| 

| 
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(II) Su: M; Sur: M’; M~ M’. 
(II) is part of (I). 

We now prove 

LemMa 4.3.1. U is a linear set, dense in §. 


Inasmuch as M is linear, is too. 
Consider an feS, f=Zfo, ZeQ(M). Now Z=BU, B self-adjoint and 
definite, BeU(M), U unitary and eM. Write B in its spectral form 


B= AdE(A), E(A)eM. 
Then we have 
E(u) = "\dE(A); 
[ (u) ] J (A) 


and therefore (i) [E(u)B]eM and (ii) if Bg is defined then we have strong 
lim, ..[E(u)B]g=Bg. Thus [E(u)B]UeM and strong lim,..[E(u)B]Ufo 
= BUf,=Zf.=f. Since [E(u)B]Ufoe, f is a condensation point of %. As this 
is true for any fe, Wf is dense in H. 

Deriniti0on 4.3.1. If f=Xfo=X'fo, g=Vfo=V'fo, X and YeQ(M), X’ and 
Y’eQ(M’), let{[X]]=[[X’]]=|lfl], (X, ¥))=((X’, 

Theorem VII shows that the values of [[X]], [[X’]], ((X’, V’)), ((X, Y)) 
are independent of the choice of the u.d. fo. 

Lemma 4.3.2. If X and V are eM, then [[X]]=(Tru(X*X))'? 
= (Tru(XX*))¥2, ((X, V))=Tru(¥*X) =Tru(XY*). 

As [[X]]=(((X, X)))"/*, the second statement implies the first. Now 
clearly 

((X, Y)) = (Xfo, Vfo) = (Y*Xfo, fo) = Tru(¥*X) 

since f is u.d. We also have Try(Y*X) =Tru(XY*) by §2.2, Property III, 
(vi). So ((X, =Tru(¥*X) =Tru(XY*). 

Lemma 4.3.3. If X’, YV'’eM’, then [[X’]] = (Tru (X’*X’))¥? 
= (Trg = Trg = X'Y"*). 

Replace M by M’ in the proof of Lemma 4.3.2. 

THEOREM VIII. If we use the definitions 


((X, Y)) Tru(Y*X) Tru(XY*), 
[[X]] = (((X, X)))¥? = = (Tr (XX*))"/2, 
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then M is an incomplete Hilbert space. Its completion in the usual (Cantor) 
way gives a Hilbert space M which may be identified with Q(M). 


This is clear by the isomorphisms (I) and (II) and Lemmas 4.3.1 and 
4.3.2. M and M, that is, Q(M), are isomorphic to &% and § respectively, 
using the isomorphism 9. 

The corresponding facts hold for M’; their formulation is obvious. 

THEOREM IX. XeQ(M) implies X*eQ(M) and [[X]]=[[X*]]. 

Assume XeQ(M), i.e., XeU(M); Xfo is defined. Write X =BU, B self- 
adjoint and 7M, U unitary and eM. Thus BUf) is defined. Now Uf, is u.d. 
(Lemma 4.2.1), hence the existence of BUf, implies BeQ(M) (Theorem VII). 
This in turn implies the existence of Bfy and with it X*f>=U-'Bfo. So 

As fy and Uf, are both u.d. (Lemma 4.2.1) we have by Definition 4.3.1, 
= |] Xfol| = || BU sol] = [[8]] = || Bfol] = || = || = [[X*]]. 


CoroLitary. X~X* is an involutory conjugate anti-isomor phism of Q(M) 
and isometric. 


X~X* maps Q(M) on part of itself by Theorem IX. This and X** =X 
show that X~X* is a one-to-one and involutory mapping of Q(M) on itself. 
It is isometric by Theorem IX; [[X]] = [[X*]] and it is obviously a conjugate 
anti-isomorphism. 

The corresponding facts hold for M’; the formulation is obvious. 

4.4. We next discuss the algebra of Q(M). 

Property I°. A, BeQ(M) imply aA, A*, [A+B]eQ(M). If also either A 
or B is then [AB] is eQ(M). 

aA, [A+B] are «Q(M) since Q(M) is linear (along with $). A* is e€0(M) 
by Theorem IX. 

Assume now that AeM, BeQ(M). Then Bf, is defined and so is 
ABfo=[AB]fo. Thus [4B]<Q(M). If AeQ(M), BeM, then B*eM, A*eQ(M), 
so [B*A*]eQ(M). Since [B*A*]*=[AB] (R.O., Theorem XV), [AB] is 

Property IT°. (i) [[wA ]]=|a| -[[4]], (ii) [[4*]] = [[4]], (ii) [[A+B]] 
<[[4]]+[[B]], Gv) and 

(i) and (iii) hold because Q(M) is isomorphic to . (ii) holds by The- 
orem IX. 

Consider (iv). We have 


= |[[4B] fol] = ||44fol| 4 ll = Il] 4 Ill - 


| 
| 
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proving the first inequality. The second follows from this, by using (ii) 
= = s = Bill - (4. 
We have $~Q(M). Neither nor Q(M) depends on the choice of the 

u.d. fo but Sn does. This dependence is as follows. 


Property III°. Let us replace the u.d. fo by a u.d. go and let %u denote the 
resulting correspondence. Let U be unitary and eM and such that Ufyo=go 
(cf. Lemma 4.2.1). Then if X=YU, X and YeQ(M), we have 


Su:f~X; 
if f=Xfo. 
This is clear since f = Xfo= YUfo=Y go. 


We can now determine another notion which does not depend on the 
choice of the u.d. fo. 


Property IV®. The linear set X (cf. §4.3, the correspondences (II)) does 
not depend on the choice of the u.d. fo. 


This follows from the definition of &% and the fact that if X=YU, U 
unitary and either X or Y is bounded, then both X and Y are bounded. 

Now Q(M)~Q(M’) under $m,m’ and while neither Q(M) nor Q(M’) de- 
pends on the choice of the u.d. fo yet S3m.m- does. We now obtain this de- 
pendence. 


Property V°. Let the u.d. fo be replaced by the u.d. go and let the resulting 
correspondence between Q(M) and Q(M’) be denoted by §u.m:. Then if UeM is 
unitary and such that gs>=Ufo, and X =U-'YU, X and YeQ(M), then 


Sum: X’'~ X; X’~ 
if X"fo=Xfo, X'eO(M’). 
Let X’fo=Xfo, then 


DerFinitTIOn 4.4.1. The isomorphism S~Q(M) makes correspond to every 
operator P in an operator P° in Q(M). 


Observe that inasmuch as the elements of Q(M) are operators in §, 
P° is an operator on the operators of ©. 


THEOREM X. (i) If AeM, then 
AZ = [AZ]; 

(ii) if A’eM’ and A'~AeM under 3mm, then 
A’® = [ZA]. 


aN 

] 
| 
| 
| 
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P® is defined as follows. If g=Xfo, h= Pg, h=YVfo, X and YeQ(M), then 
P°X =Y. Thus to prove (i), we have (A°Z)fy)=A(Zfo) = [AZ] fo and to show 
(ii) (A’°Z)fo=A'Zfo=ZA fo=ZAfr= (ZA Ifo. 

Corotiary 1. Let M°® be the set of all operators L4 in Q(M), AeM, where 
LsZ=[AZ], and My the set of all operators Ra in Q(M), AeM, where 
RsZ=([ZA]. Then Sm carries M into M° and M’ into Mp. 


This is obvious by Theorem X. 


CoROLLARY 2. M°®, My are rings and M°’ = M, (all in Q(M)). They are 
factors of class (I1,, with C=1. 


Since Sm is a spatial isomorphism of § and Q(M) which takes M, M’ into 
M’°, M, respectively, these properties hold. 

We have now characterized $, M, M’ by the situation in Q(M), M°, My 
to which they are spatially isomorphic. The spatial isomorphism is $m which 
depends on an arbitrary u.d. fo, while Q(M), M°, M, themselves do not. 
All the influence of the choice of fy is however a further transformation 
Ru, X=YU (UeM, U unitary so RyeM,y). Sm always carries the totality 
of u.d. elements go of § into the totality of unitary elements UeQ(M), fo be- 
ing that element which corresponds to 1. 

4.5. The following important isomorphism theorem can now be proved. 


THEOREM XI. Let $; and $2 be two Hilbert spaces and M,, Mj and M2, M? 
respectively be factor pairs in them, both of class (Il;, Il,) and with C=1 in the 
standard normalization. Then an algebraic ring isomorphism of M, and Mz is a 
necessary and sufficient condition for the existence of a spatial isomorphism of 
©, and $2 which takes M,, Mj into M2, M2. 


The necessity is obvious and so we prove the sufficiency. Let § be the 
algebraic ring isomorphism of M; and M2. By §2.2, Property IV, Trm,(A:) 
=Tru,(Az) if Av~Az under §. So [[A1]]=[[A2]], ((41, Bi)) = ((A2, Be)), if 
A,~A2, Bx~B; under §. Thus § is an isometric mapping of M, on M; and 
therefore extends by continuity in a unique way to a linear and isometric 
mapping of Q(M) on Q(M’) which we call § again. Ai~A2, By~B, under § 
imply A,B,~A2B, under § if Ai, BieM, (and thus Ae, B2eM2). By continuity 
this will even hold, if one of A:, B,; is in M, and the other merely in Q(M,) 
(and one of As, Bz, in M2, and the other merely in Q(M2)). So § is a spatial 
isomorphism of Q(M;) and Q(M:2) which carries M, M,,o into M2,o 
(by Corollary 1 to Theorem XI). Now (by the same corollary) $m,§ 307; is a 
spatial isomorphism of , and $2 which carries M,, My into M2, M2. 

Theorem XI could be extended to cover cases (II, II,), where C 2 1 in the 
standard normalization as well as other combinations of II, and II,,. In all 
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cases a reduction of the spatial-isomorphism questions of , and $2 to 
algebraic-isomorphism questions of §, and $2 (plus the behavior of C) re- 
sults. We will discuss these questions in detail in later publications. 


APPENDIX 


1. Consider a ring M of class II; in §. Then M’ is of class II, or II... 
Normalize Dy and Dy so as to have Dy(S) =1 and C=1, so Du (S) =a 
(cf. §1.1). By choosing an n=1, 2,--- with 1/n<a and then an Nt’nM’ 
with Dy-(M’) =1/n, apply R.O., §11.3, to form Mim’), M’(m’) in M’. Then 
M(m’) is algebraically-ring-isomorphic to M, and (M’) = Dau(S) =1 
(cf. R.O., Lemmas 11.3.3 and 11.3.6). So if we are interested in the algebraical 
properties of M only, we may assume without any loss in generality that 
M, M’ are in case II,, II, and that a=1/n, n=1, 2, ---. Or, in standard 
normalization C =n, n=1, 2, - - - (cf. R.O., Theorem X). 

Now form the direct product of § with an n-dimensional Euclidean space 
E,,®§ as in §2.1, for the case C>1, and consider M® in E,®. The argu- 
ment used in §2.1 shows that M®’=R(N®, M®’) and C®=C/n=1 and 
M™ is ring isomorphic to M. 

So we have for M), M‘’ in the standard normalization C =1. If we are 
therefore interested in the algebraical properties of M only, we may even 
assume without any loss in generality that C=1 in standard normalization; 
that is, a= 1 in the normalization of §1.1. We will assume this in what follows. 

It may be noticed concerning subrings that the metric of (M) (cf. Defini- 
tion 4.3.1) is determined by the algebra of M (cf. §2.2). A subring demands. 
closure in the weak operator topology, but it will be shown elsewhere that for 
subrings of M weak, relative closure in M for the [[X — Y]] metric is equiva- 
lent to closure in the weak topology. 

2. Under these conditions there is an analogy between M and the 
matrices of a Euclidean space E,, described by an interesting Lebesgue- 
Stieltjes-Radon measure in the plane. 

We can use the results of §§4.2—4.4, and thus we may form the Hilbert- 
space Q(M) which is isomorphic to §, and in which M, M’ are located by 
Theorem X. 

Let E(A), <b, bea resolution of unity, all E(A)eM. Put A AdE(A) 
(in the well known symbolic sense). For any Borel-set of real numbers S form 


(a) AeS 
e = 
0 for A €S, 


and 


E(S) = es(A) = = f 


8s 


> ca’ 
| 
| 
q 
| 
| 
| 
| 
q 
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(symbolically). As eg(A) =es(A) =(es(A))?, so es(A) =es(A)* =(es(A))?; that 
is, E(S)=es(A)eM is a projection. (Cf. also Maeda, Journal of Science, 
Hiroshima University, Ser. A, vol. 4 (1934), pp. 57-91.) 

Consider now point sets in the \, u-plane P and in particular sets of the 
form S 1@Se: 


(A, weS: Sp means 


S:, Sz: being two Borel-sets of real numbers. Define for any XeM (or even 
X«Q(M)), 
Xs,xs, = E(Si)XE(S2) 

w( X; Sz) = [[Xs,xs,]]*? = Tr((Xs,xs,)*Xs,xs,) 
Tr(E(S2)X E(Si)- E(Si)XE(S2)) 
Tr( E(S2) X*- E(S1)X E(S2)) 
Tr(E(S1)X E(S2) E(S2)X*) 
Tr( E(S1)X E(S2) X*). 


The first expression for w(X, S:@5S:2) shows, that it is always 20, the 
last one, that it is a totally additive set-function of S; and of Sz. 

Denote the set of all \ by A, then the above facts imply: 

w(X; Sy S2) <= w(X; S2) + w(X; (A — S) S2) 
w(X; A @ 

w(X; A @ Sz) + w(X; A @ (A — S2)) 
A @ A) = [[Xaxa]]? 
= [[1-x-1]]* = [[x]}*. 


IIA 


So we have 
Lemma A. (i) w(X; S,@S2) is defined for all linear Borel-sets S,, Sz. (ii) It is 
totally additive in S; as well as in S:. (iii) We have always 
0 w(X;S; @ S [[X]]* = Tr(X*X). 
3. We can use Lemma A to define a Lebesgue-Stieltjes-Radon measure 
u(X; T) for all plane Borel-sets T(¢ P) with the help of w(X; 5:@5S2). 


Derinition A. If T is a plane Borel-set (T ¢ P), then consider all sequences 
of linear Borel-set , SS ,i=1,2,-- (all SX, CA) for which 


(*) Te @SM. 


i=1 
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For every such sequence form the (numerical) sum 


(* *) w(X; Si @ 


i=1 
Denote the g.l.b. of all numbers (* *) by u(X; T). 
We prove now 
Lemma B. (i) u(X; T) is defined for all plane Borel-sets Tc P. 
(ii) Jt is totally additive in T. 
(iii) We have always 


0 < T) [[X]]* = Tr(X*X). 

(iv) In particular 

u(X; Si Sz) = S; ® S2) 
and especially 
u(X, P) = [[X]]}* = Tr(x*x). 
(i) is obvious. To prove (ii), observe first that our Definition A makes 
+ T2 +--+) S 71) + +--- 
obvious, so we need to prove 
71+ T2 +--+) 2 w(X; 71) + T2) + --- 
only when 7;-7;=0 for 747. 

Even 7, +72) [u(X; T1)+u(X; T2) suffices. Then finite induction 
gives u(X; Ti +T2+ +7.) 26(X; 71) +u(X; T2)+ - - - +u(X;T,), and 
so u(X;TitTet+ ---)2u(X; Tit +7,)2u(X; Ti) + +u(X;T,) 
and as this holds for all »=1, 2,---, it implies u(X; 71+72+ ---) 
2u(X; Ti) +u(X; T:)+---. 

We will prove 
(§) T) = w(X; TU) + w(X; T — TV) 


for all T, U this gives our above inequality if T=7,+72, U=T;. Calla U, 
for which (§) holds for all plane Borel-sets 7, following Carathéodory 
(cf. (4), pp. 246-252), measurable. We must show that all U are measurable. 

If U=S,@S:, then Ted? Si @S implies TU Se, 
T-TU Si — +202 —§, §;)@S. Thus our 
Definition A gives immediately (§) with = in it, and as < is obvious (cf. 
above) it proves (§). So all U =S,@S, are measurable, and therefore in par- 
ticular all plane intervals (=rectangles). 


| 
| | 
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Now the measurable sets U form a Borel-ring (cf., for instance, (4), loc. 
cit.). These considerations apply literally to the present case. Thus every 
plane Borel-set U is measurable. This completes the proof. 

We now prove (iii). u(X; T) 20 because all expressions (* *) in Defini- 
tion A are 20. The relation u(X; 7) < [[X]]?=7r(X*X) results by putting 
=S${ =A and all other =S =0. 

To prove (iv), put =S,, SY =S, and all other =S° =0. This 
gives u(X; S:@S2) <w(X; S:@S2). So we must prove 2 only; that is, 


@ @ implies w(X; @ S2) S Yo @ SM). 
t=1 i=1 
Considering the properties of w(X; S:@5S:2) given in Lemma A, this im- 
plication follows literally as in the paper of Lomnicki and Ulam (Funda- 
menta Mathematicae, vol. 23 (1934), pp. 237-278; cf. also the lecture notes 
of the second-named author for the year 1934-1935). 
So we have proved u(X; =w(X; Put now then 


u(X; P) = w(X;A A) = o(X;A @ A) = [[X]]* = Tr(X*X). 


results. 

4. The plane measure u(X; T) may be used to “locate” the “position” 
of X in the X\, uw-plane P. It gives the entire plane a total “measure” or 
“weight” [[X]]* (which is >0 if X 0), and any part T of it correspondingly 
a u(X; T) (20). It plays the same role, as the sum of the absolute-value- 
squares of all matrix-elements in a certain area T in the matrix-scheme (which 
may be looked at as a region in the plane) for the matrices of a finite-dimen- 
sional Euclidean space E, (that is, Min a case (I,),7=1,2,---). 

We will analyse it more thoroughly in subsequent publications. 
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GENERALIZED WEIGHT PROPERTIES OF THE 
RESULTANT OF +1 POLYNOMIALS IN 
n INDETERMINATESt 


BY 
OSCAR ZARISKI 


1. Introduction. The multiplicity of intersection of two plane algebraic 
curves, f(x, y) =0 and g(x, y) =0, at a common point O(a, 5), r-fold for f and 
s-fold for g, 1s not less than rs, and is greater than rs if and only if the two curves 
have in common a principal tangent at O. The standard proof of this well 
known theorem of the theory of higher plane curves makes use of Puiseux 
expansions. If, namely, R(x) = R(f, g) denotes the resultant of f and g, consid- 
ered as polynomials in y, and if ye, - - - , ¥n and ji, Je, - , are the roots 
of f=0 and g=0 respectively, then, the axes being in generic position, the 
intersection multiplicity at O is defined as the multiplicity of the root «=a 
of the resultant R(x), and this multiplicity is found by substituting into the 
product JJ;_,IT;_,(v:—5,) the Puiseux expansions of the roots y; and j,. A 
less known proof, in which the multiplicity to which the factor « —a occurs in 
R(x) is derived in a purely algebraic manner, was given by ‘C. Segre.t Follow- 
ing a procedure due to A. Voss,§ Segre uses the Sylvester determinant and 
arrives at the required result by a skillful manipulation of the rows and col- 
umns. 

In the first part of this paper (§§2, 3), we give a new proof of the property 
of the resultant R(f, g) (see Theorem 1), which is implicitly contained in the 
quoted paper by C. Segre and of which the above intersection theorem is an 
immediate corollary. This proof makes use only of the intrinsic properties of 
the resultant and so contains the germ of an extension to the case of +1 
polynomials in » variables. In the second part (§§4-9) we extend Theorem 1 
to the resultant of »+1 polynomials (Theorem 6). From Theorem 6 follows 
as a corollary the analogous intersection theorem for hypersurfaces in Sy41 
(§9). 


I. TWO POLYNOMIALS IN ONE VARIABLE 


2. A generalized weight property of the resultant. Let 


{7 Presented to the Society, December 31, 1936; received by the editors June 18, 1936. 

tC. Segre, Le molteplicita nelle intersezioni delle curve piane algebriche con alcune applicazioni ai 
princi pi della teoria di tali curve, Giornale de Matematiche di Battaglini, vol. 36 (1898). 

§ A. Voss, Uber einen Fundamentalsats aus der Theorie der algebraischen Functionen, Mathe- 
matische Annalen, vol. 27 (1886). 
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f = doy” + +--+ + an, 
g = boy* + biy™* + --- + dn, 
be two polynomials, with literal coefficients, and let R(f, g) be their resultant: 


in, to 


where, by well known properties of R, we have 
=n, 
ty + + + Mint jit + = mn. 
THEOREM 1. Letr and s be two non-negative integers, r <n, s<m. If we give to 
each coefficient. a; (b;) the weight r—i (s—j) or zero, according as r—i20 
(s—j720) or r—is0O (s—j<0), then the weight of any term in the resultant 


R(f,g) is =rs. The sum of terms of weight rs is given by the following expression: 


where 
fr = aoy’ + +++ fae = + Gn; | 
= boy? +--+ = +--- + dba. 
We consider the polynomials 
= + by + +--+ + bn, 
where / is a new indeterminate. Let ¢* be the highest power of ¢ which divides 
the resultant R(f, Z), f and g being considered as polynomials in y: ‘ 
(1) R(f, Z) = t*Ri(ai, b;, 2), R,(a;, b;, 0) 0. 
By a well known property of the resultant, we have R(f, 2) = Af+Bz, where t 


A and B are polynomials in y, a;, 5;, ¢, with integral coefficients; or using a 
familiar notation: R(f, z)=0(f,z). We put f=/*+a,, z=2*+b,. If we make 
the substitution a, = —f*, b,, = —g* in the identity R(f, z)=Af+Bz, then f ' 
and 2 vanish, and therefore also ¢*R,(a;, b;, 4) must vanish. Since ¢ is unaltered 
by the substitution, we have 


Ri(ao, 5 Gn-1, — f*; bo, bm—1; g*; t) = 0. 


If we now order R,(a;, b;, t) according to the powers of a,+f* and b,,+2*, 
the constant term vanishes, and hence R,(a;, b;, t)=0(f, Z).¢ Putting ¢=0, { 


+t This proof that ¢*R,=0(f, Z) implies R:=0(f, Z) is taken from van der Waerden, Moderne 
Algebra, II, p. 15 (quoted in the sequel as W.) Further on we shall use frequently the notion and prop- . 
erties of inertia forms as given in W., pp. 15-21. 
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we find Rio=R,(a;, b;, 0) gus), and hence Rio vanishes whenever 
; and g.-. have a common factor of degree =1 in y. Consequently, by a 
well known property of the resultant, R10 is divisible by R(f2-+, gn—s), provided, 
however, that »¥r and ms (inequalities assuring the irreducibility of 


&m—s))- 
If we now consider the resultant R(f, z) of the following polynomials: 
f= + + a,y""" + ban eee 


or, what is the same, the resultant of the polynomials 


+ ary’ + +++ + do, 
+ + Dep + bey? + + bo, 
and if we put R(f, g) =#'Re(ai, b;, #) and Reo=Re(ai, b;, 0), where ¢! is the high- 
est power of ¢ which divides R(f, Z), we conclude as before that Reo is divisible 
by the resultant of the polynomials 
a,y" 4+ + + a, 
+ + eee bo; 
i.e., Reo is divisible by R(f,, g.), provided r~0 and s 0. But since 


i.e., R(f, Z) and R(f, g) differ only by a factor which is a power of ¢. Hence 
Reo= Rio, and therefore Rio is divisible by both R(fn-r, gn—s) and R(f,, gs). 

Assuming that n, m, we have that R(fr_,, and R(f,, g.) 
are irreducible and distinct polynomials in the coefficients a;, b;. [ao, for in- 
stance, actually occurs in R(f,, g.), but does not occur in R(f#_,, gm—s). | Hence 
Rio is divisible by the product R(f,, g.)-R(fn-r, gas). Since R(f, Z), and hence 
also Rio, is of degree m in the coefficients of f and of degree in the coefficients 
of g, we conclude that 


we have 


where c is a numerical factor (an integer). 

Assume r =0, sm. Then f,-,=f andR(f2_,, g%-.) is irreducible and of de- 
gree n in the coefficients of g, and consequently the quotient Rio/R(fa-r, gx») 
is independent of the coefficients of g. On the other hand, R(f, Z) contains 


| 
| 
| 
| 
| 
| 
| 
| | 
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the term a9”b," , so that the exponent & of ¢ in (1) equals 0, and therefore Rio 
can vanish only if f and gx_, have a common zero or if a)=0. It follows that 
also in this case Rio=cao*R(f, gus) =c-R(fo, gs) RU, gm—s), where c is an in- 
teger. 

The case s =0, r¥n is treated in a similar manner. 

Rio is visibly given by the product a b,2 =R(fo, g)R(f, go*) if r=0, 
s=m, and a similar remark holds in the case r=n, s=0. Hence we have 
proved that in all cases 


(2) Rio = &m—e) ? 


where ¢ is an integer. 

The resultant R(f, Z) can be obtained from R(f, g) by replacing ao, a1, - - - , 
and Do, by, , by aol, ait”, -- , and bof*, --- , 
respectively. Every term of R(f, g) acquires then a factor ¢”, where w is the 
weight of this term as specified in the statement of Theorem 1. By (1), 
Rio( = Ri(ai, 6;, 0)) is the sum of all terms of R(f, g) of lowest weight k, and 
since, always according to our definition of the weight, R(f,, g.) is isobaric of 
weight rs, while R(f*_,, gu-s) is of weight zero, it follows that k=rs. This and 
the identity (2) complete the proof of our theorem. 

To determine the numerical constant c, we take a special case, say 
f=acy"+an, g=b.y"-*. Then =n = and 


R(f, 8) = (— 1)" 


Hence, in this case we have 
R(f, g) = (— "R(f,, » 


and consequently c = 

Remark. The resultant of the polynomials f and g coincides, to within the 
sign, with the resultant of the polynomials a,y"+ +40, bmy™+ 
Applying our theorem to the last two polynomials, we see that it is permissible 
to interchange, in the statement of Theorem 1, a; with @,_; and b; with 5,_;. 
This is equivalent to attaching the weights r, r—1,---,1,s,s—1,---,1to 
Gn, ** * » Om, Omi, Fespectively, and the weight 0 to 
the remaining coefficients. 

3. The intersection multiplicity of two curves at a common point. The 
application of Theorem 1 toward the determination of the intersection 
multiplicity of two curves at a common point is immediate. If the coeffi- 
cients a; and 6; of the polynomials f and g are polynomials in x, and if the 
origin O is a common point of the two curves f =f(x, y) =0, and g=g(x, y) =0, 
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r-fold for f and s-fold for g, then +, @n—r41 are divisible by 2’, 
a, respectively and 0m, Dmi,-++, are idivisible by 
x*,x*-l,.--+, ax, respectively. Hence every term of the resultant R(f, g) = R(x) 


is divisible by x”, where w is the weight of the term as specified in the remark 
at the end of the preceding section. Since w2rs, x’* divides R(x).'Let 


R(x) = ax’* + terms of higher degree, 


where a is a constant. 
Let Then 


| x) | 

= 
z=0 

for all i and j such that i+ 7 =r; similarly 


] 
z=0 


if i+j=s. Moreover, ¢o,;=@n-;(0), j=r, r+1,---, m, and do,;=bn_;(0), 
j=s,s+1, ---,m. Applying Theorem 1, we find 


a= +R (fr, 
where 
Se = + + Cory’, 
and 


= Cor + Co,rtiy + + Cony” 
= dos + + + domy™. 


Here R(f,, g.) =0 if and only if the curves f and g have at the origin a common 
principal tangent. If R(f,, g.) #0, then R(fa—r, &m—s) =0 if and only if the two 
curves have a common point on the y-axis outside the origin. Hence if the 
y-axis is generic and if there are no common principal tangents at O, then 
a0 and the intersection multiplicity at O equals rs. 


Il. THE GENERAL CASE OF 2+1 POLYNOMIALS IN ” INDETERMINATES 


4. Preliminary remarks on forms of inertia. Let K be an underlying do- 
main of integrity, and let fi, fe,---, fm be polynomials in x, x2,---, Xn, 
with coefficients in a polynomial ring K [¢] =K #, -- - ,#,], where, - -,t, 
are indeterminates. A polynomial T in K [¢] is an inertia form of the poly- 
nomials fi, - - - , fm, if it has the property: 


(3) = > Sm); 


| 
\ 
| 
| 
| | 
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for i=1, 2,---, m and for some integer r, i.e., if x7 T belongs to the poly- 
nomial ideal generated by fi, --- ,fmin K[h,--- ,t3%1,--°+,%n]. It follows 
from the definition that the inertia forms of fi, - - - , fm form an ideal T in 
K [t]. 

THEOREM 2. If for a=1, 2,---, m each polynomial f; is of the form: 
f= tba ia’, Fja20, where tap, are distinct indeterminates in the set 
hh,---,t, and where fj is a polynomial independent of ta,,--~ , tam, then E is 
a prime ideal, and (3) holds for i=1, 2,--- , if it holds for one value of i. 

In order to provef the theorem let, for instance, f; =¢;7,7i+/*. If (3) holds 
for a given 7 and for a given polynomial T(t, t,---, tm,---, t), then it 
follows by the substitution ¢;= —f*/x,%: 


* * 
Conversely, if a polynomial T(t, - - - , ¢,) vanishes identically after the sub- 


stitution ¢;= —f*/x,i, then T satisfies (3) for i=1. Under the assumption 
made in the above theorem, it follows immediately that (4) is a necessary and 
sufficient condition in order that T be a form of inertia. Hence fT is a prime 
ideal and T is a form of inertia if (3) holds for 7 =1. 


Coro.iary. If o:=02= - =on=0, then any form of inertia T satisfies 
(3) with r=0. 
If the polynomials fi, fe, ---, fm are homogeneous in %,---, X,, then 


it is well known that the vanishing of all the inertia forms for special values 
t of the parameters ¢; is a necessary and sufficient condition that the equa- 
tions fi(x;; t; ) =0, =0, - - - , fm(xi; £2) =0 have a non-trivial solution 
(not all x;=0) (see W., p. 16). 

For non-homogeneous polynomials the following theorem holds: 


THEOREM 3.1. Let f; contain terms of lowest degree s; im %1,- ++, Xn: 
fi Xn) + Xn) +--- ’ 


where +s homogeneous of degree kin x,, -- - , Xn, and let us consider the homo- 
geneous polynomials: 

where xo is an indeterminate and 1; is the degree of f;. The vanishing of all the 
inertia forms of fi, fe, - + - , fm for special values of the parameters t;is a sufficient 
condition in order that (a) either the equations f,=0,---, fm=O have a non- 


Compare W., p. 15. 


} 
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trivial solution different from x9=1, x,;= - -- =x,=0; or that (b) the equations 
a suitable extension field of K). 


The converse holds only under certain restrictions: 


THEOREM 3.2. If (a) holds and if the coefficients of x:%,---, xn'* in f; 
(t=1, 2, - - - , m) are indeterminates which do not occur in other terms of f;, then 
the inertia forms of fi, fm all vanish. 


THEOREM 3.3. If (b) holds, and if the coefficients of xy%,-- +, Xn% in f; 
(t=1, 2, - - - , m) are indeterminates which do not occur in other terms of f;, then 
the inertia forms of fi, - - - , fm all vanish. 


hi, - - - , fm, considered as polynomials in x, possess a resultant system 
Xn); ths » Or(X1, Xn), 


where the ¢,’s are homogeneous polynomials. Since ¢;=0(fi, ---, fm), we 
have for every inertia form T of the polynomials ¢;: x7T=0(fi, - -- , fm), 
j=1, 2,---,m. Putting x)»=1, we see that T is also an inertia form of the 
polynomials fi, - - , fm. 

Let all the inertia forms of fi, ---, fm vanish for special values of the 
parameters ¢;. Then for these special values of the #;’s also the inertia forms 
of di, - -- , all vanish, the homogeneous equations ¢,=0, - - - , have 
a non-trivial solution, and consequently, by known properties of the resultant 
system qu, - - - , os, the alternatives (a) and (b) of Theorem 3.1 follow. 

If T is an inertia form of fi, ---, fm, then passing to the homogeneous 
polynomials fi,---, fm, it is found that (xox;)"T=O(fi,---, fm), for 
4=1,2,---,nand forsomec. Under the hypothesis of Theorem 3.2 concern- 
ing the coefficients of x;", - - - , x,'*, we can repeat the reasoning of the proof 
of Theorem 2, and it follows that x#T =O0(fi, - - - , fm), fori=1, 2, ---,mand 
for some p. Hence if (a) holds, then T =0. 


For the proof of Theorem 3.3, let xf, - - - , x,° be a non-trivial solution of 
the equations f,,,,=0,--- , fm,s, =0, and let, for instance, x? We make 
the following change of indeterminates: 

41 = V1, X2 = YoV1,°** » Xn = 
Then 
Si = yt fres(A, Yn) + V2, Yn) + the 
and if T is an inertia form of fi(x), - - - , fm(x), then y7T - - - Ym). Un- 


der the hypothesis of Theorem 3.3, the constant terms in Y,, Yo, - - - , Wm are in- 


| 
| 
| 
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determinates, and hence, by the corollary to Theorem 2, T=O0(y, - - - , Ym). 
Since for the equations ¥,=0, --- , have the solution y? =0, 
yP /xP,---, it follows that T(t?,---, #2) =0. 

5. The inertia forms of some special set of »+1 polynomials in m inde- 
terminates. The theorems of the preceding section are applicable in the spe- 
cial case when m=n+1 and when each f; is a polynomial with literal coeffi- 
cients in which all the terms of degree <s;</; are missing, /; being the degree 


of fi: 


(6) fe= SA tie Shi. 
(i) 

If s,=s2= «++ =Sn41=0, then the ideal of the inertia forms is a principal 
ideal (R), where R is the resultant of fi, fe, - - - , fn41. R is an irreducible poly- 
nomial homogeneous of degree /2 - - - /,4: in the coefficients of f;, homogene- 
ous of degree JJ; - - - 1,4: in the coefficients of fe, etc. Finally, by the corollary 
to Theorem 2, R=O(fi, fo, - - - , fn4i), and the vanishing of R for special 
values of the coefficients a{}} is a necessary and sufficient condition in order 


that the polynomials fi, fe, - - - , fr4:, rendered homogeneous, have a common 
non-trivial zero (see W., p. 20). 
We prove the following theorems in the case when 51, 52, - - - , Sny1 are not 


necessarily all zero: 

THEOREM 4. Let e; (=aji}..:0) be the coefficient of x," in f;. If Snsi<In41, 
then any inertia form of fi, fo, - ~~ , fn41 which does not vanish identically, must 
be of degree >0 in each of the coefficients e1, €2, +++ , €n- 


Coro tary. If one at least of the polynomials fi, - - , fn41 ts non-homogene- 
ous, the ideal E of their inertia forms is a principal ideal. 


The proof is similar to the one given in W., pp. 16-17, in the case 
S:= +++ =Sn4:=0, only with a slightly different specialization of the coeffi- 
cients a{}}. Assume that there exists an inertia form 7, not identically zero, 
which is independent of e. Putting f;=e,,''+f*, and applying (4) (where 
a; should be replaced by /;), we see that T cannot be independent of all the 
coefficients é2, - - - , €n41 (since T is not identically zero) and we conclude that 


the quotients 
In+1 


are algebraically dependent in K [a{}], K being the ring of natural integers. 
By a lemma proved in W., p. 17, these quotients remain algebraically depend- 


t If all the polynomials f; are homogeneous, then T contains the resultant of any n of these 
polynomials and is therefore not a principal ideal. 


| 
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ent after an arbitrary specialization a{}=a{i} (a{i}<K). Let us take for 
fi, the special set of polynomials x,", 
x,"*-1, observing that the specialization f,.1=2:'"+1— is permissible, since, by 
hypothesis, f,+: is not homogeneous. The above quotients become 


x2/ 2X1, 1/x,, 


and since these are evidently algebraically independent, our assumption that 
T is independent of e; leads to a contradiction. 

The corollary now follows in exactly the same manner as in W., p. 19. 

Let (D) be the principal ideal of the inertia forms of the polynomials 
hi, fo, ++ + » {nz D, if it is not identically zero, is an irreducible polynomial 
in the coefficients a{}}. We next prove that indeed D is not identically zero, i.e., 
that there exist inertia forms of fi, - - - , fn41 which are not identically zero. 

If di, - - - , On¢1 denote general polynomials in x, - - - , x, with literal co- 
efficients, of degree - - - , 1,41 respectively, we can write ¢;=y;+/;, where 
fi, - ++, fn41 are our given polynomials and where y; is of degree s;—1. Let 
a"... +7, S1;. Let ¢ be a parameter, and let 
¢:' be the polynomial obtained from ¢; by replacing each coefficient a}... ;, by 
if ss Le., if af?...;, is the coefficient of a 
term of the polynomial ¥;, while the coefficients of f; remain unaltered. Let 
- , be the resultant of the ¢,'’s considered as polynomials 
in , Xn, and let ¢*,a2=0, be the highest power of ¢ which divides R;: 

(7) Rp = acy) = 

Since each polynomial ¢;‘ contains the terms x;", - - - , x,/*, whose coefficients 
are indeterminates, it follows by Theorem 2, that the ideal of the inertia forms 
of - - -,@a41 is prime. Now,no power of ¢ is an inertia form of¢y', - - -, 441, 
because otherwise, for ¢=1, it would follow that 1 is an inertia form of 
* and this is impossible. Hence, since is an inertia form of 
oi',--°, $241, it follows that also R™ is an inertia form. For t=0, we have 
o? =f;, and Ro is therefore an inertia form of fi, - - - , fn41 which does not 
vanish identically. 

6. The resultant R(d¢i, - - - , @241) as an isobaric function of the coeffi- 
cients a}. Let ¢1,---, n41 denote, as in the preceding section, general 
polynomials in the variables x, ---,%n, of degree - - - , respec- 
tively, and let R(gi, - - - , =R(a{}) be their resultant. It is clear that 
R(- ++, +++) is the resultant of tail), 
Gnsi(tit, , Xn4it) and is therefore divisible by R(a;), since the ideal of 
the inertia forms of these +1 polynomials is, by the preceding theorems, 


q 
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a principal ideal and since the irreducible anne R(a{}) obviously belongs 


to this ideal. It follows that R(---, differs from 
R(a;) only by a factor which is a power of t, say by /”. Hence R(a;) is an 
isobaric function of the coefficients of a; , of weight o, provided that we attach 
to a} ...;, the weight jit --- +jn. 

To find o, we specialize the polynomials ¢; as follows 


ln 
5 Pn = AnXn Pn+1 = Gn+1- 


The resultant R does not vanish identically, since the equations ¢; =0, - - - , 
¢n41=0 have no common solution if a, - - - , @n;1 are indeterminates. Taking 
into account the degree of R in the coefficients of each ¢;, we deduce that 
‘where c is a numerical factor. Since a, ---, dp 
are of weight 2, --- , 1, respectively and is of weight zero, it follows 
that - - 

As an immediate corollary of this last result and of the fact that 
cients of ¢;, it follows that if we attach to a}... ;, the weight l:—ji— - - —jnsa, 
then , ts isobaric of weight lle - In41. 

7. Properties of R based on a more general definition of the weights of 
the coefficients a{j}. We separate in ¢; the terms of degree <s; from those of 
degree >s;, and we put ¢:=:+f;, where y; is of degree s; and f; contains 
all the terms of degree >s;. While in §5 we have replaced a{...;, by 


if si>ji— —jny We now instead replace by 
birt: cing UE jit i.e., if ..j, 18 the coefficient of a 
term in and leave the of Wi, unaltered. 
Let 1‘, - - - , .41 be the polynomials obtained in this manner, and let 
¢ B.(2) B_(2) (i) 
(8) R(gi, =tR, =tR (t; 


be the resultant of the polynomials ¢,'. Here # is the highest power of ¢ 
which divides R($1', , $441), so that =R®(0; a;) does not vanish 
identically. As in the case of the polynomials ¢,' of §5, we conclude also here 
that R,® is a form of inertia of the polynomials y,, - - - , Vn41, and since these 
are general polynomials of degree si, - - - , Sn41 respectively, we deduce that 
R&® is divisible by - , 

Now the polynomials ¢,¢ and ¢;‘ are related in the following way: 
(tx, , From this it follows, in view of the isobaric prop- 
erty of R given in the preceding section, that their resultants differ only by a 
factor which is a power of ¢. Hence, by (7) and (8), we have R(t, a{}) 
= a{}), and in particular for ¢=0, we have Ro? =R,®. Let Ro= Ro 
= R,®. Ro is divisible by R(Y:, - - - , Wn41) and by D, where D is the base of 


| 
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the principal ideal of the inertia forms of fi, - - - , fn4:.f Hence Ro zs divisible 
by the product DXR(q,, - - - , Wn41), Since both factors are irreducible and 
distinct polynomials. (R(Wi, - - - , Wa41) is of degree >0 in each constant 
term a...,, while, except in the trivial case s:= --- =Sn41=0, where 
fi, - +, coincide with - - - , dn41, at least one of the polynomials f, 
say f;, and hence also D, is independent of a®...,.) 

The precise relationship between Ry and D- R(fi, - - - , Wasi) is given by 
the following theorems: 


THEOREM 5.1. If two at least of the polynomials f; are non-homogeneous, then 


(9.1) Ro ad c-D- RW, Wn+1) 
where c is a numerical factor (an integer). 

THEOREM 5.2. If fo,--- , are homogeneous, then 
(9.2) Ro = 


where c is a numerical factor (an integer). In this case Dis simply the resultant 

Before proving these theorems, let us first derive an immediate conse- 
quence. From the meaning of Ro=R,™ [cf. (7)] it follows that if to each co- 
efficient af. ..;, in we attach the weight s;—ji— --- —jn, if fit 
<s;, and the weight zero if 7: + --- +j,>5;, then Ro is the sum of terms of 
lowest weight a in the resultant R(qi, - - - , 6n41). According to this definition 
of the weight, each term in D is of weight zero, while R(yi, - - - , Ya41), by §6, 
is of weight s; - - - Sn41. Hence we may state the following theorem: 


THEOREM 6. Let i, , be general polynomials in x; - - Xn, of degree 
hi, - respectively, and let 51, , be integers such that OSs; Sl;. If 
we attach to each coefficient a{...;, in the weight s;—j,— --+ —j, or the 
weight zero, according as jit - +jnSsiorjit then each term of 
the resultant - - , is of weight =siSe- Sny1. The sum of terms of 
lowest weight siS2- - - is given by the product - - , where c 
is a numerical factor. The symbols have the following meaning: ; is the sum 
of terms of $; which are of degree <s; and f; is the sum of terms of $; of degree 
>si; - - , ts the resultant of if not all s;=1,, then D is 
the base of the principal ideal of the inertia forms of fi, -- + , fn4i; tf all s5=li, 
then D =1; finally, o =1, except when all the integers s; but one, say s,, coincide 
with the corresponding integers 1;, in which case o =1,—5. 


T In the trivial case when fi, - ++ , fny1 are all homogeneous polynomials, D is not defined, but 
then Ro evidently coincides with R(qu, ,n+1)- 


j 
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Remark. Again from the meaning of Ro( = Ro) it follows that if we attach 
to a...;, the weight ji+ - - - +j,—5s; or zero, according as ji+ +jn.25; 
orjit - ++: +j.<s;, then Rois also the sum of terms of lowest weight, 6, in the 
resultant R(gu, - - - , [cf. (8) ]. According to this definition of the weight, 
each term of R(y, - - - , Wn41) is of weight zero, and D” has to be isobaric of 
weight 8. 

To find 8, we observe that Theorem 5.1 implies that D is homogeneous of 
degree - - - Sny1 in the coefficients of f;, homogeneous of de- 
gree - - - in the coefficients of fe, etc. On the other hand, 
if ji+ --- +j, is taken as the weight of a/*...;,, then Ro and - - , Yass) 
are isobaric forms of weight ml, - - - 1,4: and ms; - - - Sa41 respectively, whence 
D is of weight - - Insi—5i Sngi). It follows that if we replace in the 
polynomial D each coefficient a{"...;, by af... in, D acquires the 
factor /, where 


or 


bit — Se 


B = +( 


If so=le,- then it is seen that 8=0, and this agrees with 
Theorem 5.2, because in this case the coefficients of fo,---, fri: are of 
weight zero. 

Proof of Theorems 5.1 and 5.2. We begin with Theorem 5.2, whose proof 
is simpler. We have in this case ~;=¢;, 1=2,---, m+1, and hence 
R(i, is of degree - - - in the coefficients of Hence, if we 
put 


Ro = » P, 


then P is independent of the coefficients of ¢. 

Now in the present case 8=0, and Ry is what becomes of the resultant 
R(Gi', , dais) if we put ¢=0, where now ¢;'=¢;, i=2,--- , n+1, and 
=Pitfiltm, ---, tx,)/i™. It follows that Ro=O implies that either the 
equations ¥,=0, ¢2=0,--- , n41=0, rendered homogeneous, have a non- 
trivial solution, or that the homogeneous equations f2=0, - - - , fr4:=0 havea 
non-trivial solution. Hence R(y1, $2, - - , and R(fe, - - , are the 
only irreducible factors which can occur in Ro. Since the irreducible poly- 
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nomial R(fe, - - - , fn41) obviously coincides with D, Theorem 5.2 follows by 
comparing the degrees of the first and second member of (9.2). 

For the proof of Theorem 5.1, it is sufficient to show that D is of degree 
lols + In41—S283 Sny1 im the coefficients of fi, of degree lls - - 
in the coefficients of fz, etc. Since DR(th, - - - , divides Ro, D cannot 
be of higher degree in the coefficients of fi, fo, - - - , fn41, and therefore it re- 
mains to show that D is of degree not less than lols - Sng. in 
the coefficients of f,, etc. We prove this in the following section. 

8. The degree of D. We wish to show in this section that if at least 
two of the polynomials fi, --- , fn4, are non-homogeneous, then D is of degree 
- + + Sng tm the coefficients of fi, of degree - - 

* m the coefficients of fz, etc. Obviously, the condition that at least two 
of the polynomials f; be non-homogeneous, is necessary. In fact, if only one 
of the polynomials f;, say f,+4:, is non-homogeneous, then D coincides with the 
resultant R(fi,---, fn) of the forms fi, - - -, f,, and its degree in the coeffi- 
cients of fi is not - Insa—S2 Saga [=le- but le - In. 
If all the polynomials f; are homogeneous, then the ideal of their inertia forms 
is not a principal ideal and D is not defined. 

If for special values of the coefficients a{i}, one of the polynomials f;, say 
Jn41, factors into a product gh of two polynomials, then D becomes an inertia 
form of both sets of polynomials fi, ---, fn, g and fi,---, fn, 2. Hence, as- 
suming that the ideals of inertia forms of these two sets of polynomials are 
principal ideals, say (D1) and (D2) respectively, then for those special values 
of the coefficients a}, D is divisible by both D; and Dz. This remark shall be 
used in the sequel. 

Let f, and f,4: be the non-homogeneous polynomials. We first consider 
the case in which fi, - - - , f,-1 are polynomials of degree 1, and in this case 
we examine separately three possibilities. 

(a) At least two of the polynomials fi, -- + , fn are non-homogeneous (and 
hence two at least of the integers s;,--~-, 5,1 vanish). We specialize the 
coefficients of f, and f,4: in such a manner that f,, becomes the product of /, 
general polynomials f,,; of the first degree, of which s, are linear forms, and 
that becomes similarly the product of /,,,: linear factors, fn41,:. The 
(n+1)-row coefficient determinants relative to the sets of polynomials 
Sis fn—1) are all distinct and irreducible inertia forms, since at 
least two of the polynomials of each set are non-homogeneous. Hence D is 
divisible by the product of these determinants and is therefore of degree 
21,Jn41 in the coefficients of f;,i=1, 2,---,m—1, and of degree =/,41 
in the coefficients of f, (fn41). 

We observe that this proves that in the present case D coincides with the 
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resultant R(fi, - - - , fn41), or, what is the same, that this resultant is irreduci- 
ble. 

(b) All but one of the polynomials f,, - - - , fx. are homogeneous. Let, for in- 
stance, f, be non-homogeneous. With the same specialization of f, and f,4: as 
in the preceding case, let fn, - fnen3 fnttay*** fnttieny, be the homo- 
geneous linear factors of f, and of f,s: respectively. The (w+1)-row coeffi- 
cient determinants of fi, - - , fn.i, fn41,; remain irreducible, except when 
simultaneously 1<i<s, and 175,41, in which case the determinant fac- 
tors into the constant term of f; and into the m-row determinant of the coeffi- 
cients of %1,---,%, in fe,---, fn1, fn,i, fn41,;- Hence D is divisible by the 
product of (+1)-row determinants and s,5,41 2-row determi- 
nants, these last ones being independent of the coefficients of fi. Hence D 
is of degree =Jln41—SnSn41 in the coefficients of fi, of degree =/,/,41 in the 


coefficients of f;,i=2,---,2—1, and of degree 2/,,: (l,) in the coefficients 
of fn (fn41). 

(c) All the polynomials fi, - - - , fn. are homogeneous. Let 
(10) = ¢=1,2,---,#—1, 

j=l 

(10’) Si = fins i=n,n+1, 
where f;,.,,« is homogeneous of degree s;+k. Solving (10) for %2,---, X, we 
get 
(11) Aix; = fo, , 
where A,, - - - , A, are (n—1)-row minors of the matrix (a;;) and hence homo- 
geneous of degree 1 in the coefficients of each of the polynomials fi, - - - , fr—1. 


Substituting (11) into (10’) we get 


where 


In--8n, 


+21 , Asn); 


On+1(%1) = Ay" A,) 


i] 
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Let R=R(@n, be the resultant of ¢,(x1) and We have 
R=0(n, Gn41) and hence, by (12), fn, fn41), for some o. 
It follows, by Theorem 2, that R is a form of inertia of the polynomials f;. 
From the form of the coefficients of ¢,(%1) and ¢n4:(x1) and from the fact that 
R is an isobaric form of weight (1, —s,)(Jn41—Sn41) in these coefficients, it fol- 
lows that A,(»~*®)(nH-n+) js a factor of R. Let R=A,{"~#)(nti-m+).P, Now 
A, is independent of the coefficients of f, and f,4: and hence, by Theorem 4, is 
not a form of inertia of fi, - - - , fr4:. Consequently P is a form of inertia of 
fi, ++ The coefficients of ¢;(¢=n, m+1) are homogeneous of degree 1 
in the coefficients of f; and homogeneous of degree /; in Ai, ---, An, hence 
homogeneous of degree /; in the coefficients of each of the polynomials 
fi, +++, Hence R is homogeneous of degree /,—s, and in 
the coefficients of f,4: and f, respectively, and homogeneous of degree 
Ln (Ln+1—Sn41) in the coefficients of f;,i=1, 2,---,—1. It fol- 
lows that P is homogeneous of degree |n41—Sn41 and 1,—s, in the coefficients 
of fn and fn4i respectively, and homogeneous of degree lyln4i1—SnSn41 in the coeffi- 
cients of each of the polynomials fi, - - , fn—t. 

It remains to prove that P =D, or, what is the same, that P is an irreduci- 
ble polynomial in the coefficients of fi, - - - , fn41. We observe that P is the 
resultant of the following polynomials 


Vn41(%13 A, A,) -= An) + An) 
For the special polynomials fi:=%2, fe=%3,---, we have Ai=1, 
--- =A,=0, and become general polynomials with literal co- 


efficients in x, of degree lJ, —s, and 1,41—Sn41 respectively, and their resultant 
is irreducible. Hence P cannot be divisible by two factors or by the square 
of a factor in which the coefficients of f, or of f,4: actually occur. On the other 
hand, for the special polynomials 


ln—sn 
Vn Tn.in(A1, A,), 
In41-—8n+ 
we get P= ,,, and hence P cannot have a factor independent 
of the coefficients of both f, and f,4:. Hence P is irreducible, P = D. 


Passing to the general case where fi, --- , fn-1 are of arbitrary degrees 
h,--+, while f,, f.4: are non-homogeneous polynomials, we specialize 


| 
H 
i] 
| 


— 


264 OSCAR ZARISKI ; [March 


each polynomial f;, i=1, 2, - - - , #—1, into the product of /; linear factors, 
of which s; are linear forms: f;=fafi2- - - fi;. By the special case consid- 
ered above, the irreducible form of inertia D;,...;,_, of the »+1 polynomials 
each factor. Hence we get JJ, - - - 1,_, distinct irreducible forms of inertia and 
their product must divide D. Now D,,...;,_, is of degree 1,J,4: in the coeffi- 
cients of f1;,, if the polynomials fe;,, --- , fnx-1,;,-, are not all homogeneous, 
and is of degree Inlni1—SnSn41 in the coefficients of f,;,, if all the polyno- 
mials f2;,,---, fn—1,j,-, are homogeneous. It follows that D is of degree 
+ + in the coefficients of fi. Similarly D is of degree 
cee $1 oo + * * Sead in the coefficients of fi, 
t=1, 2,---,n—1. Dj,...;,_, is of degree 1,4: in the coefficients of f,, if 
hii, are not all homogeneous, and is of degree /,41—Sn4: in the 
contrary case. Hence D is of degree - - Sn—1Sn41 in the co- 
efficients of f,. Similarly, D is of degree J, - - - 1,—s, - - - s, in the coefficients 
of f n+l: 

9. An application to the intersection theory of algebraic hypersurfaces. 
Let 


5 Xn, Xn+1) = 0, 


5 Xny = 0, 


be the equations of hypersurfaces Fi, ---, in the (w+1)-dimen- 
sional projective space. Let J; be the order of F;. Let the origin 
O(0,---, 0) be a common point of these hypersurfaces, and let it be an 
s,-fold point of F;. We regard ¢; as a polynomial in x, - - - , x,, and we write 
where the coefficients a{i} are polynomials in 241. 
Since O is an s,-fold point of af)... is divisible by if 
jit::+++j.Ss:. Hence, by Theorem 6, every term of the resultant 
R(gi, + = R(Hn41) is divisible by Let 


1°* 


R(%n41) = ax’ + terms of higher degree, 


where a is a constant. Let g; (¢=1, 2, - - - , +1) denote the sum of terms of 
lowest degree (s;) in ¢;. Then we have, by Theorem 6, a=cDy’R(gi, - - - , £n+1), 
where c¢ is an integer, and D)»=[D].,,,-0. The homogeneous equation g;=0 
represents the tangent hypercone of the hypersurface F; at the point O. Hence 
R(gi, -- +, Sn41) vanishes, if and only if the »+1 hypersurfaces F; have a 
common principal tangent line at O. Assume that R(gi, --- , gn4i1) <0. If fi 


| 
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denotes, as in Theorem 6, the sum of terms in ¢; which are of degree 2s; in 
Xn, then + terms of degree >s; in x, --- , It fol- 
lows, by Theorem 3.1, that if R(gi,--- , gn4i) then Do=0 implies that 
the hypersurfaces F; have a common point on the hyperplane x,4;=0, out- 
side the origin; and conversely, by Theorem 3.2. Assuming that the hyper- 
surfaces F; meet in a finite number of points, we see that if the coordinate 
axes are in generic position and if the hypersurfaces F; have no principal 
tangent in common at the point O, then a0. According to the usual defini- 
tion of the intersection multiplicity of the hypersurfaces F; at a common 


point, it follows that the intersection multiplicity atO is =s1 - - - Sn41 and equals 
S1°* + Sn41 Uf and only if the hypersurfaces F; have no common principal tangent 
atO. 
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ON THE THEOREM OF JORDAN-HOLDER* 


BY 
OYSTEIN ORE 


In a group we have the well known theorem on principal series, that any 
two principal maximal series have the same length and the quotient groups 
in the two series are isomorphic in some order. In a paper entitled Uber die 
von drei Moduln erzeugte Dualgruppe, Dedekind{ analyzed the axiomatic 
foundation of this theorem, particularly the fact that the length of two maxi- 
mal principal series is the same. He showed that this theorem can be con- 
sidered as a theorem on structures (Dualgruppen), i.e., systems with two 
operations called union and cross-cut. In order that the theorem shall hold 
in such a structure it is necessary that it satisfy a further condition which I 
have called the Dedekind axiom. Similar considerations have been made by 
G. Birkhoff.{ In a recent paper$ I have shown that in Dedekind structures 
one can prove a genera] theorem corresponding to the theorem of Schreier- 
Zassenhaus|| for principal series in groups. This theorem contains the ana- 
logue of the theorem of Jordan-Hélder for Dedekind structures and yields 
also the fact that the quotients are isomorphic in some order. 

All these investigations apply only to Dedekind structures, and give the 
analogues to the theorems on principal series, i.e., series of sub-groups where 
each group is a normal sub-group of the full group. They do not apply to com- 
position series where one only supposes that each term is normal under the 
preceding. In this paper we shall investigate the possibility of deriving a 
theory applicable to arbitrary structures and giving an analogue to the theo- 
rem of Jordan-Hélder for composition series. The first step is to examine the 
validity of the analogue to the second theorem of isomorphism (Theorem 1). 
Next we have to introduce some notion of normality and normal elements. 
It turns out that two suitable types of normality, a- and 6-normality may be 


* Presented to the Society, September 5, 1936; received by the editors May 6, 1936. 

+t Mathematische Annalen, vol. 53 (1900), pp. 371-403; Werke, vol. 2, pp. 236-271. 

t Proceedings of the Cambridge Philosophical Society, vol. 29 (1933), pp. 441-464; vol. 30 
(1934), pp. 115-122, p. 200. 

§ Oystein Ore, On the foundation of abstract algebra, I, Annals of Mathematics, vol. 36 (1935), 
pp. 406-437. For further elucidation on the concepts used in the following I shall have to refer to 
this paper. 

|| O. Schreier, Uber den Jordan-Hilderschen Satz, Abhandlungen aus dem Mathematischen 
Seminar, Hamburg, vol. 6 (1928), pp. 300-302. 

H. Zassenhaus, Zum Satz von Jordan-Hilder-Schreier, Abhandlungen aus dem Mathematischen 
Seminar, Hamburg, vol. 10 (1934), pp. 106-108. 
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defined, each corresponding to some particular property of the decomposition 
theorem. For normal sub-groups both properties are always satisfied. The 
main theorem is then Theorem 7, which gives the analogue of the Schreier- 
Zassenhaus theorem for composition series. In the last part I discuss the dif- 
ference between the theorems in structures and the corresponding theorems 
for groups. 

1. Structures and quotients. We shall in the following consider an arbi- 
trary structure X, i.e., an algebraic system consisting of elements A, B, - - - 
with an inclusion relation A >B holding for certain pairs of elements. Fur- 
thermore, we suppose that to any two elements A and B there exists a union 
[A, B] which is a minimal element of 2 containing A and B and a cross-cut 
(A, B) which is a maximal element contained in A and B. For these symbols 
we have the ordinary axioms 


(A, B) = (B, A), [A, B] = [B, A], 

(A, A) =A, [A,A] 
(A, (B, C)) = ((A, B),C), [A, [B, C]] = [[4, B], C], 
[A, (A, B)] = A, (A, [A, B]) =A. 


We shall say = has a unit element Ey and an all-element Op if these elements 
satisfy the relations 


[A, Oo] = Oo, (A, Eo) = Eo 


for all A in 2. 

The structures = and >’ shall be said to be structure isomorphic if there 
exists a one-to-one correspondence A=A’ between the elements of the two 
structures such that if 


A—A’, B= B’ 
then 
(A, B)—>(A’, B’), B] > [4’, B’]. 
To any two elements A >B it is convenient to associate a symbol, the 


quotient A= A/B. These quotients may themselves be made into a structure 
by defining that for 


= Ai/Bi, We = 


we shall have 


[M1, M2] = A2]/[Bi, Be], Me) = (A, As)/(Bi, Bo). 
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We shall usually apply these operations only in the case where %; and %2 have 
the same denominator or the same numerator. Furthermore if 


% = A/B; = B/C 
we define the product 
= A/BX B/C = A/C. 
The existence of a chain 
A, 2A:2°--- 2 Ans 
may then also be expressed by saying that the quotient 
= Ai/Angi 
has a factorization 
= XK K An, = Ai/Ains. 


Furthermore we associate with each quotient %=A/B a quotient structure 
consisting of all elements S in = satisfying the condition 


A2S2B. 


We have formerly studied in detail the so-called Dedekind structures, i.e., 
structures satisfying the 


DEDEKIND Axiom. For any three elements A, B, C in = such that C>A 
we have 


(C, [A, B]) = [A, (C, B)]. 


In the following we shall not suppose that the Dedekind axiom is satis- 
fied. In Dedekind structures important considerations were based upon the 
notion of transformation. A large part of this theory may also be developed in 
structures not satisfying the Dedekind axiom. We define for any two quo- 
tients with the same denominator 


(1) 4=A/B, T=C/B 
the (right-hand) transform of U by FT to be the quotient 
(2) = = (A, x = [A, C]/C. 


We mention without proof that most of the theorems established for trans- 
formations in Dedekind structures will also hold in general structures. 

As before we shall call (2) an extension of A by T if A and TF in (1) are 
relatively prime, i.e., if in (1) we have (A, C)=B. Conversely, we shall call 
% in (2) a contraction of AX’. A series of extensions and contractions shall be 
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called a similarity transformation of A, and A and % are said to be similar 
when one can be obtained from the other by a similarity transformation. 

2. The second law of isomorphism. A fundamental result for Dedekind 
structures was the result that similar quotients were associated with iso- 
morphic quotient structures. The proof for this fact was based upon the 
fundamental theorem that the two quotient structures 


(3) 4 = [4,B]/A, B= B/(A, B) 


were isomorphic. This is the analogue of the so-called second law of isomor- 
phism for groups and ideals. 

Let us now determine some condition for the two quotients (3) to be 
isomorphic even when the Dedekind axiom is not satisfied in 2. We denote 
by A and B arbitrary elements such that 


(4) [A,B] B>B2=(A,B). 

One can then easily obtain a correspondence between the two quotients 
and % by putting 

(5) A — (A, B), B— |[A, B]. 

We shall call (5) the regular correspondence between A and B. We can then 
prove: 


THEOREM 1. The necessary and sufficient condition for the regular corre- 
spondence to establish a structure isomorphism between the quotients (3) is that 
for every A and B defined by (4) we have 


(6) A = [4,(B,4)], B= (B, [A, 


The conditions (6) are obviously necessary and sufficient in order that the 
regular correspondence be a one-to-one correspondence, one correspondence 
(5) being the inverse of the other. To prove that it also establishes an iso- 
morphism let 


Then obviously 
[B:, Bz] [A, [Bi, = [Ai, Ae]. 
In the same way 
(B,, Bz) — [A, (Bi, Bz)] = [A, (Ai, Az, B)] = (Ai, 


Let us observe that this proof also simplifies the demonstration of Theorem 1 
in the case of Dedekind structures. 


| 
| 
| 
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3. Types of normality. In order to obtain for arbitrary structures an ana- 
logue to the theorem of Jordan-Hélder it is necessary to introduce some no- 
tion of normality and normal element. It is of interest that this may be done in 
several ways and that each such condition of normality has some particular 
meaning for the theorem of Jordan-Hdélder. We shall begin by defining: 


a. An element Ay contained in M shall be said to be a-normal in M if it 
salisfies the condition: 
For any B2C contained in M we have 


(7) (B, [Ao, C]) = [C, (B, Ao)]. 

This condition for a-normality may be formulated in various equivalent 
ways obtainable from (7) by a suitable choice of B and C. We mention only: 

a’. For every B and C contained in M we have 

({B, C], [Ao, C]) = [C, (Ao, [B, C])], 
(8) (B, [Ao, (B, C)]) = [(B, C), (Ao, B)], 
({B, C], [Ao, (B, C)]) = [(B, ©), (Ao, [B, C])]. 
Furthermore: 


a’’, If B2C are contained in M and 


[Ao, [Ao, (Ao, C) (Ao, B), 


then we can conclude B=C. 


We may also define a-normality of A» with respect to elements not con- 
taining A> in the following manner: 


An element A, is said to be a-normal with respect to B if Ay is a-normal in 
[B A 0 ]. 


Obviously if Ao is a-normal with respect to B it is a-normal with respect 
to any element contained in B. We can now prove 


THEOREM 2. If Ao is a-normal with respect to B, i.e., Ay is a-normal in 
[Ao, B], then (Ao, B) is a-normal in B. 


Let B, and B; be any elements such that 
Bo. 
We find then 
(Bi, [Bs, (B, Ao)]) = (Bi, Aol) = (Bi, Ao)] = (Bi, (B, Ao)) | 


and our theorem is proved. 
A second type of normality may be introduced as follows: 


| 
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B. An element Ao contained in M shall be said to be B-normal in M when it 
satisfies the condition: 
For any B and C contained in M such that B2 Ao we shall have 


(9) (B, [Ao, C)) sec [Ao, (B, C)]. 


This condition for B-normality may again be stated in other equivalent 
forms, for instance: 
B’. For any B and C contained in M we have 


([B, Ao], [C, Ao]) = [Ao, (B, [Ao, C])] = [Ao, (C, [Ao, B])]. 


Also here we can define normality of A» with respect to an arbitrary ele- 
ment. 


TueoreM 3. If Ao and A, are both B-normal in M then [Ao, A:| has the 
same property. 
If, namely, B= [Ao, A:] then 
(B, [Ao, Ai, C}) id [Ao, (B, [A1, C})] [Ao, (B, C)]. 


4. Semi-normality. We shall now join the two notions of a-normality and 
B-normality and define: 

Semi-normality. An element Ao is semi-normal in M if it is both a-normal 
and B-normal in M. 

We say further that A» is semi-normal with respect to B if it is semi- 
normal in [B, Ao]. 


THEOREM 4. The necessary and sufficient condition for Ay to be semi-normal 
in M is that for any B and C in M we have 


(10) [(Ao, [B, C)), (C, [B, Ao])] - ([Ao, B}, [Ao, Cc], [B, C)). 
We obtain namely by supposing B>A, 
(B, [Ao, [Ao, (B, C)] 
and by supposing B>C 
(B, [Ao, Ic, (B, Ao)], 
and conversely these relations suffice to derive (10). 
The principal theorem on semi-normality is: 


THEOREM 5. When Ao is semi-normal with respect to B; i.e., Ao is semi- 
normal in [B, Ao], then (B, Ao) is semi-normal in B and the two quotients 


(11) % = [4o, BJ/Ao, = B/(Ao, B), 


are structure isomor phic. 


| 

| 

| 
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It follows from Theorem 2 that (Ao, B) is a-normal in B. The 8-normality 
implies that for any B; and B, in B such that B,= (Ao, B) we shall have 


(12) (Bi, [(Ao, B), = [(Ao, B), (Bi, Bs)]. 
To prove this relation we observe that on account of the a-normality of Ao 
we have 
B, = (B, [Ao, 
and hence 
[(Ao, B), (Bi, B2)] = [(Ao, B), (Bs, [Ao, Bi])] = (B, [Ao, (Be, [Ao, Bi}))). 


The 6-normality shows that this last expression is identical with 
(B, [Ao, Bi], [Ao, Bo]) = (Bi, [Ao, B2]) = (Bi, [(Ao, B), Be]) 


and (12) is proved. 
The structure isomorphism between the two quotients (11) follows from 
Theorem 1. For any A; such that 


[Ao, B] = Ai = Ao 
we have, namely, 
[Ao, B)] = (Ai, [Ao, B]) = Ai, 
and similarly for any B, such that 
B 2 B, 2 (Ao, B) 
we have 
(B, [Ao, Bil) = [Bi, (Bi, Ao)] = Bi. 
5. The theorem of Schreier-Zassenhaus. We shall now consider the pos- 
sibility off extending the theorem of Jordan-Hélder, or rather its gene- 


ralization by Schreier-Zassenhaus, to an arbitrary structure 2. Let us 
suppose that we have two descending chains between two elements A and B, 


(13) 


or in the terminology of §1, that the quotient A= A/B has two product repre- 
sentations 


(14) 


where 


THE THEOREM OF JORDAN-HOLDER 
= By1/B;» Cy-1/C;- 


We can now prove 


THEOREM 6. Let there exist two sequences (13) between A and B where each 
term is a-normal under the preceding. In the corresponding factorizations (14) 
of the quotient A= A/B it is then possible to decompose the factors further 


(15) GB: = Bir X K Bis, = X XK Cj, 


such that the two factors 8;,; and ©;,; correspond in the manner that they may 
both be obtained by extension from the same quotient R;.,;. 


We put 


Bi; = [Bi, (Bin, Ci-1)]/[Bi, (Bin, Ci) J, 
[Ci, (Ci-1, B;-1)]/[C;, (Ci-1, B;)| 


(16) 


and write 
L = (Bi-1, C))], M = (B,-1, Cj-1). 
We then find 
[L, M] = [Bi, (Bin, Cj-1)], = [L, 
and on account of the a-normality of B; in B;_, we have 
(L, M) = (Bir, Cis, [Bi, (Bea, C;)]) = [(Bir, (Bi, |. 
This shows that %;,; may be obtained by extension from 
= M/(L, M) = (Bin, Cj-1)/[(Bi-n, C3), (Bi, Ci-)], 


and since similar considerations show that €;,; may be obtained by extension 
from ®;,;, our theorem is proved. 

We also mention without proof that, when a-normality is assumed in the 
sequences (13), repeated applications of the decompositions (16) yield no new 
factorizations. 

Under the assumption of semi-normality we can prove the more exact 
theorem: 


THEOREM 7. Let there exist two chains (13) between A and B such that each 
term is semi-normal under the preceding. The corresponding factorizations (14) 
of A= A/B may then be factored further into (15) such that the new factors B ;,; 
and ©;,; have isomorphic quotient structures. 


Since we have 


[L, M\/L, Ri; M/(M, L), 


| 

| 

| 
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it follows from Theorem 5 that %;,; and §;,; are structure isomorphic. Since 
the same holds for %;,; and €;,; our theorem is proved. We can obtain the 
explicit correspondence between %;,; and ©;,;in the following way: Let B and 
C be arbitrary elements such that 


[B;, (Bia, = B= [B;, (Bea, 
[C;, (Ci-1, Bix)] 2 = [C;, Bi]. 


We obtain the correspondence by putting 
[C;, (Cin, B)], C— (Bu, 0]. 


6. Comparison with normal sub-groups. In the preceding we have tried 
to derive results similar to those known in the case of normal sub-groups. 
The main theorem, 7, is almost identical with the theorem of Schreier-Zassen- 
haus for groups. 

Let us now take the opposite view of the matter and consider the differ- 
ence of our results from the group theorems. To any two semi-normal chains 
(13) in a structure we have constructed new chains by intercalation such that 
the quotients in the two new chains are structure isomorphic in pairs. Due to 
our weak condition of semi-normality we can not, however, prove that in the 
new decompositions each term is semi-normal under the preceding. 

In the case of groups this deficiency is easily remedied. To show that the 


group 
Dj, ;-1 = [Bi, (Bi, Ci-)] 


contains the normal sub-group 
Di, = (Bi, (Ba, 


when B; is normal in B;_; and C; normal in C;-1, it is only necessary to show 
that B; and (B;1, C;) are transformed into themselves by transformation 
with elements in B; and (B;_;, C;). This follows directly from the definition 
of normality in groups. 

On account of this difference Theorem 7 may not be specialized into the 
analogue of the theorem of Jordan-Hélder by supposing that in the chains 
(13) each term is maximal semi-normal under the preceding. Let us try to 
determine however some conditions under which the theorem of Jordan- 
Hdlder is valid for structures. 

In order to do this, let us consider the structure formed by all sub-groups 
of a given group G. We then have: 

I. The set of normal sub-groups of a given sub-group M forms a Dedekind 
structure. 
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II. For a given sub-group A those sub-groups M in which A is normal 
form a structure. 
III. Let A be normal in [A, B]. The structure isomorphism 


[A, B]/A = B/(A, B) 


is also a one-to-one correspondence between the normal sub-groups of [A, B} 
containing A and the normal sub-groups of B containing (A, B). 

None of these properties is ordinarily satisfied for semi-normal elements in 
structures. For instance, the set of semi-normal elements in M usually does 
not even form a structure. With regard to III one can prove that every semi- 
normal element in [A, B]/A corresponds to a semi-normal element in 
B/(A, B) but not conversely. 

For the proof of an analogue to the theorem of Jordan-Hdélder one needs 
III and a part of I, namely, that the union of two semi-normal elements in M 
is again semi-normal. If one then has two series (13) in which each term is 
maximal semi-normal in the preceding, the ordinary inductional proof car-., 
ries through without difficulty. It is an interesting fact that one does not need 
all the properties of the normal sub-groups and I shall use this fact to prove 
in a following paper a new theorem of Jordan-Hélder which is valid also for 
certain classes of non-normal sub-groups. 


YALE UNIVERSITY, 
New Haven, Conn. 
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LINEAR DIVISIBILITY SEQUENCES* 


BY 
MORGAN WARD 


I. INTRODUCTION 


1. A sequence of rational integers 
(u): Uo, , Un, 


is called a divisibility sequence if u, divides u» whenever n divides m. (u) is 
linear} if it satisfies a linear difference equation with integral coefficients and 
normal if Marshall Hall has shown that a linear divisibility 
sequence is usually normal [2]. If 


(1.1) f(x) = x* — —--- — , Ce integers, 


is the polynomial associated with the difference equation of lowest order 
which () satisfies, (#) is said to be of order k and to belong to its characteristic 
polynomial f(x). 

An integer dividing every term of (u) beyond a certain point is called a 
null divisor of (uw) [3]. If (uw) has no null divisors save +1, it is said to be 
primary. 

If u, is any fixed non-vanishing term of (u), the sequence 


Uo/ Us, Us, Uns/Us,* 


is called a subsequence of (u). The various subsequences of (u) are themselves 
normal linear divisibility sequences of order Sk. 
2. The object of this paper is to prove the following results: 


Let the characteristic polynomial of the linear divisibility sequence (u) have 
no repeated roots, and let its coefficients be relatively prime. Then: 
I. If (u) is primary and if q is any large prime number, 


(2.1) = 1 (mod gq), 


where o is the least common multiple of 1, 2,3,---,k. 

II. If (u) is not primary it always contains an infinity of subsequences which 
are primary. Furthermore the characteristic polynomials of such subsequences 
satisfy the hypotheses imposed above upon the polynomial (1.1). 

* Presented to the Society, June 18, 1936; received by the editors May 5, 1936. 


} T. A. Pierce appears to have been the first to discuss sequences of order greater than two [1]. 
(Numbers in square brackets refer to the bibliography at the end of the paper.) 
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III. There exists a rational number 
B = B(u) = B(uo, m1, Ue-13 5 Ce) (P,e) = 1 


such that 

(i) if p isa prime number dividing neither the numerator p nor the denomina- 
tor o of B, then the rank of apparition* of p in the sequence (u) is the restricted 
period* of (u) modulo p; 

(ii) the prime factors of the denominator of B all divide the discriminant of 
the polynomial to which (u) belongs; 

(iii) the numerator of B can never vanish if the galois group of f(x) is alter- 
nating or symmetric. 


II. PROOF OF FIRST RESULT 


3. Given any modulus m, the least period of (~) modulo m is called its 
characteristic number and the number of non-periodic terms in (~) modulo m 
its numeric. The reader will be assumed to be familiar with my previous paper 
in these Transactions [4] (referred to hereafter as T) devoted to the determi- 
nation of these numbers. 

Henceforth let (~) be a normal linear divisibility sequence of order k, and 
let D denote the discriminant of its characteristic polynomial. We assume: 


(3.1) D# 0. 


Lemma 3.1 [4]. Jft (g, D)=1, q @ prime, and if o is the least common 
multiple of 2,3, --- ,k, then (u) admits the period modulo q. 


THEOREM 3.1. If (u) is a linear divisibility sequence of order k and q a prime 
such that u,=0 (mod q), then either q divides D or q divides cx. 


Assume thatt q|«,., g a prime. The assumption (g, c.) =(g, D) =1 then 
yields a contradiction. For if (g, c.) =1, (u) is purely periodic modulo g [5]. 
And if (¢, D) =1, (wu) admits the period g’—1 modulo g. Determine positive: 
integers x and y such that xg=y (g7—1)+1. Then u,,=m=1 (mod q). But. 
g|u_and 

The following lemma is a direct consequence of Theorem 3.1. 


* The rank of apparition of is the index p of the first term of (~) excluding wu which divides: 
u,=0 (mod ); ttn #0 (mod p), 0<n<p. The restricted period [5] of (~) modulo is the least positive 
integer r such that (mod p), n=0, 1, 2, - - , an integer. p always divides r [2]. 

T It is unknown whether divisibility sequences exist whose characteristic polynomial is restricted 
as in (iii). No such sequences exist when k=3 [2]. 

t If a, b,c,--+ are rational integers, we write as usual (a, b, c,- -- ) for the greatest common 
divisor of a, b,c, , and a| for a divides b. 
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Lemma 3.2. There exists a rational integer qo such that 
(3.2) ua #O(modg), . ga prime = qo. 
Lemma 3.3 [4]. For any prime p, p*(p*—1) is a@ period of (u) modulo p. 
Lema 3.4 [4]. For any prime p, the numeric of (u) modulo p is less than 
or equal to k. 
THEOREM 3.2. If pis a prime dividing a term u, of the divisibility sequence 
(u) with a sufficiently large prime index q, then either 
(3.3) p’ = 1 (mod 
or else (u) is a null sequence modulo p. 


Choose a prime g>k and q» of (3.2), and assume that u,=0 (mod p), pa 
prime. By (3.2), p#q. Hence if (p”—1, g) =1, for each positive integer r there 
exist positive integers x, y, z such that 


(3.4) xq + yp*(p7 — 1) = r+ zp*(p7 — 1). 
By Lemma 3.3, p*(p*—1) is a period of (uw) modulo p. Therefore if r>k, (3.4) 
and Lemma 3.4 give uz,=w, (mod p). Since p|u,_ and ue =0 (mod 
so that is a null sequence modulo 

THEOREM 3.3. If the linear divisibility sequence (u) is primary, and if k 
is its order and a the least common multiple of the numbers 2, 3,---, k, then 
for all sufficiently large prime indices q we have 


(2.1) = 1 (mod gq). 
Choose the prime g>k and qo of (3.2), and let the factorization of u, be 
Ug = - Since (u) is assumed primary none of the primes are 


null divisors. Therefore Theorem 3.2, ;7=1 (mod gq), so that 


p; 1 (mod q), 


On multiplying these ¢ congruences together, we obtain (2.1), and our first 
result is proved. 
III. PRooF OF SECOND RESULT 


4. We assume that (u) is a normal linear divisibility sequence for which 
(4.1) (1, C2,° Ck) =1. 


A proper null divisor of a linear sequence is one which divides neither its 
initial terms nor the coefficients of its recursion. Any other null divisor is 
called trivial. (u) obviously has no trivial null divisors. 
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THEOREM 4.1. No subsequence of (u) has trivial null divisors. 


Lemma 4.1 (Schatanovskis Principle) [6, 7, 8]. If B(x1, x2, -- + , xx) is an 
integral symmetric function of the arguments x1,---, x, with integral coeffi- 
cients, and if for a natural number m 


f(x) = (% — a1)(% — ae) + — x)= — ¥1)(% — (% — Ya) (mod m), 
where f(x) is a polynomial with integral coefficients, then 
Lemma 4.2. Let 


f(x) = — d,x*-! di 
be the polynomial whose roots are the sth powers of the roots of f(x), and p a prime 
number. Then if t is any positive integer <k, (A) p| (Cu, Cet, , when 
and only when (B) p| (dx, dis, 
Assume that (A) holds. Then 
f(x) = g(x) = — cat — — (mod 9). 
Let the & roots of g(x) =0 be y1, Yeu If the 
roots of f(x) =0 are au, a2, -- , ax, then az, --- , ax), where Pisa 


symmetric polynomial in its arguments with rational integral coefficients. 
Hence by the preceding lemma 


d; = Ye) (mod p). 
But if g(x) =x*—e,x*-!— -.- —e, is the equation whose roots are the sth 
powers of the roots of g(x) =0, then 
= O(y1, ¥2,°°°, Ve) = =Oifi>k—t. 


Hence d;=0 (mod ) if i>k—t#, so that (B) follows. 
To prove the converse, it suffices to show that (A) and c,_.40 (mod p) 
imply that d,_.40 (mod p). But by what precedes, 


Proof of Theorem 4.1. With the notation of Lemma 4.2, any subsequence 
(v): Un =Uns/ Us Of (u) is normal, so that the only possible trivial null divisors 
of (v) are common divisors of dz, - - - , dx. On taking in Lemma 4.2, 
we see that if (¢1, co, - - - , Cx) =1 then (di, de, -- - , d,) =1. 

5. We begin our discussion of the proper null divisors of (u) by restating 
some properties of linear sequences used in T. Let 


= 0, f(x) = — —---—«&, (7 = 1,2,---, 
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The polynomial 
(5.1) u(x) = + tife_o(x) + + 


is called the generator of the sequence ().* If furthermore 


, Uk 
(5.2) A(u) =| - 

Uk, U2k—2 


then 
(S.3) A(u) = (— Res {u(x), f(x)} = BiB2--- BD, 


where tu, =Bia? + and a, - - - , a, are the roots of f(x). Since (x) 
is of order k and D0, A(u) ~0. 
Consider next the k+1 greatest common divisors 


€o = (uo, M2, * 
€2 = (Ck, Ma, * 
= (cr, Ch—1) Ck—-2,° °° y 
= (ck, Ck—1) Ck-2, °° » 


Then 


= 1. 


The following lemma easily follows from formula (5.1) and the results of 
part IV of T. 

Lemma 5.1. Necessary and sufficient conditions that a linear sequence of 
order k be primary are that the k+1 greatest common divisors e; be all equal to 
unity. 

THEOREM 5.1. Jf the prime p is a null divisor of the normal linear divisibility 
sequence (u), then p divides both A(u) and the discriminant D of the characteristic 
polynomial f(x) of (u). 

It is easily shown that every such p must divide one or the other of the 
numbers e;. Since e,=1, p| Hence p| ux, P| by Lemma 3.4. 


* We have the identity u(x)/f(x) =)_¢un/x"* for | x| large. See T, p. 606, and [3]. 
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Hence p|A(u) by formula (5.2). Since =e:=1, p|cx and p| Hence x =0 
is a multiple root of the congruence f(x) =0 (mod p) and p| D. 
As a corollary, we have 


Lemma 5.2. A sufficient condition that the divisibility sequence (u) be pri- 
mary is that D and A(u) be co-prime. 


If p is a prime proper null divisor of (u), the exponent of the highest power 
of p which is a null divisor of (u) is called the index of p in (u) [3]. 


Lemma 5.3 [3]. Let (u) be a linear sequence for which (4.1) holds. Then the 
index of any prime null divisor pis <r, where p’ is the highest power of p divid- 
ing A(u). 

THEOREM 5.2. A subsequence of a normal linear divisibility sequence can 
have no prime null divisor which is not a possible null divisor of (u) itself. 


Every prime null divisor of (w) must divide c, in (1.1) [5]. Let (v) be any 
subsequence of (uw). By Theorem 4.1, (v) can have only proper null divisors. 
Hence any prime null divisor of (v) must divide the constant term d; of the 
polynomial to which (v) belongs. But obviously d, divides some power of Cx. 

6. Let f(a) =(a—ay*) - - - (w—a,*) be the polynomial whose roots are 
the sth powers of the roots of f(x), and let D be its discriminant. D“/D 
is clearly an integer. 

THEOREM 6.1. The integer s may be chosen in an infinite number of ways so 
that D®/D is prime to D. 


Let p be any prime factor of D, § the Galois field of f(x), and p a prime 
ideal factor of p in §. Then since D/?=J]i<;(a:—a,), p|D only when 
a;—a;=0 (mod p) for some values of the subscripts 7 and j. 

Now 


—a; 
( ) a and aS! = s (mod [a; — a;|).* 


D i<j Aj aj aj — aj 


Hence if a;—a;=0 (mod p), then a;*—a;*/(a;—a;) =0 (mod p) if and only if 
s=0 (mod p); that is, if and only if s=0 (mod p). Choose s prime to D. Then 
if D“/D and D have a common factor, and hence a common prime factor p, 
we must have for some k and / 


(6.1) (mod p), (6.11) Ak a, (mod 
where | . If both (6.1) and (6.11) hold, then 


* The square bracket denotes a principal ideal. 
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(6.2) (az, Pp) = (a1, p) = (az — az, p) = 0, 


where 0 as usual is the unit ideal of §. 
Now for each pair of distinct roots a;, a; of f(x) for which (a, p) = (a;, p) 
=(a;—a;, p) =0, let s;; be the least positive integer y such that 


(6.3) a” = (mod p). 


Then s;; divides every other such y, and in particular the number NV(p) —1 
= p'—1. Here ¢<k!, the maximum possible degree of §. 

Let m, be the least common multiple of the numbers p—1, p?—1,---, 
p*'—1 and if D has in all & distinct prime factors po, ---, px let be the 
least common multiple of m,,, m),,- ++, Mp, Then if s ts chosen prime to 
both u and D (and this choice can be made in an infinity of ways), D®/D 
is prime to D. 

For if (s, D)=1 and (D“/D, D)#1, (6.1) holds. Then sx|s. Since 
(s,m) =1 and s,:|a, contradicting (6.11). 

7. As in §6, let pi, - - - , px be the distinct prime factors of D. By Theorems 
4.5, 5.1 and Lemma 5.4, these primes are the only possible prime null divisors 
of (uw) and its subsequences. Write 


A(u) =-pi' (q, D) = 1, r,20, 


and let 6; be the index of p; in (u), where if p; is not a null divisor, 0;=0. By 
Lemma 5.3, 056;7;, (¢=1,2,---,h). 

Now if z is the largest of ri, re, - - - , rx, the numeric of p* is always less 
than kr. Choose s>kr as in Theorem 6.1, and let (v) be the subsequence 
of (uw) with general term v, =1,,/u, belonging to the polynomial f(x). As in 
Theorem 6.1, let the discriminant of f(x) be D®. Then since u,.=6i:0."*+ 

- ++ +B,a,.", we have by formula (5.3), 
1) AC A(u) 
v) = D 

Now u,=0 (mod #;**) and (~;, D/D) =1. Hence since A(z) is an integer, 
A(u)=0 (mod p#%). Therefore r;=k0;. If A(v) - - - (g’, D) =1, 
then r; =r;—k6;. Therefore 


(7.2) ri <7; if 0; > 0; r{ = 7; if 6; = 0. 


8. We now prove our second result indirectly. Suppose that the result 
is false. Then in any infinite set of normal divisibility sequences 
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such that each sequence is a subsequence of its immediate predecessor, there 
must occur an infinity of non-primary sequences. Therefore there must exist a 
prime p dividing D which is a null divisor of an infinite number of the se- 
quences (u‘™). The general term of (u‘"*+») is of the form =u /u™, 
where the integer s» specifies the particular subsequence of (u‘”) selected. 
Consider now a set © in which each u satisfies the conditions imposed upon 
sin §6. 

The considerations of the preceding section carry over to the relationship 
between (wu) and (w+). With an obvious extension of notation, let 6™ 
denote the index of p in (u™) and p™ and p’=+ the highest powers of  di- 
viding A(u“™) and A(u\+»). Then as in (7.2) 


(8.1) < tm if > 0; = 1m if = 0. 


By our hypothesis, an infinite number of the 6” are positive. But then 
(8.1) leads to an absurdity; for obviously r=n2re=rs= --- 20. 
IV. PROOF OF THIRD RESULT 


9. We assume as in the previous proofs that D0. In the Galois field § 
of f(x), a rational prime p which does not divide D remains unramified [9]. 
Accordingly the decomposition of p into prime ideal factors in § is of the form 


= Pile: Pr, 


where the p are all distinct. 
Let o; be the least positive integer m such that 


(9.1) a” = af =--- (mod 


The restricted period 7 of (uw) modulo # is defined as the least value of n 
such that 


= (mod p) (m = 0, 1,2,---), 


where a is some rational integer [5]. If p is prime to A(u), r may be equally 
defined as the least positive integer m such that we have in § 


af =af=---=as (mod p). 
The following lemma therefore follows. 


Lemma 9.1. If p is a prime dividing neither A(u) nor D, then the restricted 
period r of (u) modulo p is the least common multiple of the numbers a1, 02, - - + , 01 
associated with the congruence (9.1) above. 


10. Since u,=Bia, + --- +8,a,% and the a; are distinct, 
(10.1) = u(a;)/f'(ai) 0, 


| 
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Here u(x) is the generator of the sequence (mw) and f’(x) the derivative of f(x). 
Since D=f'(a:)f’(az) - - - f’(ax), every prime ideal factor of the denomi- 
nators of the 8; divides D. Let p be a rational prime. Since A(u) =8,82 - - - B.D 
=u(a)u(ae) - - u(a,) we can state 


Lemma 10.1. If (p, D) =(, BiBe - - - Bx) =1, then (p, A(u)) =1. Conversely 
if (p, A(u)) =(p, D) =1, then (p, BiB2 - - - Bx) =1, p a rational prime. 


Form the & sets of sums of the 6 taken 1, 2,--- , k ata time: 
(10. 2) Bi t+ +Bi,- , + + Be, 
where (i = 1, 2,--- , k), and each set contains ,C; summands, not necessarily 
all distinct. Then take the symmetric products over each set 
Bi = (+ 6: +--- (i = 1,2,---, k; Be = 0). 


Finally let B = B(u) = B,B - - - By,_1. Then B is a rational number of the form 
p/Q, where p and @ are integers, co-prime if B ~0 and the only primes dividing 
@ are divisors of D. 


THEOREM 10.1. If a prime p divides neither numerator nor denominator of B, 
its rank of apparition is the restricted period of (u) modulo p. 


By Lemma 10.1 any such prime # satisfies the hypothesis of Lemma 9.1. 
Let p be any prime ideal factor of p, and p the rank of apparition of p. Since 
p|u, implies that p| un», 


(10.3) Bray + Boar +--+: =O (modp) (n=0,1,---,k—1). 


Since the 8; are integers modulo p and prime to p, the determinant of this 
set of congruences is divisible by p. But this determinant is the difference 
product of the numbers ay’, a2’, - - - , a”. Hence these numbers are not all 
distinct modulo p. J say that 


(10.4) (mod p). 


Otherwise the numbers can be grouped into two or more sets: 


a;, = ai, = a, Shi (mod p) 
a;,= a;,= =aj,= (mod p) 


such that the ¢ are all distinct modulo p. The congruences (10.3) can then be 
replaced by 


BYoP + +--+ + =O (mod p), 


‘ 
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where the 8’ occur in the sets (10.2) of sums of 8’s. The determinant of the 
first m of these congruences as the difference product of the ¢ is prime to p. 
Thus 6/ =6/ = - - - =8,/ =0 (mod p), so that p| B, contrary to hypothesis. 

From (10.4) and the definition of the numbers a in §9, we see that o|. 
Since this argument applies to all of the prime ideal factors of p, the least 
common multiple of 1, - - - , o; divides p. That is, by Lemma 9.1, r|p. But p 
always divides r[2]. Hence p =r. 


Lemma 10.1. If the number B=B(u) is not zero, the rank of apparition of 
all save a finite number of primes in (u) is their restricted period. 


11. We now prove 


THEOREM 11.1. A sufficient condition that the number B be not zero is that 
the group of the characteristic polynomial of (u) be either alternating or sym- 
metric. 


If B vanishes, one of the numbers of the set (10.2) vanishes. With a proper 
choice of notation we may assume that* 


(11.1) (k/2Sisk). 


We may also assume that k >4, as the cases k =2, 3, 4 may be easily discussed 
directly (see next theorem). Hence 723. 

If we represent the Galois group © of f(x) as a permutation group upon 
the k roots a, - - - , ax, then formula (10.1) shows that any permutation of 
the a induces the corresponding permutation upon the £. If G is alternating 
or symmetric, it contains the permutation S =(a:a;41)(a2a3). On applying 
S to (11.1), we obtain B41 +82+8;+ --- +8;=0. Hence 6: Similarly, 
, Hence B;,1=0 contrary to (10.1). 

The following result is proved by similar reasoning. 


THEOREM 11.2. For low orders of (u), sufficient conditions that B(u) #0 are 
as follows: 


Order of (u) Condition of Galois group or characteristic polynomial 
2,3 none 
4 order of group divisible by 3 
5 f(x) irreducible, or product of an irreducible quartic and 
linear factor 
6,7 group transitive and primitive. 


* It will be recalled that 8; +62+ 
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CONCERNING UNIQUENESS-BASES OF FINITE 
GROUPS WITH APPLICATIONS TO 
p-GROUPS OF CLASS 2* 


BY 
CHARLES HOPKINS{ 


A uniqueness-basis (U-basis) of a finite group G has been defined as “an 
ordered set of elements Q:, Qe, - - - , Q, such that every element of G can be 
expressed uniquely in the form Q,7:Q.* - - -Q,7, where each 2; is a least posi- 
tive residue modulo the order of Q;.”{ In the case of the abelian groups the 
notion of U-basis is of undisputed importance: the theorem that every finite 
abelian group A has a U-basis may fairly be regarded as the cornerstone of 
the theory of abelian groups. 

In the case of most non-abelian groups, however, the concept of U-basis 
is of doubtful advantage, especially in the general form above. Of greater 
usefulness, naturally, would be a “simplest type” of U-basis for the group 
under consideration. But the problem of constructing a definition of a “nor- 
mal form” which shall be significant for reasonably general categories—the 
non-abelian p-groups, say—is an exceedingly difficult one. We offer a tenta- 
tive definition in the case of the regular p-groups§ (§§$2-3), which have, in 
common with the abelian p-groups, the property that the orders of the ele- 
ments in every U-basis constitute a set of invariants of the group. In §4 we 
shall show how a “normal” U-basis may be used in constructing for every 
regular p-group G of class 2 a simply-isomorphic representation by /-matrices§ 
—matrices whose coordinates are residue classes modulo certain powers of p. 
These representations of G are of interest in that they usually involve a 
much smaller number of rows than do the matrix-representations whose co- 
ordinates are in a field. (The /-matrices are by no means novel; they have long 
been used for representing automorphisms of abelian p-groups.) In §5 we 
shall discuss the representation by /-matrices of the group of isomorphisms 
of G, and in §§6-7 we shall describe, very briefly, a representation of G as a 
multiplicative group in a finite ring. 

1. In this section we shall state—for the most part without proof—several 
theorems which afford a set of criteria for the existence of a U-basis in a 
finite group G. 

* Presented to the Society, September 5, 1936; received by the editors June 19, 1936. 

7 Corinna Borden Keen Research Fellow of Brown University. 

t P. Hall, Proceedings of the London Mathematical Society, (2), vol. 36 (1934), p. 90. 

§ Defined in §3. 
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THEOREM I. For the ordered set of elements Q:, Qo, --- , Q, to constitute a 
U-basis for G it is necessary and sufficient that (a) each element of G be repre- 
sentable in the form Q:*Q27: - - - 0,7; (b) the product of the orders of Q1,Q2,---, 
Q, equal the order of G.* 


Let P:, P2, - - - ,P, denote m operations of G whose orders are £1, g2, - - - , Zn 
respectively. Let P, and P, denote the products P,*P,*---P, and 
Py» respectively, 0S%;<gi, OS yi<gi. We shall say that P, 
and P, are formally distinct if at least one x; is not equal to y,; we shall call 
them effectively distinct if they do not represent the same operation of G. 


THEOREM II. For the ordered set of elements P,, P2,---, P, to constitute 
a U-basis for G it is necessary and sufficient that (a) the product gige--- gn 
equal the order of G; (b) any two formally distinct products P, and P, be effec- 
tively distinct. 


The following result is often useful: 


TueoreEM III. If a finite group G, of order g, contains a set of subgroups 
G=G,2G2> --- 2Gn, each Gis: being a proper subgroup of index g; in Gi, 


and if 
(a) Gn contains a U-basis Q;, Qe, -- , Qn; 
(b) G:—Giys, i=1, 2,-- + , m—1, contains an element P; of order g; such 


that P#: is the lowest power of P; which is in Gi4:; then the ordered set of ele- 
ments Ps, » Pm, Qn (and Q,, » On, , Ps, Pi as 
well) constitute a U-basis for G. 


By writing G,,_: in cosets with respect to Gn, 
Gn—1 = Gm + + + Pari’ Gm, 


we see from Theorem I that P,,_1, Qi, - - - , Qn form a U-basis for G1. The 
proof may be completed by induction. 


THEOREM IV. If a group G of order g contains two subgroups H, and Ho, 
of orders h, and he respectively; and if 

(a) Inhe=g; 

(b) the cross-cut H; \ He is the identity; 

(c) and H, contain the U-bases P;,--- ,P, and Qu, - - - respectively; 
then the ordered set of elements P,,---, P,, Qs (or ++, Qe, 
P,,---,P,) constitute a U-basis for G. 


This theorem is easily proved by writing G in cosets with respect to Hi 
(or H2) and applying Theorem I. 


* This rather obvious condition is mentioned by Hall for the case of a regular p-group; loc. cit., 
p. 95. 


— 
| 
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THEOREM V. If G is the direct product of the subgroups Gi, G2, --- , Gn, 
and if each subgroup G; has the U-basis Qin, - - - , Qins, then a U-basis for G is 
given by the ordered set Qu, , Qin,, , , ele. 


The wording of the theorem obviously implies that in this ordered ar- 
rangement the sets (Qi, -- - , Qin;) may be permuted at will, provided that 
the sequence of the elements within the sets is undisturbed. For m=2 this 
theorem is a corollary of Theorem IV; by induction it can be proved for any m. 

We conclude this section by giving several examples of groups which have 
uniqueness-bases. 

A. All dihedral groups. For the dihedral group of order 2m (which is gen- 
erated by two operations P and Q which satisfy the relations P?=Q"=E, 
QP =PQ-") the ordered set P, Q (and Q, P, as well) constitute a U-basis. 

B. Every symmetric group. By Theorem III we may prove that the ordered 
set of cycles , @, constitute a U-basis for the sym- 
metric group of degree n. 

C. Every alternating group -A,. The theorem is obvious for the alternating 
groups of degrees 2 and 3. We outline a proof by induction, assuming that 
the alternating group -4,_1 of degree n—1 has a U-basis. There are three 
cases to consider: (a) when is odd; (b) when 1 is divisible by 4; (c) when n 
is divisible by 2 and not by 4. In case (a) we know that -4,—c4,_1 contains 
the cycle aia2 - - - d,. In case (b) it is easy to see that <4, contains the di- 
hedral group of order as a regular permutation group. In either case (a) 
or case (b), then, the proof may be completed by using Theorem IV. For 
case (c) we select from <4, the two permutations s=(qia,)(aea3) and 
t=(@id2 - - Gn). Now case (c) cannot arise for n <6, and it 
is easy to see that when m 26 all formally distinct products ¢*s¥ are effectively 
distinct, 0<x<n/2;0<y<1; except for x=0 and y=0 the product é*s¥ will 
permute the letter a,, and hence will not be a permutation in c4,_;. One may 
now complete the proof by using Theorem II and the induction-hypothesis. 

D. The Sylow p-group >>.» of the general n-ary linear homogeneous group 
modulo p. It is well known that >>,,, can be represented by the group of 
matrices 


(1 Gin 

1 - * Gan 


where the m(n—1)/2 coordinates a;; above the main diagonal are arbitrary 
elements of the Galois field of p elements. If we put a;,=0,7=1,2,---,m—1, 
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we obtain a representation of >> »,,-1; this group has only the identity in com- 
mon with the abelian group defined by a;;=0, 7#n. By using Theorem IV 
and induction over m we may show that a U-basis for the group (a;;) is given 
by the ordered set 


E + é12, E + e13, E + e23, E + ,E + E + Can, + en-1,n> 


where E is the n-rowed identity matrix and the e;; are the usual basis-units 
of the n-ary matrix ring. 

In conclusion, we offer the quaternion group as the simplest example of a 
group which has no U-basis. 

2. In this section we introduce the notion of a normal U-basis. A U-basis 
Q:, Qe, - +--+, Q, of a finite group G is said to be normal with respect to G (in 
short, a normal U-basis) if for i<j; i=1,2,---,p;7=2,3,---, p, the ele- 
ments Q satisfy the p(o—1)/2 equations 


(1) 0.0: = --- 

As examples of groups having a normal U-basis we mention the dihedral 
groups and the groups >.,,, above. Groups which contain a normal U- 
basis evidently constitute an exceptional category, as the restrictions 
imposed by the definition are relatively strong; for instance, each subgroup 
{Qi, Qisty °°, Q,} must be invariant in G, and G must be solvable. 

An advantageous property of a normal U-basis is the following: 


THEOREM I. /f a finite group G has a normal U-basis Q,, - - - , Q,, the order 
of Q; being gi, then G is completely defined by the equations 


(2) =E 
and the permutability relations (1) above. 


Let P;, Ps, ---, P, be a set of operations; i.e., elements which generate 
some group, and suppose that these elements are defined by equations (1) 
and (2) (assuming, of course, that we replace Q; by P;). Let G denote the 
group generated by P,, - - - , P,. Since G and G are homomorphic under the 
correspondence defined by P;~Q;,f our theorem will follow if we can show 
that G and G have the same order; that is, if we can show that every product 
P,’«--- of powers of Pi, Ps, ---, P, can be brought into 
the normal form P,=P,7:P,* - - - P,*» by a finite number of reductions, each 


* These equations define the commutators (Q;, Q;),i<j. From Theorem I below and the equation 
(Qs, Q;) = it follows that (Q;, Q;) must have the form Q,*i4 - - 
T Burnside, Theory of Groups of Finite Order, 2d ed., p. 374. 
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reduction consisting of an interchange of two adjacent P’s, using (1), followed 
by a reduction of exponents by means of (2). This is obviously possible when 
II contains only P,_; and P, as factors. The proof may be completed by induc- 
tion: it is not difficult to show that a product II involving no subscripts less 
than k can be brought into the normal form by a finite number of reductions, 
provided that this is true for all products containing subscripts greater than k. 
Later we shall need the following generalization of the term “normal 
U-basis.” Let G be a finite group and let Y be a group in which each element 
is an operator of G; suppose, further, that YW contains operators* which effect 
each of the inner isomorphisms of G. A U-basis P:, Ps, --- , P, of G is said 
to be normal with respect to V provided that 
(3) Pd = PS”, 
where y is a variable operator in V. 
If for V we take the group G itself, then this definition is equivalent to 
our earlier definition of a U-basis normal with respect to G. For in this case 
equations (3) contain the p(p—1)/2 equations 


THEOREM II. If W is of order p' and if every element of G satisfies the equa- 
tion s” = E, then G contains a U-basis normal with respect toW. 


By taking Y =G we have, as a corollary, 


THEOREM III. A finite p-group whose elements are of order p (identity ex- 
cepted) contains a normal U-basis. 


In connection with Theorem III we observe that each exponent 6;;; in (4) 
must be 1 modulo p; otherwise, the number of conjugates of P; under P; 
would contain a factor prime to p. Obviously Theorem III is not valid for 
p-groups in general. 

Proof of Theorem II. We write s’ for s¥, where s and y are any elements 
of G and ¥ respectively. Let G, denote the subgroup of G which is generated 
by the totality of elements c,;=s~—'s’. We define inductively the subgroup 
G;4:. Suppose that G; has already been defined, and suppose that c; represents 
any element of G;. Let c/ and c;4; denote c,y and c7"'c/ respectively, where y 
is any operator of Y. Then G;,,; is defined as the group generated by the total- 
ity of elements ¢;41. 

* Fora treatment of groups with operators see van der Waerden, Moderne Algebra, vol. 1, p. 132. 

As concerns its effect on G, each operator y is equivalent to an operation T in the holomorph of G 


(Pw and T—'P,T are the same element of G). It is hardly necessary to point out that W need not be 
simply isomorphic with a subgroup of the holomorph of G. 
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Since each y effects a p-automorphism of G, we know that there is asso- 
ciated with a fixed operator y, a series of subgroups G2G’>G"’> --- aE, 
each of index p in the preceding one, such that sy, s“ being any element of 
G™, is equal to s multiplied by an element from Gt» .* From this we see 
at once that G,,; is a proper subgroup of G;, 7=1, 2,--- ; consequently, 
the seriesG = Gy) >G, > - - must terminate in the identity Suppose that 
G,;=E, but G;14£E. We shall say that G is of class f with respect to V. (By 
hypothesis, ¥ contains operators which bring about each of the inner iso- 
morphisms of G. Hence G; contains the commutator subgroup of G. And if ¥ 
is G itself, then our definition of class coincides with the usual one.) 

Now the group Gy_, of order p”/—, say, is abelian and of type 1,1,---, 1. 
For G;_; we can construct a U-basis P;_11, Ps-12, - - - , and this U-basis will 
be normal with respect to V, since every element of G;_, satisfies the equation 
op=c.t 

If G is of class 1 with respect to VW, then our construction is at an end. 
Otherwise, we proceed by induction over G;. Suppose that for G:.1 we have 
already constructed a U-basis normal with respect to Y. Now each quotient- 
group G;/G;,:, of order p”, is abelian and of type 1,1, - - - , 1. Hence we may 
construct for Gi/Gi4: a U-basis v2, , From each of those cosets 
of G, (with respect to Gi.4:) which correspond to m, w2, - - - we select an ele- 
ment as a representative, obtaining thereby elements Px, A=1,2,- , mx. 
The ordered set Pi, - - - , Pin, followed by the elements of the U-basis for 
Gis: (in the proper sequence) will constitute a U-basis for G; which is normal 
with respect to VY. This assertion can readily be proved by using Theorem I of 
§1, together with the fact that the order of G, is P%, where r; equals ne. 

The construction which we have just given leads to a U-basis containing 
exactly m elements, where p” is the order of G. It may be pointed out that 
every U-basis of G, normal or not, must contain exactly m elements. This 
follows from two considerations: every finite group whose elements are of 
order p, identity excepted, is a regular p-group;{ the number of elements in a 
U-basis for a regular p-group is an invariant of the group. 

3. In the introduction we mentioned an important category of p-groups, 
which resemble the abelian p-groups in that any two U-bases have the same 
number of elements of a given order. These are the regular p-groups, which 
have been defined in the following way:§ the p-group G will be called regular 


* Miller, Blichfeldt, and Dickson, Finite Groups, p. 136. 

| The proof of Theorem II depends mainly upon familiar properties of abelian groups A of order 
p™ and type 1, 1,-- +, 1: A has a U-basis, and the number of elements in every U-basis is exactly m. 

t Hall, loc. cit., p. 74. 

§ Hall, loc. cit., p. 73. 
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if, given any positive integer a and a pair of elements P and Q of G, it is al- 
ways possible to find elements S3, S,, - - - , S, all belonging to the commutator 
subgroup of {P, Q} and satisfying the equation (PQ)** - - - 

For an understanding of what follows, one must keep well in mind certain 
definitive properties of a regular p-group: 

(a) The p*th powers of the elements of G constitute a characteristic sub- 
group U.(G). 

(b) Those elements in G whose orders divide p* constitute a characteristic 
subgroup 2,(G). 

(c) The group G is conformal with an abelian group A. 

(d) The orders of the elements in any U-basis of G are the same as the 
invariants p%, p,---, pt of A. (These orders have been called the type- 
invariants of G.) 

(e) If Q. is an element QQ.” - - - Q,**, written in the normal form with 
respect to the U-basis Q:, Q2,---, Q,, then the order of Q, is equal to the 
order of its constituent Q,”, of highest order. 

(f) If P and Q are any two elements of G, then the order of every element 
in the commutator subgroup of {P, Q} divides the order of P (and of Q) 
relative to the central of G. 

From (a) and (b) it is clear that G contains two series of characteristic 


subgroups: G=Uo2Ui> E=QcMc --- ¢cQ;=E£, where 
is the order of an element of highest order in G. From (c) it follows that 6 is 
equal to the largest one of the e’s in (d). 

(g) The order of equals the order of Ba-1/Ua, @=1,2,---, 5. 
In particular, G/U: is of order w. The w’s satisfy the inequalities 
2w,;. Furthermore, w, equals 7, the number of type-invariants 


of G. 

(h) For the e’s and w’s we have the relation =m, where 
p”™ is the order of G (and of A). 

(i) Ba(G) and Q,(G) are conformal with U,(A) and (A) respectively, 
a,8=0,1,---,6. 

Let V,(G) denote the cross-cut 0:(G)AQ;(G), 1,---, 5, and let 
W.(G) denote the group {V,(G), 2::(G)}. 

(j) The groups V.(G), W.(G), 2:(G)/V(G), and 2,(G)/W.(G) are con- 
formal respectively with the groups which are obtained by replacing G 
with A. 

(k) If the exponents of the invariants of A, arranged in descending order 
of magnitude, are given by 6,2=6:= - - - 26,, and if in this arrangement the 
5’s constitute s sets, the jth set consisting of 4; equal 5’s having the common 
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value e;, then the order of Qe;(A)/We,;(A) is pi. Obviously m 

Items (a) through (i) are given explicitly in the paper of Hall to which 
reference has already been made (see pp. 73-81); item (j) is contained im- 
plicitly in Hall’s results; item (k) is a familiar result from the theory of abelian 
p-groups. 

Derrnition. A U-basis P;, P2,---,P, for a regular p-group G, the order 
of P; being p*:, is said to be w-normal provided that 

(1) 2&2 --- 26,; 

(2) when (P;, P;),* i<j, is expressed in the normal form 


each aj, ts divisible by p for k Sj. 

We state without proof two implications of this definition: 

(3) for k <j, aj:z=0 mod p**-* (see (e) and (f)); 

(4) if the normal form of (P;, P;), i<j, is given by Pit - - - P,*r, then 
the highest power of p that divides a;;, also divides a;;,, and conversely. 
Moreover, (2) is clearly a consequence of (1) when no two of the 6’s are equal. 

For the abelian group A conformal with G any U-basis for which (1) is 
satisfied may be regarded as a “normal form,” since all such U-bases are 
equivalent under the holomorph of A. In defining a normal form for a U-basis 
of G we must obviously demand more, and (2) seems to be the most natural 
additional requirement which can be satisfied in the case of every regular 
p-group. The qualifying phrase “w-normal” is suggested by the fact that 
P,, Ps, - -- ,P,, regarded as representatives of a U-basis for G/U:, constitute 
a normal U-basis for this quotient group; i.e., 


PP; = eee mod Oi- 
As an attempt at defining a normal form for a U-basis, our definition 
above is obviously of no value unless we can prove the following theorem: 


Every regular p-group G contains an w-normal U-basis. 


First, we explain a method for constructing a set of elements which satisfy 
requirements (1) and (2) above. To avoid repeated explanations, the symbols 
G, 2(), m, h;, e;, etc., will have the same significance as in (a) through (k) 
above. 


* This is the familiar notation for tne commutator P7'!P;"P;P,. 
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Let &.(G) be the first term in the series E=Q)¢2,¢ --- ¢2;=G for 
which W, is a proper subgroup of ,; i.e., 


(5) W;=2; j=0,1,---,¢-1; W.ed. 


From (j) and (k) we see that the order of 2./W, is exactly p”. Further- 
more, every element of this quotient-group is of order p, except for the iden- 
tity. Since 2, and W, are characteristic subgroups of G, and since each ele- 
ment of G effects an automorphism of 2,/W., we can construct for this quo- 
tient-group a U-basis, m1, 2, - - - , Ua,, Say, Which is normal with respect to G 
(see Theorem II of §2). From the coset of 2, which corresponds to u; we select 
any element Q; as a representative, obtaining thereby the /, elements 
1, Qo, 

(6) Each Q;,7=1,2,--- is of order p*. 

Otherwise, contrary to (5), we could find a k<a for which Wi4Q. 

It is easy to see that every element of {, can be expressed in the form 
Q171Q2"2 - - Where Wa,z is an element in W,. And since the Q,’s are 
representatives of a U-basis for 2,/W. which is normal with respect to G, 
it is clear that for a variable element X in G we have the congruences 


(7) X'O;X Wa, jf =1,2,---, 


From (i), (j), and (k) we also have the equality 
(8) a= 


If ©, is G itself, then our construction is at an end. If not, let 2 be the 
first term in the series Q44:, Qu42, -- + for which 


(9) W ast = 1=0, 1,---,b—a-—1. 


As above, we construct for 2,/Ws, which is necessarily of order p*—, a 
U-basis normal with respect to G, and from each coset of 2, which corre- 
sponds to one of these basis-elements we choose an element, obtaining the 
h,_1 elements Ri, Re, - - , Rags. 

(10) Each of the R’s is of order p’. 

Suppose that one of them, R,, say, were of order less than p*. Then Ry 
would necessarily occur among the elements of a certain set 2,—W; where 
k<b. From (5) and (9) we know that a is the only value of k<b for which 
W,¢Q,. And certainly R, cannot be an element in {%:, 2.}, since Q, is con- 
tained in W,. As in (8) above, we have the equality b=e,_1. 

From the manner of their construction it follows that the R’s satisfy con- 
gruences of the type 
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(11) X RX = mod Ws, 


when X is any element of G. 
Since W; is a subgroup of {%:, 2.}, we may replace (11) by 


(12) X RX = - mod Ui. 

If is not equal to G, then we continue the construction; and at this 
point it is reasonably clear how the construction advances. The final (the sth) 
stage will consist of selecting h, elements P;, Ps, - - - , Px of 2] =G which cor- 
respond to a U-basis of G/W;, this U-basis being, of course, normal with re- 
spect to G. Thus we obtain an ordered set of r=)_‘-:/; elements 


where P,_; ; and P,; denote the elements R; and Q; above. 
For our purpose the significant properties of these elements are the two 
following: --- 26,,and 


(14) X'P,X = Pi mod iG), 


(For the sake of a simpler notation we have replaced Py: by Pi, Piz by Pe, - - -, 
P.,, by P,.) It is clear, therefore, that if the elements Pi, P2, ---,P, forma 
U-basis for G, then this U-basis will be w-normal. 

To prove that P;, Ps, - - - , P, constitute a U-basis, it is sufficient to show 
that they form a canonical basis for G, since it is known that every canonical 
basis of a regular p-group is necessarily a U-basis.* 

A canonical-basis of a regular p-group has been defined* as a set of 
w(=w,) elements Q1, Qe, - - - , 0. (w being the order of G/U:(G)) which satisfy 
the following conditions: 

(a) there exists a set of w subgroups G=K,2 K2> --- Kai 
each being invariant in G and a proper subgroup of the preceding, such that 
each of the w sets K;— K;4; contains exactly one of the Q;’s; 

(8) the product of the orders of the Q,’s is as small as possible, consistent 
with (a). 

It is known that 

(y) the product of the orders of the elements in and canonical basis must 
equal the order of G.Tf 

To show that the elements P;, - - - , P, above form a canonical-basis, 
it is therefore sufficient to show that they satisfy requirements (a) and (y). 


* Hall, loc. cit., p. 91. 
T Hall, loc. cit., p. 92. 


[March 
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Now (ry) is satisfied, since the elements (13) constitute s sets, the jth set 
containing 4; elements each of order p*% [see (k) and (8) above]. 

To prove that (a) is also satisfied, we observe from (14) that the group 
F;={P;, Piss,---, P,, 0:} is an invariant subgroup of G; moreover F; is 
a proper subgroup of index f in F;_1, and r is equal to w. Hence the series 
G=F,>F,> --- >F,>%;has the properties of the K-series in (a); and since 
F;—F 4; contains P; and no other one of the P’s, it follows that requirement 
(a) is satisfied by the r elements P, Po, - - - , P,. 

Whenever an w-normal U-basis is normal with respect to G, that is, when- 
ever the congruences mod U1, i<j, can be re- 
placed by equalities 


then, from Theorem I of §2, we know that G is completely defined by the 
orders p*, - - - , p*® and the exponents in (15). The existence of a G-normal 
U-basis is clearly exceptional and it is an open question whether the data 
provided by an w-normal U-basis, namely, the orders of the elements and 
the r(r—1)/2 equations (2), are always sufficient to define the regular p-group 
from which they are derived. 

A Note on /-Matrices.* Let (é;;) be an r-rowed square matrix whose coordi- 
nates are arbitrary rational integers, and let 61, 52, - - - , 6, be a sequence of 
fixed positive integers satisfying the inequalities 6,26.= --- 26,. The L- 
matrix (x;;) we shall define as the matrix formed by replacing each £,; by the 
set of integers having the form £;;+),;p*; that is, («;;) is the matrix whose jth 
column is composed of residue classes [£;;] modulo p*. The class [£;;] is char- 
acterized by the least positive residue of £;; modulo p*; accordingly, we shall 
usually assume that the coordinate x;; in the /-matrix (x;;) is a least positive 
residue rather than a class [£,;]. Two /-matrices are naturally to be regarded 
as distinct unless their corresponding coordinates are identical. The totality of 
distinct /-matrices constitute a set, which we shall designate by the expression 
L (61, 52, - - - , 6,). The sum of two /-matrices (x,;) and (y;;) we shall define 
as the /-matrix (z;;) for which 2,; is the least positive residue of x;;+4i; 
modulo 7=1,2,- - - ,r; the product (x;;)(y;;) is the /-matrix (w;;) in which 
w;; is the least positive residue of modulo pi. Those J-matrices 
for which the conditions 

(a) x;;=0 mod p'i-*, 
and 

(8) | ««;| 40 mod p 


* These /-matrices were first defined, in a slightly different form, by A. Ranum, these Transac- 
tions, vol. 8 (1907), pp. 71-91. 
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hold constitute under multiplication a group, which we shall refer to as “the 
group of /-matrices.”* This group, which we shall denote by the expression 
GL,(6:, 52, - - - , 6), is simply isomorphic with the group of isomorphisms of 
the abelian p-group of type 61, de, - - - , 5,.* 

Multiplication is not, in general, assoc ative for any three matri_ :s of the 
set L,(6:, - - - , 6,). For /-matrices (x;;) which satisfy (a), however, multipli- 
cation is associative and distributive, and these /-matrices constitu3 a ring. 
Thus any expression -- ---)™---, 
where a, b, m,n are positive integers, defines a unique /-matrix, and this 
consideration is the justification for our later notation. In particular, the 
l-matrix defined by the expression a(x;;), where (x;;) satisfies condition (a), 
may be regarded as (x;;)+(xi;)+ --- +(xi;), where there are a terms, 
as (a;;)(x,;), or as (x;;)(ai;), where (a;;) is the /-matrix whose diagonal 
elements are the least positive residues of a modulis p*, p*, - - - , etc., the 
remaining elements being zeros. 

4. This section is concerned with applying the data furnished by an o- 
normal U-basis to the problem of constructing a one-to-one representation 
by /-matricesf for a special category of regular p-groups; that is, the regular 
p-groups of class 2.{ The theory of representations of a group of order g by 
means of matrices with coefficients in a field of characteristic prime to g has 
been rather thoroughly exploited. Little is known, however, about represen- 
tations of p-groups by matrices with coefficients in a field of characteristic p; 
and it is fair to say that the problem of representing a given p-group by /-mat- 
rices has received almost no attention.§ 

Since the group GL,(é:,---, 5,)—the group of /-matrices—is simply 
isomorphic with the group of automorphisms of the abelian p-group of type 
51, 52, --- , 6,, we can easily construct a representation of a p-group G, if we 
can find an abelian p-group A, which is transformed into itself by G,. Thus 
we can always construct a multiply-isomorphic representation by /-matrices 
for any p-group G,, whether regular or not, since G, always contains invariant 
abelian subgroups. The real difficulty arises when we demand a 1-1 represen- 
tation of G, (that is, a representation which is simply isomorphic with G,). 


* Ranum, pp. 84-85. 

T These /-matrices are defined in §3. 

t Groups of class 2 (metabelian groups, in the terminology of American mathematicians) were 
originally defined as groups having abelian central quotient-groups (W. B. Fite, Proceedings of the 
American Association for the Advancement of Science, vol. 49 (1901), p. 41). They have also been 
defined as groups having abelian commutator subgroups. The two definitions are obviously equiva- 
lent. 

§ The reciprocal problem, namely, the investigation of the subgroups of the group 
GL,(61,52, - + + , 5) has been widely discussed. 


‘ 
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It is precisely these 1-1 representations which are of most interest, and in the 
case of regular p-groups of class 2 a method for constructing them may be 
developed from the theory of regular permutation groups. 

Let G be a regular p-group of class 2 and of order p", p>2,* which is 
represer.'¢d as a regularf permutation group on its p” elements. Let K(G) 
denote the holomorph of G, and let H denote that representation in K(G) 
of the g° pup of inner isomorphisms of G whose permutations omit the symbol 
for the identity of G. Let s1, se, - - - , Spm denote the permutations of G, and 
let S; denote that permutation of H which transforms G according to s;. 
Since G is of class 2, its commutator subgroup C(G) is contained in its central 
I'(G); furthermore, H is abelian, since it is simply isomorphic with G/T’. From 
this we see that G is multiply isomorphic with H under the correspondence 
defined by s;~S?, i=1, 2, - - - , p™, where 2 is any fixed integer. 

At this point we introduce several useful formulas, which one may readily 
verify: 


(1) (si, 54) = (sz", s7*) = (s7', 51) = (sj, 87") = (53, 51), 
(2) (si, si) = (si, 5)", 
(3) (si, = (Si, Si) = (si, (Si, Sj) = E. 


Let p* be the order of the element of highest order in H. Since p is an odd 
prime (p*—1)/2 is a positive integer; and we denote this integer by the let- 


ter a. 

We shall need the following results:t{ 

(4) The p” products Ss; constitute a regular permutation group G, which 
is abelian and conformal with G. 

(5) The cross-cut GAG, is the permutation group I. 

(6) The group G, is transformed into itself by G, and conversely. 

Let K(G,) denote the holomorph of G,, written as a permutation group 
on the letters of G, and let J(G,) be that representation in K(G,) of the group 
of isomorphisms of G, which omits the symbol for the identity of G. Corre- 
spondingly, we define J(G) as that representation in K(G) of the group of 
isomorphisms of G which omits the symbol for the identity of G. 

(7) The permutation group /(G) is a subgroup of J(G,). 

(8) Between the permutations 4, é,--- of G, and those of G there is a 

* The assumption p> 2 is pertinent, since a group of order 2” is regular only when it is abelian. 

+ The simultaneous occurrence of “regular” in two distinct and unrelated meanings is unfor- 
tunate; both usages, however, are already established in the literature. To avoid confusing repetitions 
of the adjective “regular”, we agree that throughout the remainder of this section the symbol G shall 


be used precisely in the sense above. 
} These Transactions, vol. 37 (1935), pp. 163-171. This paper will be referred to as H. 
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1-1 correspondence, which is defined by the equations ¢; =S,*s; and s;=S7*;. 
When, in the future, we speak of an element of G (or of G,) as the “corre- 
sponding element” of an element in G, (or in G), we shall have in mind the 
correspondence defined by the equations in (8). 
Let Pi, Pe, --- ,P,, of orders p®,---, p*, be the permutations of an 
w-normal U-basis for G; i.e., a set of permutations satisfying the conditions 


(10) (Pj, Pi) = Pe, < =1,2,-++ = 2,3, 
ajx=0 mod for k Sj. 


Let S;,i=1,2,---, 7 denote the permutation of H which transforms G 
according to P;. 

Of fundamental importance for our method of attack is the following re- 
sult :* 

(11) The permutations A,;=5,*P;, A2=S:*P2, - - - , A-=5,*P,, which are 
necessarily of orders p*!, p*:, - - - , p* respectively, constitute a U-basis for G,. 

In what follows we shall usually write 7; for S-*. From the equation 


(12) P; = 


it follows that each basis-element P; may be regarded as a product of a basis- 
element of G, by an automorphism of G,, and this is a point of view which we 
shall constantly emphasize. 

From (1), (2), and (3) it is easy to establish the following formulas: 


(13) (Aj, Ti) = (Aj, Pi) = Pi) = (Pi, Pd)”; 
(14) (Aj, (A iy (Aj, T;) E. 


Now each 7;, i=1, 2,---, 7, is a permutation in the group of isomor- 
phisms of G, (see (7) above). Regarded as an automorphism of G,, each 7; 
is equivalent to a change of basis for G,, defined by r equations of the form 


,V1i2 Viir 


Al =A, A, 
(15) 


Yril , 


where ¥;;x is a least positive residue modulo p*. 
If we denote the matrix of the exponents in (15) by E,+M;, E, being the 
identity matrix of GL,(d:, 52, -- - , 6,), then the r matrices E,4+M; generate 


* U, p. 177. 


f 

1+rir i 

A, | 
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a 1-1 representation of H (and consequently a 7-1 representation of G, 
where 7 is the order of the central '(G)). We know that each 7;;, in (15) is 
uniquely determined by the permutations T; and A:, Ao, ---, A,. What is 
of equal interest, perhaps, is the fact that the y;;, are uniquely determined by 
equations (9) and (10) together with the equations 


(16) (P;, P;)P, = Pi(Pj, Pi), i,j, k= 1, 2,°°° 


for the reason that any r operations which satisfy (9), (10), and (16) generate 
a group which is simply isomorphic with G.* 

We indicate a method for computing the ;;, from the data in (9), (10), 
and (16). If 77 =E, k=1, 2,---, 7, where x ranges over all the exponents 
ajix in (10), that is, if each constituent P{** of (P;, P;) is in T’, then it follows 
from (12) and (13) that 7;;. is equal to the least positive residue of (a+1)ajix 
modulo p*. In general, however, it is impossible to find for G an w-normal 
U-basis for which this favorable situation arises. The following procedure is 
always valid. In (13) we replace each P; by T;.Ax, obtaining thereby a first 
approximation for (A ;, T;) in terms of the basis elements of G,: 


(17) (A iy T;) = P, **) a+l 


where 


k,l 


kR<l;k 


Since (P;, P;) is in the central of G, we know that 7, must be the identity of 
H. We observe, in addition, that for k <7 the order of (Ax, T;)*##ii is less than 
the order of (Ax, 71), since aj; is divisible by p for k <7; and for k >j, the first 
constituent of (Ax, - - - P,%* whose exponent is prime to must 
have a subscript greater than /. Hence a finite number of reductions of the 
type (17) will suffice to bring (A;, T;) into the form Ay - - - A, ii, 

We have outlined a method for constructing, from the data of an w-normal 
U-basis, a representation of G by a subgroup of the group GL,(d:, de, - - - , 6,) 
of r-rowed /-matrices. Presently we shall extend this p7-1 representation of 
G to a 1-1 representation by imbedding each matrix E,+M; in an (r+1)- 


* The proof of this assertion is similar to the proof of Theorem I in §2. In interchanging the P’s 
we make use of the formula Pg" P,* = Pa* Pg’(Pg, Pa)*”, 8>a, which can be derived from (16); a basis 
for induction is provided by the fact that the exponent of each constituent P) in the normal form of 
(Pg, Pa) is divisible by for A SB. 


a; 
i 
| 
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rowed /-matrix. First, however, we list several interesting properties of the 
matrices M;: 

(18) The highest power of p which divides y;, divides aj, and con- 
versely. 

(19) Every element in and below the main diagonal of each M,; is divisi- 
ble by p. 

(20) For j>k, vis is divisible by p*-*. 

The truth of (18) follows from the details of (17) and from the fact that 
this reduction is reversible; i.e., we may reduce (A, - - - A,7%iir)-*- to the 
form - if we replace Ax by Obviously (19) and (20) fol- 
low directly from (18), or we may derive (20) from the fact that the order of 
(Ax, T;) must divide the order of A,. 

Since (A;, T;) =(A;, T;)~, we have the relation 


(21) = — 
For i =j, this gives 
(22) * 0, 


where this zero is the residue 0 modulo p*. 
Let M, denote the r-rowed /-matrix in which each element in the jth 


column is the residue 0 modulo p*i, 7 =1, 2, - - - ,r. Let Ri; denote the r-rowed 
l-matrix whose /th row is Yi, Yu2, °° - » Yur and whose remaining rows con- 
tain only zeros. Now the least positive residues of the /th row in the product 
RM; are the exponents of the commutator ((A,, T;), T;) (written, of course, 
in the normal form A,“A» - - - A?*). Since this commutator is the identity 
of G,, we see that R;,M; must equal Mo. But --- +R,i.* This 
establishes an important property of the matrices M;, namely, 


(23) M:M;= Mo, i,j = 1, 
For i=j, this gives 
(24) M?= Mo. 


Let Hx denote the group generated by the matrices E,+M,,7=1,2,---,r. 
As we have seen above, Hy is a 1-1 representation of H and a 7-1 repre- 
sentation of G. The element of Hy which corresponds to the “general” element 
P,*P,*: - - - P,* of G is the /-matrix derived from (E,+ M,)*:(E,+M2)*: - - - 


* See note on /-matrices in §3. The matrices M;, Rjx are elements of a ring. 
1 We wish to emphasize the fac: that MM; is to be regarded not as the product of M; and M; in 
the ordinary sense, but as the /-matrix defined by this product. 
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(E,+M,)*; and from (23) we see that this product can be represented in 
the simple form* 
(25) (E, + M,)* + M,)* = E, + 
k=l 
We shall now construct a 1-1 representation of G as a subgroup of the 
group GL,(do, 5:1, 52, -- - , where is any fixed integer not less than 4). 
First, we define M/ as the (r+1)-rowed /-matrix 


0 0 0 
Yui 


0 Yrir 


where the elements in the first column are the residues 0 modulo p*. In order 
to avoid altering much of our earlier notation, we shall number the rows (and 
columns) in M/ (and in the other (r+1)-rowed matrices which we shall pres- 
ently define) by the sequence 0, 1, 2, - - - ,7. Let E’ be the identity matrixf of 
GL, (do, 51, - - - , 5). It is at once evident that the matrices E’+M/ generate 
a group Gy which is simply isomorphic with Hy. 

We denote by L/ the (r+1)-rowed /-matrix which has in row 0 and col- 
umn 7 the residue 1 modulo p* and zeros elsewhere. We shall denote the sum 
+L; by the symbol V/. 

The main result of this section is the following: 


THEOREM I. The r matrices E’+-N{ generate a group Gy which is simply iso- 
morphic with G under the correspondence defined by P;~E'+N! ,i=1, 2,---,r. 


In proving this theorem we shall make use of the following known result: 
If Bi, Bs, ---, B,, of orders p*:, p*:,---, p*® respectively, constitute a U- 
basis for an abelian group of order p”, and if ©, O2,---, O, are a set of 
automorphisms of this group, each being defined by the r equations 


(a) (B;, = By" --- 


where the 6’s and the 7;;, are the same as in (9) and (15) above, then the p” 
products 0,B;,i=1, 2,--- , 7, generate a group which is simply isomorphic 
with G under the correspondence P;~0,B;.t 


* That is, both sides of this equation define the same /-matrix of Hy. 

{ At this point we shall drop the subscripts from the identity matrices. 

} This result is contained implicitly in the paper on metabelian groups which has been quoted 
above (see H, p. 193). It is proved there that the p™ products @,* - - - @,7rB,*1- - - B,*r, OS p's, 
constitute a group simply isomorphic with G; and it is easy to see that one may bring into this form 
any product - - - 


Viir 
$= 1,2,---,f, 
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To prove Theorem I it is therefore sufficient to show that 

(i) E’+N/ equals U;V;, where U; and V; denote E’+M/ and E£’+L/, 
respectively ; 

(ii) Vi, Vo,---, V, are of orders p*:, p*:,--- , respectively, generate 
an abelian group, and constitute a U-basis for this group; 

(iii) the U; and V; satisfy the equations 


First, we write several useful formulas, which can be verified from the 
rules for multiplying /-matrices:* 


(26) MojMi:M;= Mo ((23) above); MiL;= Mo; 
LjM; = + 1,7 
on EF MS = B+ Vi = EFL)" = Et 
U---U,SE+ Dum; Vi'---V = E+ D ple. 
k=1 


k=1 
To prove (i) we have 


UV; 


(By definition, VN; =Z;+M;; from (26), 

We now prove (ii). The equation V,;“*=E requires E+ ,L;=E. Since p* 
is the smallest value of y; for which y,L;= Mo, it follows that the order of V; 
is exactly p*. The permutability of V; and V; follows from (26). For 
Vi, Ve, --- , V, to constitute a U-basis for the abelian group which they gen- 
erate, it is sufficient that the equation V; - - - V,»=E be satisfied only by 
y:=0 mod p*. That this is the case follows directly from (27) and the linear 
independence of the L’s. 

Finally we prove (iii). From (26) and (27) we derive the equalitiesT 


(V;, Us) = = (E — — Mi )(E + + Mi) 
=> M;+1;M,)(E+ 1;+ M; + 


=E+ 


k=1 


Vii Viir 
I] (£+ Ly jik Vi’ 
k=l 
* We shall drop all primes, since from this point on we shall deal exclusively with (r+1)-rowed 
matrices. Note that Mois now the (r+1)-rowed null-matrix of the set Lp(do, 51, - - - , dr). 
7 It is understood, of course, tat the notation E—L; is merely a convenient substitute for 


E+(pi—1)L). 


i 

| 


1937] UNIQUENESS-BASES OF FINITE GROUPS 305 


This completes the determination of our 1-1 representation of G by means 
of /-matrices. As we have seen, this particular representation Gy is completely 
defined by the orders of the basis elements P;, P2,---, P, of G, the ex- 
ponents a;;, in the r(r—1)/2 equations (10), and the permutability relation 
(P;, P;)P.=P.(P:, P;). In respect to the totality of possible representations 
of G by /-matrices L,(61, 52, - - - , 6,), the representation Gy may be regarded 
as a normal form, in that for every matrix in Gy the elements in and below the 
main diagonal are congruent modulo # to 1 and 0 respectively. 

We observe that the matrices E+) define a 1-1 
representation of the abelian group G,, and the corresponding elements of Gy 
are the /-matrices derived from the products (E+) (E+) 
=E+)°i-17.N x (see (8) and (25) above). Thus we obtain all the elements of 
Gw from a “general” matrix, whose coordinates are linear functions of r pa- 
rameters, by specializing these parameters and taking least positive residues. 
We shall see, later, that the V’s combine under multiplication according to 
the linear formula x. 

5. The notation which we shall use in this section is that of the preceding. 
Our objective is to characterize those matrices of the group GL,(41, 52, - - -, 5,) 
which represent automorphisms* of G. We know, of course, that the group of 
isomorphisms of G, is simply isomorphic with GL,(6:, 52, - - - , 6-); and from 
(7) of §4 it follows that /(G) is simply isomorphic with a certain subgroup of 
--- , 5-). Now every matrix X =(x;;) in , 6,) is charac- 
terized by two conditions on the coordinates x;;, namely, 


(1) x; = Omod p'-* for i > 7; 
(2) | | # Omod p. 


Our problem, therefore, is to determine the additional restrictions which 
must be imposed on the coordinates x;; in order that x shall define an auto- 
morphism of G. It is possible to determine these additional conditions as con- 
gruences involving the a;;, by regarding X as the coefficient-matrix in the 
correspondence 


It is much easier, however, to determine them in terms of the y;;x, and this is 


* Throughout this article the term “automorphism” of G denotes a 1-1 isomorphism of G with 
itself. 


H P, ~ P;" 
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the procedure which we shall adopt. First, we regard X as the coefficient- 
matrix of the “general” automorphism of G,, defined by the correspondence 


(3) 


the x;; being least positive residues. 

Let 7, denote that permutation of J(G,) which is defined by X. Now 7, 
transforms G either into itself or a conjugate permutation group in K(G,); 
furthermore, G is generated by the r permutations P;=7;, 7=1,---, r 
(see (11) and (12) of §4). Hence, for X to define an automorphism of G it is 
necessary and sufficient that 7;'T;A x=1, 2,-- - , r, be a permutation of 
G. Now the permutation of G which corresponds to the permutation 
A,=Ai:---A,* of G, is the product T.A,, where T, is T;*: - - - T,* (see (8) 
of §4). Consequently, for X to define an automorphism of G it is necessary 
and sufficient that 


(4) x; Ty; be equal to T;'--- <9, 


The sufficiency of this condition is obvious. That it is necessary, as well, fol- 
lows from the fact that if we multiply a given permutation A,=A;,* - - - A,*, 
0 <2z;<p*, on the left by all the permutations of H, then only one of these 
products will be a permutation in G; that is, the multiplying permutation 7, is 
unique, although its representation in the form 7," - - - T,*, 0<2;<p*, is 
never unique. 

We seek a more explicit form for condition (5). As in the preceding section, 
each T; is equivalent to a substitution 


(S) 


whose matrix we have already denoted by E+M;. Similarly, the product 
T,*" - - - T,* is equivalent to a substitution on the A’s whose matrix is given 
by E+)>-j-1%:2.M;, (see (25) of §4). And the matrix of that substitution (on 
the A’s) which is equivalent to the permutation r>'T zr, is clearly equal to 
X-'(E+M;,)X. Hence (5) is equivalent to the equations 


(6) E+ > X-(E+ i=1,---,7; 
k=l 


ir 
A,~ B, =A," A, 
. 
147111 
= A, 
‘walter | 
=A; 
F 
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and these, in turn, are equivalent to the set 
k=1 


The main result of this section may be expressed by the theorem: 

The group of isomorphisms of G is simply isomorphic with the group gen- 
erated by those l-matrices L,(61, -- - , 5-) for which the following conditions are 
satisfied: 


(a) = Omod for 
(b) | | # Omod 


(c) > «uM, = 
k=1 


In conclusion, we state a useful relation, namely, 


(8) = Mo, 
k=1 
which can be derived by substituting E+M; for X in (7) above. 

6. In this section we shall investigate the abstract structure of the repre- 
sentation Gy, and we shall see that the matrices E, Ni, - -- , N, may be re- 
garded as basis-units in a certain finite ring. 

We have already pointed out that the general element of Gy is obtained 
by reducing the matrix J,-=E+)_;-1.«.N:, where each x, ranges from 0 to 
p**—1. Since the product J.=J,J, must occur in the form J,=E+)°2,N;, 
each of the r* products VN; must obviously be equivalent to a linear function 
of the matrices E, N;,--- , N,. This linear relation is given by the formula 


k=1 


In deriving this formula we replace NV; by L;+M;.* From (26) of §4 and 
(8) of §5 we have the chain of equations 


NWN, = (Li t+ M)(L)+M) = LM; = vinki= DO 
k k 


k=1 


= viin(Le + Mi) = D 
k 


k=1 


* Observe that M; is the (r+1)-rowed matrix M{ of §4. It is evident that (8) above is valid if 
we replace M; by Mj. 


307 
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Since ¥jix=—Yijz mod p* and y;;,=0 mod p** (see (21) and (22) of §4), 
we have for the N’s the further relations 
(2) N;N; 
(the interpretation of this congruence is obvious); 
(3) N? = No, 
where N, is the (r+1)-rowed null matrix. 

From (1) and (2) it is easy to show that the product of any three of the V’s 
is the null matrix; that is, 
(4) NiNjNi = No, 

At this point it is fairly evident that with the group Gy there is associated 
a finite ring having as basis-units the matrices E, Ni,---, N,. We wish to 
show that this ring can be constructed without assuming the existence of Gy. 

We start with a system § of double composition in which all the ring 
postulates are satisfied except (possibly) associativity of multiplication. We 
designate a set of r+1 linearly independent basis-units forS by 2., 01, - - - , 2;, 
and we assume that every element of § can be represented uniquely in the 
form v,=%o0e+)_,;_,%:, Where the x; are arbitrary rational integers. 

We assume that multiplication for the basis-units (and accordingly for 
every element of § ) is defined by the equations 

=> Vey 
= 0:0, = 
=. ViikYk, 
k=1 

where the ;;, have the same values as in (1) above. We recall that each 7;;x 
is a positive integer less than p**, and that these r* integers satisfy 
(6) Viik = — Vix mod p* [$4, (21)] 


= 0 mod for i> k 
(7) p [§4, (20) and (21)] 
= 0 mod for 7 > k 


(8) > ViiaVari = mod p* [§4, (23) 


a=1 


(5) 


(9) VikeViat = mod p*: [§5, (8)]. 


a=1 


* It is known, of course, that the various assumptions above are always consistent. In fact, a 
system of the type § exists if we replace the ;;x in (5) by r? arbitrary integers; and if multiplication 
is associative (which is generally not the case), then this system is a ring of rank r+1, having the ring 
of integers as its coeflicient-domain. 
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Now those elements v, for which x; is divisible by p**, k=0, 1, - - - , r,* 
constitute under addition a modulus 2. We wish to show that the ele- 
ments of this modulus constitute an invariant ideal in §. Since they form 
a modulus, it is sufficient to show that v,a, and a,v, are each of the form 
Aop*ove-+)_,_AsP*0;, where v, and a, are any elements of § and 2 respec- 
tively. 

From (5) we havet 


i=1 j=1 k=1L j=l 

Since 6,26:= --- 26,, it is obvious that when & is at least equal to both 7 
and /, then the coefficient of 2; is divisible by p**. From (7), however, we know 
that 7:;, has the form y;;.p°*-* (or Yijnd***) for k<i (for k<j). In every 
case then, the coefficient of 2; is divisible by p**, k=0, 1, - - - , r. Similarly, 
we may show that a,v, is an element of 2. We denote this invariant ideal by 
the letter 3. 

From a familiar result in the theory of ideals we know that the residue 
classes of § with respect to 5 form a system § which is homomorphic withS. 
If we denote by 1, 11, - - - , uy the elements of § to which 2,, 1, - - - , 2, cor- 
respond respectively in this homomorphism, then it is easy to see that the u’s 
constitute a basis for §, and that every element of § can be represented in 


the form “z= [xo]ue+).._,[x:]u:, where [x;] is the symbol for the class of 
integers congruent to x; modulo p*. In view of the homomorphism above, we 
know that the sum u,+u, is represented by [xi ]u:, while 
the multiplication table for the w’s is given by 


= te, 
= Ujue = Uj, 


k=1 


(10) 


The condition for associativity of multiplication in§ is given by 


But from (8) and (9) we know that both sides of this equation are equal to 
the residue class 0 modulo p*. Hence § is a ring, since it is homomorphic 


* These p*# are the type-invariants of G [see §4]. 

Obviously 2,- yop*0, is in D1. 

¢ The symbol [é], denotes the class of integers having the form £+p*. We need consider only 
elements in § of the form) [xi ]ui, since is obviously equal to ue(u2ty). 


u2 
U el; i=1,2,---,r, 
| 
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with a system § which satisfies every ring postulate except associativity of 
multiplication. 

From (6), which implies that [yijx ].=[—~ji]., we may easily show that 
those elements in § which have the form x,’ =>. [x;]u; constitute a nilpo- 
tent* ring R of index 3 in which the square of every element is the zero element. 
It is clear that R is an invariant subring of § ; furthermore, the elements of R 
constitute under addition an abelian group Ar which is simply isomorphic 
with G, of §4. One may also show that the elements of § having the form 
ud’ =[1]u.+u/ constitute under multiplication a group Ge of order p™ 
and class 2. That they form a group is obvious, since u/’u/’ can be 
brought into the form [1]«.+-/, while every u,/’ has an inverse, namely, 
[1 jue The commutator (u/’, uj’), where u/’ =u,+u;, is 
Ue +o. 2Viiatla, and by using (8) and (9) one readily computes Po 
(uf’, us’ ug’ and uz’ , uj’) the common value Since 
Gr is generated by the u;/’’s, its commutator subgroup must be contained in 
its central; hence Gz is of class 2. 

Since § contains a principal unit ~,., we can construct a 1-1 matrix-repre- 
sentation of § by the familiar process of post-multiplication. We denote the 
products Ur(Ue+ui) by th,--+, respec- 
tively. Then the matrix-representation of the element u,+ 4; is the coefficient- 
matrix of the linear transformation 


= + u; 
(1 + Y1i1) My + 


Yriit1 + + (1 + Yrir) Ur. 


And this matrix is exactly the /-matrix E+ N; of Gy. Since Ge is generated by 
the r elements u,+u;,i=1,2,---,7, it follows that the group Gr( ) is simply 
isomorphic with Gy, and consequently with G (of §4). 

This representation of G as a multiplicative group of elements in a finite 
ring which are congruent to the principal unit modulo a nil ring has con- 
spicuous advantages for the study of the structure of G.t For instance, if 
R’ is an invariant subring of R, then the elements of Gg which have the form 


* A nilpotent ring of index & is a ring in which the product of any & elements is 0; a nil ring is 
one in which some power of every element is 0. A nil ring containing a finite basis is necessarily nil- 
potent. 

+ This method of “Strahlbildung” has been used to advantage by K. Shoda (Mathematische 
Annalen, vol. 100 (1928), pp. 674-686) for determining two important series of characteristic sub- 
groups of GLp(d1, 52, , 5). 


the 
| 
1 
re 
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[1 ]u.+p, p in R’, constitute an invariant subgroup of Ge. Thus the subgroup 
Ua(Gr) corresponds to the subring » ]u; of R. 

From the representation Ge we can derive a second set of conditions on 
the coordinates of those matrices in L,(61, 52, - - - , 6-) which define automor- 
phisms of G. Now any automorphism of the additive group in R is defined by 
a linear transformation 


( = +--+ + 
( uy Vritty + + VrrUtr 
in which the y;; are least positive residues satisfying the conditions 


(11) | Omod p; yi; = Omod for i > j. 


But © defines a correspondence of the elements of Gp, and for this corre- 
spondence to define an automorphism of Gr, it is clearly necessary and suffi- 
cient that the multiplication table of the u/’s be the same as that of the u,’s. 
By substituting the «/’s in equations (10) and taking account of the relations 
u?=0 and uju;=—u,u; we find that © will define an automorphism of Gz 
if, and only if, the y’s satisfy the r?(r —1)/2 congruences 


r 
» = >. ViiaVak mod 
u,v 


r;v=2,---,7r, and where D;;_,, denotes the determinant 


| Vin Viv 
Vin Viv 


As one would expect, these congruences are equivalent to the matrix- 
equations (7) in §5. 

The representation Gr above was derived (although indirectly) from a 
particular w-normal U-basis of G, and our method is probably the simplest 
one for obtaining a ring-representation for G. But the existence of a U-basis 
is by no means necessary* for the existence of a representation of a finite 
p-group G as the multiplicative group of those elements in a ring which are 
congruent to the principal unit modulo a subring whose elements are ex- 
pressible uniquely in the form )*’_£,w,, the £; being least positive residues 


i=l 

* The quaternion group, which has no U-basis, is the multiplicative group of elements p+, 
+ £2t2+ £3u3, i=0, 1, in the ring of 16 elements whose multiplication is defined by the equations e?=e; 
= Ug; Uy? = Ug? = Ugly = Ug; = = Uy = = uz?=0. 
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modulo certain powers of p. Nor is it necessary, when G is the group G above, 
that 7, the number of linearly independent basis units of R, be equal to r, 
the number of type-invariants of G. For ##r, however, the ring R must con- 
tain elements whose square is not zero, and although it is always nilpotent, 
it need not be of index 3. 

In conclusion, we point out that if the group G is a direct product of 
groups G’XG’’X ---, then for each factor G we can find an w-normal 
U-basis, and by the method given in §§4 and 6 we can construct for each 
factor a ring-representation Gr. Then for G itself we obtain a ring-represen- 
tation if we replace R in §6 by the direct sum of the rings R’+R’’+ ---. 
And from this representation we obtain, by post-multiplication, a representa- 
tion of G as the direct sum of matrix-representations Gy’ +Gy’+---. 

7. In the preceding section we proved that every metabelian group of 
prime-power order can be exhibited as a multiplicative group in a finite ring. 
And since every metabelian group is the direct product of its Sylow sub- 
groups, one may construct for any metabelian group G of odd order a repre- 
sentation of this sort in which the ring R is replaced by the direct sum of nil 
rings Ry,, Rp,, , each corresponding to a Sylow subgroup of G. We 
wish to show that there is, in a crude sense, a reciprocal relationship between 
nil rings and metabelian groups. 


If S is a ring which contains a principal unit e and a subring > such that 

(a) the square of every element in > is the zero element, and 

(b) the number of elements in = is an odd integer n, 
then those elements in S which are of the form e+o, o in =, constitute under 
multiplication a group of order n whose class does not exceed 2. 

It is easy to show that the elements e+e constitute under multiplication 
a group F’ of order n, having e as the identical operation. We therefore give 
only the proof that F is either abelian or metabelian. 

Let a@ and B denote any two elements of 2. From (a) we have 


(1) o*? = 0, where ga is any element of >. 


By substituting a+ for o in this equation, we obtain 
(2) a8 + Ba = 0. 


Two cases arise: 

Case A. a8 =8a for every pair of elements in =; 

Case B. = contains two elements o, and og such that 0.0300. 

In Case A equation (2) reduces to 2a8 =0. Since = contains a finite num- 
ber of elements, with each element o; there is associated a smallest positive 
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integer m; such that m,o;=0. Now the elements of 2 constitute under addi- 
tion an abelian group of order n, and since m; is clearly the order of o; with 
respect to this group, we see that m;, being a divisor of m, is necessarily odd. 
Hence the equation 2a8=0 is possible only if a8 =0. In Case A, therefore, 
any two elements e+a and e+ are commutative, and F's is of class 1. 

For Case B we first prove that the product of any three elements of = is 
zero. By using (2) and the associativity postulate, we obtain the equations 


3) = = — = — = 
= — oy. 

That is, 20.030, =0; and as in Case A, we infer that c.g, is zero. To prove 
that Fs is of class 2 it is sufficient to show that the commutator (e+¢2, e+a) 
of any two elements in F's is commutative with any third element e+o,. From 
(1) we find that the inverse of e+e. is e—o.. By making use of (3), it is a 
simple matter to show that the commutator (e+o., e+os) is given by 
and is commutative with e+<,. 

Finally, we observe that the theorem above is valid if we replace (a) by 
the assumption that = is nilpotent and of index 3; that is, the product of any 
three elements in = is the zero-element. (In this case, the commutator 
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GEOMETRY OF DYNAMICAL TRAJECTORIES AT A 
POINT OF EQUILIBRIUM* 


BY 
EDWARD KASNER AND AARON FIALKOWTt 


1. Introduction. A plane positional field of force gives rise to a three- 
parameter family of curves. These are the totality of possible paths or tra- 
jectories of a particle moving under the influence of the field. This system 
of curves is not arbitrary but has intrinsic peculiarities. Kasner’sf investiga- 
tions of the geometry of this situation showed that many aspects of dynamics 
may be described in geometric language. Excluding points where the force 
vanishes, he obtained a set of five properties which completely characterize 
the system of trajectories. Further observations on these five properties are 
given in recent papers by Moisseiev§ together with new kinematic properties. 

In this note, we derive some similar geometric properties of the paths 
along which a particle may move when it is projected from an isolated point 
of equilibrium. The new properties are stated in terms of osculating cubics 
and higher algebraic curves. Since such a point is a singular point of the lines 
of force, the geometric character of the field is quite different from that at 
regular points. The qualitative nature of the lines of force follows, of course, 
from the classic work of Poincaré,|| Bendixson,{ and others on the singular 
points of ordinary differential equations of the first order. A few elementary 
connections between the differential geometry of the paths and the general 
character of the lines of force are given in this paper. 

2. The equation of the trajectory. In what follows we assume that the 
force is analytic in the neighborhood of the point of equilibrium which we 
choose as the origin of coordinates. The components of the force are (x, y) 
and y/(x, y), where 


o(x, y) =Ax+ By + Goox? + + Gory? +--+, 
v(x, y) = Cx+Dy + Hox? + Huxy+ Hoy?+---. 


A particle of unit mass projected from the origin travels along a path whose 
parametric equations, in terms of the time #, are 


(1) 


* Presented to the Society, October 31, 1936; received by the editors October 17, 1936. 
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4] Acta Mathematica, vol. 24 (1901), pp. 1-88. 
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= ayt + act? + +---, 
byt + dot? + 


(2) 


These equations are a solution of 
d*x 
dt 
d*y 


v(x, y). 


= $(x, y), 
(3) 


To determine the a; and b,, we substitute the values for x and y given by (2) 
in (1) and (3) and equate like powers of ¢. The first few equations resulting are 
a. = 0, 
3-2-a3 = Aa; + Bhi, 
4-3-a4 = + Gi1a1b; + Good? , 
5-4-a5 = + Bbs + + Gaia? bi + Gisaib? + Gosd? . 


(4) 


Similar expressions obtain for the b;. Since a; and }, are the components of 
the initial velocity, they are arbitrary parameters. For convenience we write* 
m=b,/a, and c;=b;a,—a,b,. If in ¢(x, y) and y(x, y), the terms of the ith de- 
gree are X,(x, y) and Y;(x, y) respectively, we denote by Ki+:(m) the poly- 


nomial Y ;(1, m) —mX;(1, m) of degree (¢+1) in m. From (4), 


a2 = 0, c=0, 
3-2-3 = a; K2(m), 
4-3-¢4 a; K;(m), 


A D 
5-4-¢5 a; K4(m) + Kiln). 


If we eliminate ¢ between the two equations of (2), the cartesian equation of 
the path is obtained.f It is 


* We assume that neither a; nor J; is zero in the derivation of (7) and (8). If b:=0, it can be 
shown that the equations of the paths are (7) or (8) with m=0. If a,=0, an analogous statement is 
true if we interchange x and y as well as ¢ and y. 

+ In Kasner’s Transactions (1906) paper, it is shown that all the paths are the solutions of the 
third-order differential equation 

The coefficient of d*y/dx* vanishes at a point of equilibrium. The equations (7) and (8) could also be 
obtained from this equation. 
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(6) C3 ( x )+ C4 ( x x )+ 

by a; a, a,b, a, ay, 
The values of aj, b;, and c; given by (4) and (5) are substituted in (6). The 
equation of the path becomes 


K2(m K3(m 
dm) 
(7) 3-2-a? 4-3-a? 
(D — 9A — + 


3-2-a? 


1 
+ ——|[K 
4(m) + 
If Ke(m), K3(m),---, K,n»-2(m) vanish identically the coefficients of 
x*, a4,---, x"! are zero. The same is true if these polynomials are zero 
for a particular value of m. In both of these cases, after a complicated dis- 
cussion we find that the equation of any trajectory having an initial slope m 
for which K2(m), K3(m), - - - , Kn-2(m) but not K,_,(m) vanish, is 
| Ky, 
n(n — 1)a? n(n + 1)a? 
‘ 1 

(n + + 2)a? 


n(n — 1)a? 


(Kesslm) + 


From (7) and (8) it follows that the initial departures from their common 
tangent of all trajectories projected in the same direction vary inversely as 
the squares of the initial speeds. In this respect the behavior of the paths is 
the same at points of equilibrium as it is at regular points. We introduce the 
intrinsic measure J, defined as the first non-vanishing derivative of the curva- 
ture with respect to arc.* We thus have 


THEOREM I. [f particles are projected in the same direction from a point in 
a field of force, the quantities J defined for their paths always vary inversely as 
the squares of the initial speeds. 


Bendixson{ studied the qualitative nature of the lines of force near an 


* In previous papers, Kasner used the symbol J (which he termed “inflexure”) for the value of the 
derivative of the curvature of a curve with respect to its arc length at a point of inflexion. It is the 
invariant measure of the curve at its inflexions analogous to curvature at ordinary points. In this 
paper, we use this same symbol for the first non-vanishing derivative of the curvature with respect to 
arc length. Thus J is defined for all analytic curves except straight lines. 

t For a proof of his theorems which are used below as well as a precise statement of the condi- 
tions under which they are true, see Bendixson, loc. cit., pp. 34, 36, and 62. 
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isolated singular point of the field. In this paper we are considering the differ- 
ential-geometric character of the paths. In what follows we indicate certain 
connections between these two aspects of the field of force. 

It was shown by Bendixson that if X;(x, y)=Y.(x, y)=0, (¢=1,2,---, 
n—3), then only the real roots of K,-1(m) =0 may be and, in general, are the 
initial directions of the lines of force which approach the point of equilibrium. 
If K,_(m) is identically zero, then every ray from the point (except, possibly, 
for a finite number of singular rays) is the initial tangent of one and only one 
line of force. If K,:(m) =0 has no real roots, he showed that the lines of force 
are either spirals or closed curves about the point. These results of Bendixson 
together with equation (8) give 


THEOREM II. Jf particles are projected in different directions from a point of 
equilibrium, then, in general, any path which is initially tangent to any line of 
force has higher order of contact with its tangent than a path which is not tangent 
to a line of force. 


THEOREM III. Jf all trajectories obtained by projection from a point of equi- 
librium have the same order of contact with their tangents, then either there exists 
a line of force which approaches the point of equilibrium along each ray (except, 
possibly, for a finite number of rays), or every nearby line of force is either a 
spiral or a closed curve about the point. 


3. Geometric properties for the simplest case. We proceed to translate 
equations (7) and (8) into geometric language. As is obvious from (7), every 
trajectory through the origin has at least second order contact with its tan- 
gent. At a regular point, on the contrary, the path has a point of inflexion 
only if the particle is projected in the direction of the force.* 

In the simplest case, Xi(x, y), Yi(x, y), and K2(m) do not vanish identi- 
cally. Then, at the origin, from (7), 

d*y 


9 —=0, 
(9) dx? 


d‘y 2K3(m) d*y 
dxt Ke(m) 


(10) 


According to (9), a curve which osculates a trajectory at the origin must 
have an inflexion there. We cannot therefore use parabolas as in the ordinary 
case. The simplest curves with inflexions are cubic curves. We shall restate 
(9) and (10) as theorems about certain cubic curves which have fourth order 
contact with the trajectories. The curves that we choose are the cubics which 


* Kasner, Proceedings of the National Academy of Sciences, vol. 20 (1934), p. 131, Theorem 3. 
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have a double point at infinity at which the line at infinity is one of the tan- 
gents. Of course, the other tangent is the asymptote of the cubic. We call 
each of these curves a “special cubic.” 

In order to simplify the calculations which follow, we first suppose m =0. 
When we take account of (9), the special cubic becomes 


(y — ax)* + by(y — ax) + cy = 0, 


where a is the slope of the asymptote and c is a non-zero constant.* By a 
rotation of axes through an angle 0, where tan =m, we obtain the general 
equation of the special cubic as 


cos* 6[(1 — am)y — (a + m)x]? 
(11) + b cos? @[m(m + a)x? + (am? — 2m — a)xy + (1 — am)y?] 
+ c-cos 6-[y — mx] = 0. 
The asymptote of (11) is easily found to be 
(12) y(1 — am) = (a + m)x — c(1 + m?)!/2/b. 
From (11), by differentiation 
6a*(1 + m?)? 
d*y 4ab(1 + m?)'/? 


dx* 


(13) 


at the origin. From the equations (10) and (13), it follows that b/c = K;3(m) 
/[2aK2(m)(1+m?)"/?]. Substituting this value in (12), the equation of the 
asymptote becomes 
2m K2(m) 
K3(m) 


2K2(m) 


(14) Kam 


= tan (0 + a) ( 


where a=arc tan a and is the angle between the initial tangent and the as- 
ymptote. It follows from (14) that if mis constant the asymptotes all inter- 
sect at a fixed point which is on the initial tangent, thus forming a pencil. 
This proves 


THEOREM IV. The special cubics which, at a point of equilibrium, osculate 


the « trajectories passing through the given point in the same direction have 
asymptotes which form a pencil whose center lies on the common initial tangent. 


* The additional condition that ¢ is 1 non-zero constant may easily be stated in geometric lan- 
guage. In the general case which is discussed in §4 below, similar restrictions are made. 
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By reversing the argument given above it is easy to derive a converse 
statement. We consider any two-parameter family of curves, ©! in each direc- 
tion, each having an inflexion at the origin. If the asymptotes of the special 
cubics osculating those curves which have the same initial slope form a pencil 
with center on the common tangent, then the differential elements at the 
origin obey the equation 


(15) 


As m varies, the center of the pencil describes a locus. The parametric 
equations of this locus, by (14), are 


2K2(m) 2mK 2(m) 


Eliminating m, we find the cartesian equation of the locus. It is 


x x 


This is a cubic curve with a double point at the origin. This equation in con- 
junction with a theorem of Bendixson previously cited proves 


THEOREM V. The locus of the centers of the + pencils of asymptotes corre- 
sponding to a point of equilibrium is a cubic of which that point is a double point. 
The real semi-tangents at the double point are the only rays along which lines of 
force approach the point of equilibrium. If no real tangents exist, then all the 
nearby lines of force are either spirals or closed curves about the point. 


Conversely, if the locus of the centers is any cubic curve having a double 
point at the origin, f(m) in (15) must be a rational function of m whose 
numerator and denominator are of the third and second degrees respectively. 

4. Geometric properties for the general case. We now consider the case in 
which the leading polynomials present in ¢(«, y) and (x, y) are Xp_2(x, y) 
and Y,-2(x, y), (p23), respectively.* If K,_:(m) is identically zero there is, 
in general, one line of force corresponding to each ray from the origin. If 
K,-:(m) does not vanish identically, the possible rays along which lines of 
force may approach the origin are given by the real roots of K,_:(m) =0. 

In the following we sketch the proofs of analogues of Theorems IV and V 
for the general case. Let K,:(m), (n2=p), be the first K;(m) which is not 
identically zero. Then the paths are given by (8). At the origin 


* If o(x, y) and (x, y) do not have leading polynomials of the same degree it is always possible to 
obtain equivalent components of the force of the desired type by a suitable rotation of axes. 


| 
d‘ty (m) d*y 
— m):-——- 
dx4 Sim dx’ 
2K *) = 0. 
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d‘y 
16 —=0 
dx* 
(n—1)K,(m) d"y 


dx” 


(17) 


As in §3, these equations may be converted into properties of osculating 
curves. The curves that we select have (n+2) points in common with the tra- 
jectories at the origin. They are special m-ics which have a double point at in- 
finity at which the line at infinity has contact of (w—2)nd order with the n-ic. 
The other line having the same contact with the m-ic is its asymptote. Im- 
posing conditions (16), the equation of the special m-ic is (11) after the expo- 
nent 3 is replaced by ”. From (17) it follows by a method similar to that used 
in obtaining (14) that the asymptotes of those special m-ics which have the 
same m form a pencil whose center is ([(#+1)Knsi(m)|/[(m—1)K,(m) |, 
|/[(n—1)K,(m) ]). We thus have 

THEOREM VI. The special n-ics which, at a point of equilibrium, osculate 
the «~' trajectories passing through the point in the same direction have asymp- 
totes which form a pencil whose center lies on the initial tangent. 


As m varies, the center of the pencil describes a locus whose equation is 


(n — ~(n+ = @. 
x x 


As in §3, this proves 

THEOREM VII. The locus of the centers of the + pencils of asymptotes corre- 
sponding to a point of equilibrium is an n-ic of which that point is an (n—1)- 
point. If n =p, the real semi-tangents at the (n—1)-point are the only rays along 
which lines of force may approach the point of equilibrium. If no real tangents 
exist, then all the nearby lines of force are either spirals or closed curves about 
the point. For n>p, there is, in general, one and only one line of force which 
approaches the point of equilibrium along each ray (except, possibly, for a finite 
number of rays). 


A reversal of the argument employed to obtain these theorems yields con- 
verse statements similar to those of §3. 
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ON CERTAIN INEQUALITIES AND CHARACTERISTIC 
VALUE PROBLEMS FOR ANALYTIC FUNCTIONS 
AND FOR FUNCTIONS OF TWO VARIABLES* 


BY 
KURT FRIEDRICHS 


Part I. THE CASE OF ANALYTIC FUNCTIONS 
1. INTRODUCTION 


In this first part I investigate some properties of the manifold § of all 
analytic functions “+iv =w(z) defined in a bounded open connected domain 
D of the (s =x+iy)-plane for which the integral 


ff | elaxay 
D 


is finite.t 


First I establish the following inequality. There exists a positive constant 
6<1 such that, for all functions w(z) which satisfy the additional condition 


ff wdxdy = 0, 


the inequality 


(1.1) | sof f | 


is valid. 
It will be seen that this inequality is equivalent to 


(1.2) ff udxdy S rf 
D D 


under the additional condition 


ff udxdy = 0, 
D 


the constant ! =(1+6)/(1—8) being greater than 1. 


* Presented to the Society, October 31, 1936; received by the editors December 6, 1935, and 


January 27, 1936. 

t The same space was investigated in regard to different properties by St. Bergman, Mathe- 
matische Annalen, vol. 86 (1922), p. 238, and Berliner Sitzungsberichte, 1927, p. 178; and S. Bochner, 
Mathematische Zeitschrift, vol. 14(1922), p. 180). : 
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Secondly, I deal with the characteristic value problem for the quadratic 


form 
ff wdxdy 
D 
ff | 
D 


I prove the existence of a sequence of characteristic values us, , LO, 
and corresponding characteristic functions w:(z), we(z),--- satisfying the 


conditions 
ff Wale) w,(2)dxd 
= 
D 0 


with respect to the unit-form 


and thus being orthonormal, such that each function w(z) in § can be de- 
veloped in a series 


w(z) = + Cowe(z) + Cgws(z) + -- - 


converging uniformly in every closed subdomain of D, while the expansions 


| = +| cal? +] + 
D 


ff w'dxdy = + pec? + + --- 
D 


hold. 

The largest characteristic value wu: is equal to 1 and the corresponding 
characteristic function w,(z) is constant. The inequality stated above ex- 
presses nothing but the fact that the second characteristic value ye is less 
than 1. 

The validity of these theorems depends essentially on the nature of the 
boundary of the domain D. My assumption is that this boundary B consists 
of a finite number of closed curves having a continuous tangent except at a 
finite number of corners. Then the inequality holds; but the expansion theo- 
rem is valid if and only if there are no corners (except internal cusps). In 
the case of corners the extreme points of the limit spectrum can be deter- 
mined. 

Let each closed curve of the boundary be represented by a continuous 
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periodic function z=2(s) of a parameter s. Except at a finite number of 
corners this function shall have a continuous derivative 


which, at each corner, is continuous on both sides. We can assume 


dz 
| = —|=1, 
ds 


so that s is the arc length of the curve, and further that the normal iz is di- 
rected into the interior of D. 

At a corner the argument of ¢ has the jump (1 —w)z, where wz is the inner 
angle of the corner. 

We assume 0 <w <2. Thus we exclude external cusps (w=0); in this case 
it can happen that not even the inequality holds as we shall show at the end 
of this part. 

2. A BASIC LEMMA 

We set 

SIN wr 


Or 


Since the case w=0 has been excluded we have M <1, and M=0 if there are 
no corners (except internal cusps). 


Lemma 1. Let € be an arbitrary positive number. Then there exists a boundary 
strip S in D, bounded by the exterior boundary B and an interior boundary B’ 
which consists of a finite number of rectifiable closed curves, such that for every 
function w(z) =u(z)+i0(z) in § the inequality 


(2.1) | Sf s arto +7 f | 


holds, y being a suitable positive constant depending on e. This inequality implies 


(2.2) ff waxdy s (1+ M+e) Jf f | 


Without loss of generality we may confine ourselves to the case of a do- 
main D bounded by only one closed curve B. 

First we discuss the case of no corners. We may assume ¢ <1. We choose a 
constant ¢ in such a way that 
2(s’) — 2(s) 
as |s’—s|So. 


(2.3) a(s) |S 


€ 
4 


dz 

= + Ss 

M = max 
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We set 
2(s + a) — 2(s) Ad(s) = 3(s + — 2(s) 


o Co 


Az(s) = 


Then we have 
(2.3)’ | Az(s) — a(s)| < —, 


| ax |< 
2(s)| 


We choose a number p>0 in such a way that 
|s’-—s| So as |2(s’) —2(s)| Sp 


and a number 7 >0 in such a way that 


and 


(2.4) Az(s’) — Az(s) 


s’—s 40 


Consequently we have 
(2.4) T | < 
Now we introduce a new parameter ¢, 0<t<T, and set 
z = 2(s) + itAz(s). 


The strip 0<t<T corresponds in a one-to-one way to a certain boundary 
strip S in D, bounded by the boundary B and an inner curve B’ which corre- 
spond to =0 and t=T respectively. To show this we first prove the relation 


3 
(2.5) + i’ (s’ — s) + it’ 


as |s’—s| So. 
In fact, in view of (2.3), (2.4), we have 
[(s’ — s) + i(t’ — d]a(s) | 
= | [2(s’) — 2(s) — (s’ — s)a(s)] + it’[Az(s’) — Az(s)] 
+ i(t’ — t)[Az(s) — | 
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—4+—4+i— 
2 4 40 AY 


Now let z’=z. Then we have 
| 2(s’) — 2(s) | = | t’Az(s’) — tAz(s) | 
< Az(s’)| + ¢| Az(s) | 


= 


Therefore | s’—s| <o and relation (2.5) leads to | (s’—s)+i(t’—#)| (1-3) $0. 
Hence s’=s, t’=t. Thus the one-to-one correspondence of 0<#<T and S is 
proved. 
We calculate the Jacobian 
A(x, y) 


J= = RAz(z ; 
as, 0) RAz(z + itdz) 


from (2.3)’, (2.4)’ we find 


€ € 1 
(2.6) J21--—-—2—: 
4 32 2 


In the strip S the parameters s and ¢ can be expressed in terms of x, y, 
hence in terms of z=x+iy, =x —iy; and a simple calculation yields the rela- 
tion 


2J — = Az — — i(@ + itdz) —- 
Os ot 
We now introduce the function 
j(z, 2) = 2(s) — tiAz(s) 
and find 


oj 
J = + 


From (2.3)’, (2.4)’, (2.6) we get 
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4 
| 
0z 
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By a simple calculation, we obtain the identity 


ap 
ff (1 wdxdy = ff — — j)w?|dxdy 
r<t<T dz 
i 
= — — j)wdz 


i 
— j)wdz 


for 0<r<T. Since w|%dsdr <2ffs|w|2%dxdy is finite, there exists a 
sequence t—0 for which /,.,|w|2ds is bounded. If we let 7 tend to zero in 
this way, we have 


i 
(z — j) | f tAzw?(z + itAz)ds 
= t=t 


t 
€ 
r(1 +<)f | w |%ds +0 
2 t=r 


and therefore the identity 


a 
ff 1— w'dxdy = rf wAzdz. 
s B’ 


It yields immediately the inequality 


| ff waxdy| f | w|?|ds| + *dudy. 
Ss + B’ Ss 


3. CASE OF CORNERS 


We now pass on to the case of boundary B having corners 2, with the 
angles w,r (v=1, - - - , 2). We map the domain D conformally on a domain D* 
of the z*-plane such that the boundary B* of D* has a continuous tangent. 
There exists such a mapping, regular in D+B except at the corners, which 
behaves at the corners as follows: there is an analytic function 


=Xz) with =0, A(z) #0, 
regular in the neighborhood of z=z,, and an analytic function 
Ay = Ay (2*) with A,(z*) = 0, Ay +0 


(where z,* corresponds to the corner z,), regular in the neighborhood of 2* =z,*, 
such that 


|May 
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We shall make use of the fact that there is a constant x >0 such that 


d 
(3.1) | 23) “tog < x| — 4+ x| |” 


in a certain neighborhood U; of z,*. We see this by a simple calculation: 


w Ay 
(1 — — Ae 
(Ay )? (A’)? 


1 + (2* — 2*)d,(2*), 


where 0x(z*) is bounded at 2* =z,*, we get 
* 


d dz 


* * s* — hy 
+ w,(2* — — 


dz 


he 


Since Ax/(z* —2*) dx’ (0) £0 as and \’(0) 0, there is a number x >0 
and a neighborhood U;*¥* of z,*, where 


¢ We can construct such a mapping, e.g., in the following way. We choose a number a; in the 
exterior of D+B such that the function 


2 1/, 
de = 
a 


maps the domain D+B in a one-to-one way on a domain D!+B! of the z“-plane; D!+B! has no 
corner at the point z“) =z,). In the same way we choose a2“) in the exterior of D!+B! and form 


— 1/42 
— gi) 


= 


and so on. Then we set 


and take Ax =z” for the corner z=2,. 


dz* 
dz 
‘ d dz* 

* dz 
Since 

— dz* 

and, thus, (3.1) holds in U*. We introduce the function 

dz dz sth | | 1 
=—:— wit = 1. 
dz* dz* 
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We observe that relation (3.1) is equivalent to 
on 
(3.2) | (* + (1 — S x| | + x| — |, 
2 
where 7 is considered as a function of z* andz* . On setting 
dz 


= 


ffi w |2dxdy ff | w* 
D D* 
ff wdxdy -ff (w*)*qdx*dy*. 
D D* 


4. CONTINUATION 


we have 


In what follows we omit the sign * and write z, z,, D, B, S, U,, w instead 

Let the boundary B be represented by z=2(s), and let s, be that value of s 
for which 2(s,) =z,; we set 2(s,) =%,. We introduce the parameters s and ¢ in 
the boundary strip as before (§2) and define the function /(z, 2). 


z = 2(s) + itAz(s); j = 2(s) — itAz(s). 


Let S, and B, be the domain of all points of S and B respectively for which 
|s—s,| So, except z=z,. We assume e<} and at the same time so small that 
B,+5S, is contained within the neighborhood U, of z=z,. From (3.2) we get 


(4.1) 5) + (1 — in S,+B,. 


We take note of the relations 
3 
| (2 — 2,) — (s — s, + | it| 
(4.2) 


3 
—(s—s, — it)é, a 


which holds for |s—s,| So and, therefore, in S,+B,. They can be derived in 
the same way as relation (2.5). 

We define the functions 
2, j—% 


K,(z,Z) = — 
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Zy 
H,(z, 2) = — — 
Zp Zy 

in S,+B; we have 

(i) | H,| =1, 

(ii) 1-e<|K,| <1+e, 

(iii) |H,—K,| Se. 
In view of (4.2) relation (iii) follows from 


| H, — K,| = 


j-s 


The relations (iii) and (i) lead to (ii). 
The function K, has the value 1 on the lines s =s,, 0<t<T, and the value 
—1 on the boundary ¢=0, s#s,. Therefore log K, is defined; we have 


log K, = 0 on s=S,, 0<t<T; 
log K, = + ir on #=0, s$s. 


In view of (4.2) we get 
3 


t+ i(s — s,) 


€ 
4 

| 10g 3 € 


1— —e 


We can define log H, in such a way that |log H,| <3e/2 on the line s=s, and 
we set 


K,” = exp w, log K,, H,” = exp log H,. 


From (iii) we obtain 
(iv) | <3e. 
We consider the function 
1 COS SiN w,r 
P,(z, 2) = — Ky — _ log K,, 


Wy Wy @,T 


defined in S,+B,; it vanishes on the boundary ¢=0, s¥s,, and it is bounded. 
Therefore we have 
(z — 2,)P,(z, 2) +0 


(4.3) (z z) —0 
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4 
=| 3 
= 
8 
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uniformly in s. We calculate the derivative of P, with respect to z and find 


OP, sin oj 
— — =| K” 1+ K,—}. 
Oz Oz 


According to (ii), (iv) and 
4.4 — 
(4.4) ra 
we get 
oP, sin w,7 


(4.5) (z — 2) —H”|< + 66¢. 


We choose non-negative functions p,(s) which have continuous derivatives, 
which vanish outside of B,, which are equal to 1 for |s—s,| <o/2 and for 
which 

p(s) 


Here the summation >”, is extended over all points z=z,. We consider the 
function 


Q(z, 2) = — z,)nP, + E -> pals) — j). 


Since 


(4.6) p.(s)(z — 2,)P, 0, as i—0, 


we have 
Q(z,2) as t-0. 


We investigate the derivative 0Q/dz. First we observe that dp,/dz =p/ (ds/dz) 


is bounded in S and that 0y/dz is bounded in S—}°,S,. Further we calculate 
0 On 
— — = (1 — + — 2,) —- 
dz dz 


We now use relation (4.1); because of | H,| =1 we get 


in S,. Thus, on account of (4.3) and (4.6) we find 
0 
(4.7) > P, — — + @- 


as t—0, uniformly in s. 
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Consequently we can choose a positive number 7,57 such that for 
0<isT, 


an aP, aj 
According to (4.4) and (4.5) this relation leads to 
(4.8) 


where €,=7e. 
Let S,; be the strip 0<t<T, and Bj the curve ¢=7;; since 2-0 as t—-0 


we have the identity 


i 
ff w? — dxdy = w? Qdz. 
S; Oz 2 By’ 


From this and relation (4.8) we deduce 


ff wijdedy Sn | + ff | w|%dxdy 
By’ Sy 


where 7: =2 max | Q| on B/ . Since ¢, is arbitrarily small we thus have proved 
Lemma 1 also for the case where the boundary has corners. 


5. ADDITIONAL LEMMAS 


In proving our theorems we further make use of the following elementary 
lemmas. 


Lema 2. Let D’ be a closed domain within D. Then for all functions w(z) 
in § and all z’ in D’ we have 


(5.1) | w(s’) |? < ff | w |*dxdy 
D 


dw 
(5.2) | Se | ff | 
dz D 


Ci, Ci being positive constants depending on D’. 

We omit the proof of this well known lemma, which is an immediate con- 
sequence of the mean-value theorem and the Schwarz inequality. 

Lemma 3. Let D’ be a closed subdomain within D and 2 a point of D’. Then 
for all functions w(z) =u(z) +i0(z) for which 
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u(Zo) = 0 


the inequality 
| w(z’) |? < ff vdxdy, z’ in D’, 
D 


is valid, C’ being a positive constant depending on D’ and 2p. 


We choose a finite number of points 20, 21, 22, , 2;,° °°, 2in D’ and 
a positive number R such that |z;—z,;.| <R, that every point z’ of D’ be- 
longs to one of the circles |z—z,;| <R and that the circles |z—2;| <3R are 
in the interior of D. Now we take the relation 


1 


which holds for |z’—z;| <r. We multiply by rdr and integrate with respect 
to r from r=2R to r=3R and apply the Schwarz inequality assuming 
|z’—z,| <R. Thus we obtain 


| | 1 1/2 2 1/2 
w(z’) — u(z;)| ff ) < v*dxd ) 
2R<|2—-2;|<3R R D 4 


Since u(zo) =0 and | ;—z;-.| <R, we get for every point 2’ of D’ 


2 1/2 
| w(z’) | (k +1) #azay) 


Herewith we have proved Lemma 3. 


6. FUNDAMENTAL INEQUALITIES 
We now are ready for the proof of 


THEOREM 1. There exists a positive number T such that the inequality 


ff u*dxdy rff vdxdy 
D D 


holds for all functions w=u-+iv in § which satisfy the condition 


ff udxdy = 0. 
D 


We first observe that it is sufficient to prove the inequality for all func- 
tions w=u-+iv in § which vanish at a certain point 2 in D; this fact follows 
from the relation 


s+2’—22; dz 
2-2 2; 
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Jf woaray Jf mo — u(z0) |*dxdy, 


which is an immediate consequence of {/nudxdy=0. Now we choose a posi- 
tive number ¢e such that M+e<1; this is possible since M<1. By (2.2) of 
Lemma 1 we have 


(1 ff wazay s ff u?dxdy + (1+ m+.) 
D D-s 8 


+7f | 


We choose a point z) of D—S and assume (zo) =0. Then we apply Lemma 3 
to the closed domain D’ = D—S and get 


(i - ff waxay 


thus Theorem 1 is proved. 
The inequality of Theorem 1 is equivalent to 


(T+ ne ff wasay (T 1) w |*dxdy, 


and the additional condition is the same as 


ff wardy = 0. 


Now let w be a function in § which satisfies the relation 


ff wdxdy = 0; 
D 


then we can choose a number 7 of absolute value 1 such that 


since Rffonwdxdy=0 we can apply Theorem 1 to yw. On setting 
6=(T—1)/(I'+1) we thus obtain 
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THEOREM 2. There exists a constant <1 such that the inequality 


ff < off | w |2dxdy 
D D 


holds for all functions in § satisfying the condition 


ff wdxdy = 0. 
D 


7. SPACE § AS A HILBERT SPACE 


To prove our expansion theorem we start with the observation that the 
manifold § of all functions w(z) for which 


ff | w|2dxdy 
D 


is finite constitutes a linear metric space. This space is either complex or real 
depending on whether we allow multiplication by complex or real numbers 
and define an inner product either by 


(w1, We) -ff wedxdy 
D 


or by 


(wy, We) = R ff W1Wedxdy. 
D 


In either case the modulus 


(w, w)'/? = (ffi 


has the same value. In order that 


ff Ww, Wedxdy 
D 


become a symmetric bilinear form we choose the second definition of (w:, we) 
and thus assume § to be a real space. In this case, iw belongs to the space § 
together with w,; but this function zw is orthogonal to w: 


(w, iw) = n ff wiwdxdy = nif f | w|2dxdy = 0. 
D D 


Now we establish 
Lema 4. The space § of functions w(z) is a Hilbert space. 


[May 
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First we prove that § is complete. Let w*(z) be a sequence in § such that 
(w™ — w", w™ — w") = ffi w™ — w" |"dxdy 0 as m,n 
D 


From the inequality (1) of Lemma 2 we deduce that w™(z)—w(z) con- 
verges to zero uniformly in every closed subdomain D’ of D. From this fact 
it follows by a well known procedure that (i) [fp|w|%dxdy< © and there- 
fore w(z) belongs to the space §; and (ii) 


ff | wlraxay 0 as 
D 


& is a subspace of the linear spacet of all complex-valued functions 
k(x, y), continuous in D, for which 


(k| k) = ffl < 


since, obviously, this space is separable § has a like property. Therefore § 
is a Hilbert space. 

A sequence of functions w'(z), w?(z),--- , w(z),--- in § is called weakly 
convergent to a function w(z) in §, 


w"(z) w(z), 


if it has the following two properties: 
(i) there is a constant M,)>0 such that 


ff | w" |"dxdy Mo; 
D 


(ii) ff W(w" — w)dxdy-0 as 
D 


for each function W(z) in §. 
We have the 


Lemna 5. Let w'(z), w?(z), -- - , w"(z) be a sequence of functions in § for 


which 
ff | |*dxdy < My 
D 


and which converges to a function wo(z) uniformly in the interior. Then wy(z) 
belongs to § and w"(z) converges weakly to wo(z). 


7 Cf. Part IT, §2. 
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1. From /fp-|w|%dxdy< Mo we get Jfn-|wo|*dxdy< and therefore 
wo(z) belongs to §. 

2. Let W(z) be a function of §. Without loss of generality, we may as- 
sume wo(z) =0. To a given number e>0 we choose a subdomain D’ such that 
Sfo—v-| W| *dxdy < and a number », such that |w(z)| <e in D’ for 
Then we have for n=n, 


Lf | < f fasay ff | + a1] 
D D D 


and therefore [{pWw"dxdy—0 as n>. 


Lemma 6. A sequence of functions w'(z), w?(z), - - - in § which converges 
weakly to zero converges to zero uniformly in the interior of D. 

The sequence © is equicontinuous in the interior of D; this fact follows 
from (2) of Lemma 2 and /fp|w"|%dxdy< Mo. Therefore it is sufficient to 
show that the sequence S converges to zero at every point of D, the uniform- 
ity being a consequence of the equicontinuity. 

Let zo be a point of D; let S’ be a subsequence of S which at 2» converges 
to a certain value w. Since ©’ is also equicontinuous, it contains a subse- 
quence S”’ which converges uniformly in the interior to a certain function 
wo(z). According to" Lemma 5, wo(z) belongs to § and S”’ converges weakly 
to wo(z). As S”’ also converges weakly to zero, we have wo(z) =0. Therefore 
Ww =Wo(Z0) =0. Thus S converges to zero in every point of D and Lemma 6 is 
proved. 


8. A CHARACTERISTIC VALUE PROBLEM 


In the present paragraph we discuss the form 


= ff WWedxdy 
D 


where w,(z) and w(z) are functions in §; we observe that this form is 
(i) symmetric, 
W1Vwe = weVw; 
(ii) bilinear, 
wV(a,w; + d2wWe) = a;(wVw,) + a2(wVwe), (a1, a2 real); 


(iii) bounded, 


| wVw | < (w, w). 
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Such a form is called completely continuous, if, as n—2 , w*Vw"—0 for every 
sequence w”(z) of functions in § which converges weakly to zero. 
An immediate consequence of Lemmas 4 and 5 is 


THEOREM 3. The form Rf [pw*dxdy is completely continuous if the boundary 
has no corners except internal cusps (w= 2). 


Let w*(z) be a sequence which converges weakly to zero. To prove the 
theorem it is sufficient to show that for every number e>0 we can determine 
a number , such that | R//p(w")*dxdy| <3Moe for n=n,. To do this, we 
refer to Lemma 1 and the notation there used. Let S be the boundary strip 
of Lemma 1 corresponding to the given number e, let B’ be the inner bound- 
ary of S. Then, according to Lemma 6, there is a number ”, such that 


ff | w"|2dxdy «My and vf | ds| for n2=n,. 
D-S B’ 


Now, if we note that M=0, in (2.1) of Lemma 1, we have 


ff < ff (w")*dxdy| + Jf corrasas| 
D-s s 
= eM + 2eM = 3eM 


Now we can apply the general theory of completely continuous forms in 
Hilbert spaces. This theory shows that there exist two sequences of character- 
istic values uw; -- - and w_1Sy-2S - - - and of correspond- 
ing characteristic functions w:(z), we(z), ws(z), - - - , w-i(z), w_e(z), -- - satis- 
fying the relations 
1, m=nNn, 


Wm, Wn) = 


with the following properties: Let w(z) be an arbitrary function of §. On 
setting 


Gn = (Wn, w), n=+1,+2,+3,--- 
we have the relation 
Hndn = (W,Vw) 
and the developments 
(w,w) +a? +---+a2, + a22+--- 
(wVw) = mae + mea? +--- + 


If for any value ux a function wx(z)=0 in § satisfies the characteristic 
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relation wVws =yux(w, wx) for all w of §, then ux is contained among the 
values yw, and the function ws(z) is a linear combination of the characteristic 
functions belonging to all uv, =x. 

We observe that, simultaneously with u, and w,(z), —u, and iw,(z) also 
satisfy the characteristic relation. For that reason we can set 


Min and w_,(z) = iw,(z). 


1, 
ff Wn(Z)Wm(s)dxdy = 
D 0, 


Then 


and, on setting 


= — 16.4 = ff Wn(z)w(z)dxdy, 
D 


ff w|?dxdy =| c|?+--- 
D 


ff wdxdy = + moc? +--- |. 
J Jp 


we obtain 


If we take e‘*/4 w(z) instead of w(z), we get 
D 


We further observe the relation 


ff W — — — — 
D 
= f wPazay —|¢,|? 0 and n— ©, 
D 


and we deduce from it, according to Lemma 2, that c¢,w,(z)-+cowe(z)+ - - - 
converges to w(z) uniformly in the interior. We may record these results by 
formulating 


THEOREM 4. If the boundary B has no corners except internal cusps, then 
there is a sequence of non-negative characteristic values 


and a sequence of characteristic functions in § 


n=m, 
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wi(z), we(z), - 


orthonormal in the sense 


= 1, 
= 
Sy, 


which satisfy the characteristic relation 


ff w,wdxdy = pn ff wnrwdxdy 
D D 


for every function w(z) in §. For each function w(z) in § we have an expansion 
w(z) = + cowe(z) +--- 


converging uniformly in the interior of D and for the corresponding quadratic 
forms 


D 


ff wdxady = + mec? + +---, 
D 


where 


ff Wnwdxdy. 
D 

waxay| ff | 
D D 

ff wdxdy = ff | w |2daxdy 
D D 


actually holds if and only if w is a real constant, we may state 


Since 


and the equality 


RemarK 1. The first characteristic value 4,=1, and the first characteristic 
function w(z) is a real constant. 


REMARK 2. The second characteristic value is less than 1, u2<1. 


This inequality and the developments of [/p| w|*dxdy and ffpw*dxdy con- 
firm Theorem 2, since relation /{f{nwdxdy=0 is equivalent to c,.=0 and 
Mn for n=2, 3, 4,---. 


9. CASES OF CIRCLE AND ELLIPSE 


For the circle and the ellipse the characteristic values and functions can 
be given explicitly. 
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TueoreM 5. If D is the circle |z| <1, then u2=ys= --- =0. 
For every analytic function W(z) which is regular in |z| <1 the mean 


value theorem gives 
f f W(z)dxdy = W(0). 
D 


Since together with w(z) also w?(z) is analytic in D, we have 


Sf wdxdy = w(0), 
Jf = w(0). 


Consequently c, =0 is equivalent to w(0) =0 and for all functions with c,=0 


we have 
ff w*dxdy = 0. 
D 


THEOREM 6. Let D be the ellipse 


x? y? 


<1, 
cosh?¢ sinh? ¢ 


n sinh 2¢ vr 
n ) n = “ee 
sinh 2ne r 


and the characteristic functions are the derivatives of the Tchebycheff polynomials, 


= p,—— T, (z) 
sinh (arc cosh z) n 


Qn 1/2 
sinh 


These functions w,(z), we(z), ws(z),--- are polynomials of degrees 
0, 1, 2,---. The set of such polynomials is complete in the sense that 


every function w(z) in § can be approximated by a polynomial 


Wn(Z) = Pr 


pr(z) = + cPwe(z) w,(2), 


so that 


then 

where 

| 
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J ji w(z) — pn(z) Pdxdy 


becomes arbitrarily small.t It remains to prove the orthogonality relation 
and the characteristic relation. To simplify the calculations we transform the 
ellipse D into a rectangular domain A of the ({=£+/7n)-plane. We set 
z=cosh ¢ and A: 0Sé<o, —1r<n<rm. Then we have 


f f WnWmdxdy = PaPm f f cosh nf cosh = 
D 4 


if nxm. Also 


ff | |2dxdy = p,2 ff | cosh ng |2dédn 
D A 
1 
pre f f cosh 2ntédédn 


1 
= — 2no = 1, 


sinh n¢ sinh mf 
f f Wy Wmdxdy = f J sinh ¢dtdn 
D sinh ¢ 


ff sinh a¢ sinh ¢dédn, 
4 
where a runs through 
a=m—n+1, m—n+3,---,m+n—1, if m2n. 


The integral //ssinh af sinh ¢ d&dn vanishes except when a=1, in which case 
its value is pj?; this case occurs only, if m=n; therefore we have 


0, 
ff = 
D pr = bn, n=m. 


10. GENERAL CASE OF BOUNDARY WITH CORNERS 


Since the form % {/pw*dxdy is symmetric and bounded, the general theory 
of spectrat is applicable also when this form is not completely continuous, 


+ L. Bieberbach, Zur Theorie und Praxis der konformen Abbildung, Rendiconti del Circolo Mate- 
matico di Palermo, vol. 38 (1914), p. 98. 

T. Carleman, Uber die Approximation analytischer Funktionen durch lineare Aggregate von vorge- 
gebenen Potenzen, Arkiv for Matematik, Astronomi och Fysik, vol. 17, No. 9 (1922). 

For a more detailed reference, see J. L. Walsh, Approximation by Polynomials in the Complex 
Domain, Mémorial des Sciences Mathématiques, No. 73, 1935, p. 61. 

t Cf. M. H. Stone, Linear Transformations in Hilbert Space and their Applications to Analysis, 
American Mathematical Society Colloquium Publications, vol. 15, 1932. 
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in which case it has a continuous spectrum. We use the notion of limit spec- 
trum (Hiufungsspektrum) in the sense of Weyl;{ this closed set of values yu 
consists of all points of the continuous spectrum, of the limit points of the 
characteristic values and of all characteristic values of infinite order. In every 
closed interval outside of the limit spectrum there are only a finite number 
of characteristic values and these have a finite order. The limit spectrum 
consists of the single point u =0 if and only if the form is completely continu- 
ous. Now we can prove 


THEOREM 7. The l.u.b. @ and the g.l.b. uw of the limit spectrum of the form 
Rf fow*dxdy are precisely M and —M respectively. Therefore Theorem 4 is valid, 
if and only if M=0; that is to say, if the boundary has no corner except interior 
cusps. 


First we show that the limit spectrum is contained in the interval 
—MsSyu<M. From Lemma 1 we derive the inequality 


ff waxay ff | w — | w|?| dz | 
D D-S B’ 


< ff | 
D 


which shows that the l.u.b. of the whole spectrum and therefore also the 


l.u.b. of the limit spectrum of the form of the left-hand member is not greater 
than M+e. Now we refer to the fundamental theorem of Weyl{ to the effect 
that the limit spectrum of a form remains unaltered whenever the form is 
changed by adding a completely continuous form. Now, according to Lemma 
6, the forms [fp_s| w| 2dxdy and w|*|dz| are completely continuous and 
therefore the l.u.b. of the limit spectrum of 2 {{pw?dxdy is not greater than M, 
since ¢ is arbitrarily small. The same reasoning shows that the g.l.b. is not 
less than —M. Thus we have proved that -M<u<f@<=M. 

We now prove that 72M. According to a remark of H. Weylf this value 
has the following property: Whenever there is a sequence of functions w(z) 
in § weakly convergent to zero for which 


ff w'dxdy: ff | 
D D 


t H. Weyl, Uber beschrinkte quadratische Formen, deren Differenz vollstetig ist, Rendiconti del 
Circolo Matematico di Palermo, vol. 27 (1909), pp. 373-392. 
t Loc. cit. 


| then 
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Let z=0 be a corner of the boundary B with an angle w and with 
| sin wr/wr| =M. We set z=re. We represent the two branches of B in the 
neighborhood of z=0 by 3 =d,(r) and 8 =d_(r) and choose a number R>O 
such that the domain 


Dr: <3 < d,(r), O<r<R, 


is contained in D. 
We may assume #,(0)=wr/2, 3_(0)=—wr/2. Then we set n=1 if 
sin wr >0, n =2 if sin wr <0 and choose the sequence 


Wa(z) = a—0. 
We calculate w.| %dxdy and ffpw?2dxdy. On setting 
d,(r) — d_(r) = wr + 


f = sin wr + rd(r), 


—(r) 


we find that |6(r)| and |@(r)| are bounded for 0<r<R. Hence, as a0, we 
have 


R 
ff | Wa |*dxdy = + 2a f + 2a ff re—*dxdy > wr, 
D 0 D 


—Dp 


R 
f sim cor 2am? f |sin wr |, 
D 0 D-DR 


and therefore 


sin wr 
D D OT 


According to Lemma 5, the sequence w,(z) converges weakly to zero, as a—0. 
Thus we obtain M <a. If we take the sequence wa(z) =in (2a)!/*z*-! we get 
—M2u. So we have proved Theorem 7. 

Remark. In the case where the boundary B has an external cusp which 
was excluded hitherto it can happen that the limit spectrum reaches the 
points 4» =1 and «= —1 and that, consequently, the inequality theorem does 
not hold. 

We assume that the boundary B has an internal cusp at the point z =0. On 
introducing the functions =d_(r) and the domain Dp as before 
we assume that 


| 
- 
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d,(r) = d_(r) = 
where x~0 and 6,, 6_ are bounded for 0<r<R. Then we choose the sequence 


= 


On setting 
d,(r) — d(r) = «r+ O(r), 
f = xr + rg(r), 
dv_(r) 


we find that @(r) and ¢(r) are bounded for 0<r<R. Hence, as a—0, we have 


R 
ffi We |?dxdy = + 2a f + 2a ff — k, 
D 0 D—DR 
R 
ffi w |*dxdy = + 2a f r°6(r)dr + 2a ff k, 
D 0 D-DR 


and, therefore, 


[ ffi We |?dxdy — 1. 
D D 


Since w, tends weakly to zero this relation yields 7=1. 


Part II. THE CASE OF TWO FUNCTIONS OF TWO VARIABLES 


This second part is concerned with complex-valued functions k(x, y) of 
two variables x, y, defined in an open domain D. The manifold of all such 
functions k(x, y) for which the integral 


1 Ok\? |dk|? 
ff} —|+]— axdy 
2 oy 
is finite forms a Hilbert space &. 

I consider several subspaces of & and investigate their relations. By means 
of the projectors of these subspaces I can represent the operator which corre- 
sponds to the quadratic form treated in Part I. 

The inequality and the expansion theorem which I have established for 
this form can be employed here. Under the same assumption regarding the 
boundary, I obtain an inequality and expansions for the functions k of the 
space &. This inequality statement is that there exists a positive number 
such that 
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ak\? dk |? 
|e) = f f axay + ff —|dxdy 
D 0z p| 


for all functions k in ® which satisfy the relation $/fp(dk/dz)dxdy =0. 
Finally I show that this inequality{ plays a decisive part in the theory of 
equilibrium and vibration of an elastic plate. 


1. THE RELATIVE SPECTRUM OF TWO SUBSPACES 


1.1. The smallest angle between two spaces. At first we make some re- 
marks on the relative spectrum of two subspaces of a Hilbert space which we 
will apply to our question in functional spaces. 

Let § be a real Hilbert space of elements / with the inner product (/, hz). 
Let § and Q be two closed (linear) subspaces of § with the projectors F 
and Q; the spaces of all elements in § which are orthogonal to § and Q re- 
spectively are denoted by G and § with projectors G and P. So we have 


F+G=1, FG=0, P+Q=1, POQ=0. 

We denote by §’, §’, &’, B’, Q’ the subspaces of H, §, G, B, OQ which 
are orthogonal to the four section spaces OF, PF, QG, BG; so we have 

We introduce the largest non-negative number 7) <7/2 such that for all 


elements f in §, g in Q which both are orthogonal to the section OF the rela- 
tion 


(1.1) (f, 9)? S cos? ro(f, f)(q, 9) 


is valid, and we call it the “smallest angle between the spaces Q and §.” 
The inequality (1.1) is equivalent to each of the following four inequalities: 


(1.2)9 (Qf, Of) cos?* rol f, f); 
(1.2)p (Pf, Pf) = sin? r0(f, f); 
(1.2)p (Fq, Fg) cos? ro(q, 9); 
(1.2)¢ (Gq, Gq) = sin* r0(q, q). 
We show this for (1.2): from (1.1) we get 


(Of, Of)? = (f, Of)? cos? rol f, NOS, Of) 


and thus (1.2)9; and from (1.2)9 we get 


¢ It is the analogue of the inequality of A. Korn for functions of three variables. The expansion 
theorem is related to those of E. and F. Cosserat. 
Cf. A. Korn, Uber einige Ungleichungen, welche in der Theorie der elastischen und elektrischen 
Schwingungen eine Rolle spielen, Bulletin de !’Académie des Sciences de Cracovie, 1909, vol. 2, pp. 
705-724, and literature indicated therein. 
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(f, q)? = (Qf, q)? = (Qf, q) = cos? tof, AG, q) 


and thus (1.1). 

Remark. Every subspace of finite dimension has a positive smallest angle 
with respect to every other space in which it is not contained. 

We have the following 


THEOREM 1.1. If the smallest angle ro between the spaces Q and & is positive, 
then there is a constant p such that 


p(h, h) = (h, Ph) + (h, Gh) 
for all elements h in $ which are orthogonal to D8. 
For every such element / can be written in the form 
h=f+qtj, 


where the elements f in §, g in OQ, 7 in $G are orthogonal to OF. Then we 
have 


< (f, f) + 2 cos rol (f, f(g, 9) + + GS) 
S-(1 + cos 70) [(f, f) + (9, 9] + Gd) 


(h, Ph) + (h,Gh) = (f, Pf) + (9, Gq) + 2G, J) 
sin? ro[(f, f) + (g, 9)] + 2G, J). 


Thus Theorem 1.1 is true with p= 1 —cos To. 

1.2. The spectrum of the operator FOF. Now we discuss the symmetric 
operator FQF. It transforms every element f in § into an element FQFf in § 
and we have 


0S FOF/) 


The operator FQF, considered an operator in §, has a spectral resolution. 
For the sake of simplicity we assume that the spectrum is a pure point spec- 
trum. A characteristic value « is a real number to which there are elements 
f,.#0 in § such that 


FOF fe = 


The space of all such characteristic elements f, may be designated by {f.} ; 
the characteristic spaces {f,! for different values x are orthogonal and all 
these spaces span the whole space §: >-.{f.} =§. The characteristic values x 
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satisfy the relation 0<«x<1. The characteristic spaces of kx=1 and x=0 are 
the sections of © and § respectively with §: 


{fi} = 23, {fo} = BF. 


If we wish to exclude the values x=0 and x=1 we write >,’ instead of >>. 
So we have >-/{f,} =’. Let f, be such a characteristic element. Then the 
element g,=Q/f, has the properties 


(Gus Yu) = (Quy fe) = K(fas fr)- 
Therefore, if 7 is the angle between g, and f, we have 
k = cos’ r. 


The g.l.b. of all such numbers 70 is the smallest angle 7) between the spaces 
© and § and if 7; is the ].u.b. of all such numbers r#7/2, then 7/2 —7; is the 
smallest angle between the spaces f and §. The manifold which is spanned 
by the characteristic elements f, and by g.=Qf,, provided that «#0 and 
x1, may be denoted by {f., g.}. The dimension of {f,, g<} is twice the multi- 
plicity of {f,}. The subspaces {f,., g.} for different values « are orthogonal 
to each other, to BF, and to OF. This fact follows from 


fer) = Ge) = (Ges Ge) = (Gus fer) = Kfar fer) 


These spaces are also orthogonal to the sections OG and PG; and we have 


THEOREM 1.2. The spaces {f,, qe} belonging to all characteristic values 
¥1 of the operator FOF in & span the whole space $': = fe, qe} - 


Let # be an element of §’ which is orthogonal to all manifolds {f., q«}, 
(x~0, #1). Then h is orthogonal to all {f,}. Since these elements f, span the 
whole space §, the element / is orthogonal to §; that means h belongs to @’. 
Further, the element / is orthogonal to all elements g, = Qf, and, consequently, 
the element Qh of Q’ is orthogonal to §’; that means: Qh belongs to @’ and, 
since Q’@’ =0 we have Qh =0. Therefore h belongs to §’; but, since $’@’ =0, 
we have h=0. Thus Theorem 1.2 is proved. 

1.3. The spectrum of the operator aP +bG. We investigate the operator 


aP + 


where a0 and 60 are given numbers. Since this operator is symmetric 
and bounded it has a spectral resolution. We can express the characteristic 
values \ of this operator by the characteristic values x =cos* r of the operator 
FOF in §. To every such value we determine the solutions \, of the quadratic 
equation 
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(Ax a) (Ax b) abx , 


a+b 2 a+ b\2 1/2 
+ abk = + — absin*? + 
2 2 2 2 
a+b 2 a+ b\?2 1/2 
= + abx = —absin?r]. 
2 2 2 2 


If «=0 we have =max(a, b), =min(a, 5); if =max(a+b, 0), 
Ar =min(a+4, 0). We have the 
THEOREM 1.3. The values for every are characteristic val- 


ues of the operator aP +-bG; their characteristic functions are 


he” = — b) fe — 


The characteristic spaces of the values \=a and X=b are PF and OG respec- 
tively and the characteristic spaces of the values \=a+b and \=0 are PO and 
OF respectively. The other characteristic functions span the whole space $': 


(1.3) = + 


A simple calculation shows that the elements h? and the four section 
spaces are characteristic. Since 
Av — Ar O if #0, ¥ 1, we have 
(At — — Ar — 
Ay — AS 


{ht} {he} = {fog}, 


Therefore relation (1.3) follows from Theorem 1.2 and Theorem 1.3 is proved 

We remark that the spectrum is contained within the two closed intervals 
[Ac, Ar] and [A¢, A#*], which have a common point only if a+b=0 or a=b. 
Every limit point x, of the x-spectrum corresponds to two limit points \.+ 
and of the A-spectrum (except when a=), =0 or a+b=0, x,,=1). 

If the spaces © and § have a positive smallest angle 7) >0, then there is a 
constant p>O such that p(h, h) <a(h, Ph)+b(h, Qh), if a>0, b>0 for all 
h L2Q4§. (The largest possible number p is exactly 


a+b a — b\? 1/2 
po = ) + ab cos* 
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ab sin? ro 


a+b a — b\? 
+|( ) + cost r] 


Cf. Theorem 1.1 where a=) =1, po =1—Ccos 75.) 
In the same way we can treat the spectral problem of the operator 
aP +bG with respect to a different unit-form, for example, 


a(hy, Fhe) + Ghz), a 0, B & 0. 


In this case also every x corresponds to two characteristic values \, the solu- 
tions of the quadratic equation 


(Aa — a)(AB — b) + (A(B — a) — b)ax = 0, 
and the characteristic elements 
he = (28 — b) fe — 
The section spaces BF, QG, BG, OF belong to the characteristic values 
a+b 


B 


2. THE SPACE & 


2.1. The space ¥f in general. Let D be an open domain in the z-plane. Let 
k=k,+1k, be a complex-valued function of x and y defined in D and having 
derivatives 


with respect to x and y which are L?-integrable over any subdomain D* of D 


a 1 ff { Ok a ok 
‘= — — oO. 
2 p* \ | dx oy 


Considering & as a function of z=x+iy and =x —iy we have the relation 


| ak|? 
= ff —|+]/— \ axdy, 
p* Oz 


because of 
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Ok Ok 
ax. oy 
2—=—-i—, 2—-=—+i—: 
0z Ox oy Ox Oy 
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In case of a multiply-connected domain D we admit many-valued functions 
provided that they have singled-valued derivatives 0k/dx, dk/dy. 
We denote by ® the manifold of all functions k(x, y) of this kind for which 


the integral 
(k| k) axdy 


is finite; & is a linear space. Two functions k, k* of & are “equivalent” if 
(k* —k| k* —k) =0.¢ The manifold of all functions of which are equivalent 
to each other corresponds to one element of the space &. So, e.g., the function 
k(x, y) =const. corresponds to the element zero. 

In the space & we define the inner product 


Ohy Oke Oke 


With respect to this metric the space & is a real one; but to every element 
k=k,+ik, of & the operations Rk=k., Jk=k,, ik=ky—ikz, k=kz—iky are 
feasible. Corresponding to Fischer’s form of the theorem of F. Riesz and 
E. Fischer we have the important fact: 

THEOREM 2.1. The space & is complete.t 

2.2. The subspace §. We introduce the subspace § of all elements f in R 
for which [fp|0f/dz|2dxdy =0; to these elements there correspond functions 
f with continuous derivatives for which 0f/02=0, that is to say, which are 
analytic functions of z. In the following we assume the function f in § to be 
analytic. Every function f of this space § can also be represented by the 
derivative w=df/dz and we have 


(2.1) (fr | fo) = ff Wi Wedxdy. 
D 


Therefore the space § can be identified with the space of analytic functions 
w(z) dealt with in Part I. As we proved there, we have 


+ For further application we need the obvious 
Lemma 2.1. Two functions k, k* are equivalent if 


= 0. 


t For the proof use, e.g., the methods of G. Fubini, I] principio di minimo e i teoremi di esistenza 
per i problemi al contorno relativi alle equazioni alle derivate parziali di ordine pari, Rendiconti del 
Circolo Matematico di Palermo, vol. 23 (1907), pp. 9-11. 
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THEOREM 2.2. The space § is complete. 
The space § of all functions f in & for which 


consists of the conjugates of all functions f in §. We have 


1 


From Theorem 2.2 we get: 
THEOREM 2.3. The space § is complete.t 
Since for every function f; in §, fe in § 


(fi | fo) 0, 


we have 
THEOREM 2.4. The spaces § and § are orthogonal to each other. 


A function k(x, y) is called a potential function if it has continuous second 
derivatives satisfying the relation 0?k/d202=0. Such a function k(x, y) can 
be written in the form k(x, y) =f(z)+/*(z), where f(z), f*(z) are analytic in z; 
together with k also f and f* belong to §. Thus we get 


THEOREM 2.5. The space § @¥F consists of the potential functions in &. 


2.3. The subspace @. We introduce the subspace & of elements g in & 
which are equivalent to functions g in ® which vanish identically in a bound- 
ary strip. We denote by @ the closure of G. That is to say, G consists of all 
functions g in & for which there are functions g in & such that (g—g| g—g) is 
arbitrarily small.t This definition contains the 


THEOREM 2.6. The space & is complete. 


We establish the following basic identity: 


(2.3) g) ae ff ae ff asa 
; = — —dxdy = — —dx 

p Oz Oz 4 Oz 02 
for all k in &, gin G. 


t This theorem is related to that of S. Zaremba. Cf. S. Zaremba, Sur un probléme toujours 
possible, comprenant, a titre de cas particulier, le probléme de Dirichlet et celui de Neumann, Journal - 
de Mathématiques, sér. 9, vol. 6 (1927), pp. 127-163; O. Nikodym, Sur un théoréme de M. S. Zaremba 
concernant les fonctions harmoniques, Journal de Mathématiques, sér. 9, vol. 12 (1933), pp. 95-109, 
and Sur le principe du minimum, Mathematica Cluj, vol. 9 (1936), p. 123. 

t Under simple assumptions regarding the boundary it would be possible to give a direct defini- 
tion of @ by a boundary condition. 
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To prove it let g be a function of @ which vanishes in a boundary strip S. 
In D we take a subdomain D* with rectifiable boundary B* contained in S. 
If & is in &, there exists a function k*(x, y) which is defined in D*+B*, has 
continuous second derivatives, and approximates k in the sense that 
(k* —k| k* —k)p* is small. The equations 


ak* a ak* 
Sf = ff 
D* 2 


imply that, for all functions & in &, 


Ok ag ak ag 
ff — —dizdy — ff — —dxdy 
p 02 02 p 02 02% 
dk ak ag 
p* 02 02 02 


Since @ is dense in @ we conclude that (2.3) also holds. 
From this identity we immediately get 


THEOREM 2.7. The space © is orthogonal to § and to §: GLF, GL F. 

Further we prove the decisive 

THEOREM 2.8. The spaces §, §, G span the whole space &: FOFTOG=H. 

We constructf the following function z in G: 

Let |z—zo| SR be a circle within D, z’ a point within this circle and 
z—z'| Sra circle in the interior of |z—z0| <R. Then we put 


(0 for | z — 2o| = R; 


1 R(z — 2 

— log for |z — < R, 
g(x, y) = T R? — (2’ — 20)(z — 20) 
Rr 


— log for |z—32'| <r. 
R? — (2’ — 20)(z — 20) 


but |z—2’| = 


Let & be a function orthogonal to @. Then from (ig|k) =0 and (g|k) =0 we 


t For the following reasoning cf. G. Fubini, loc. cit., p. 10, §§6, 7, and R. Courant, Uber direkte 
Methoden, bei Variations- und Randwertpr-blemen, Jahresbericht der Deutschen mathematiker 
vereinigung, vol. 34 (1925), pp. 107, 108. 


i ¢ oR. 
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have {{n(dk/dz)(dz/dz)dxdy =0, according to (2.3). Hence we obtain by in- 
tegration by parts 


1 dz 1 dz 
k(x, y) R(x, y) 


Consequently the mean value at the left-hand side is independent of r and 
is a potential function k(x’, y’) in x’, y’. The function k*(x, y) —k(«, y) has the 
property that 
1 dz 
(k* — k) =0 


Sf. — k)dxdy = 0. 


Therefore} k* —k|2dxdy =0 and k is equivalent to the potential function 
k* (cf. Lemma 2.1). According to Theorem 2.5 the element & belongs to 
§ OF. Thus R=F OFOG as we wished to prove. 

We denote by F, F, G the orthogonal projectors which belong to the closed 
subspaces §, §, G; the projections of a function k of & on these spaces are 
Fk, Fk, Gk respectively. Theorem 2.8 gives the relation 


F+F+G=1. 


and, consequently, 


3. THE SPACE 9 


3.1. The metric (,). In this section we deal with the space 
H=§+G 


consisting of all elements 4 of & which are orthogonal to §. We employ the 


abbreviation 
(Ai, ke) ff 
D 


(hi; ke) - nf f 
D 
t We make use of the 


Lemma 2.2. Whenever an L?-integrable function (x, y) has the property that 


1 
rr 
for every circle |z—z'| Sr within D, then [fp| o|*dxdy=0. 


for all & in &, so that 


Ok, Oke 
—— — dzdy 
0z Oz 
Ok, Ok 
Oz 02 
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(ki, ho) + (hr; be) = he). 


The inner product (/, 42) defines a new metric (,) in the space §, since the 
form (h, h) is positive definite and vanishes for / in § only if #=0. An immedi- 
ate consequence of identities (2.1) and (2.3) is 


THEOREM 3.1. The spaces § and © are orthogonal with respect to the metric 
(,). 
Further we use 


Lema 3.1. For elements h in the inequality 


h) < (h, h) (h| h) 


as valid. 


From the identities (2.2) and (2.3), on writing h=Fh+Gh=f+g, we get 
in fact the relation 


) + (g, g) 
< (f, f) + (g, g) = (h, S (h, h) + (h; h) = (h| 


From this inequality we deduce 


LemMA 3.2. A subspace of is complete with respect to the metric (|) if 
and only if it is complete with respect to the metric (,). 


Thus we obtain 
THEOREM 3.2. The spaces § and © are closed with respect to (,). 


In the following part of §3 the terms “orthogonal” and “closed” refer to 
the metric (,) only. 
The projectors F and G for the spaces § and © satisfy the relation 


F+G=1 in §. 
They belong to the form (,)—(;) and (;) in the sense that 
(h*, Fh) = (h*, h) — (h*; h), (h*, Gh) = (h*; h) 


for h*, hin §, in accordance with (2.3). 
3.2. The spaces $ and Q. We introduce the symmetric forms 


4 ain (ak ah; _ ah 
Oz 


354 


1937] ANALYTIC FUNCTIONS 355 


defined for in We have 
0 < APh (h, h), 0 hQh (h, h) 


and 
P+Q=(,). 


The forms P and Q correspond to bounded symmetric operators P, Q such 
that 
h*Ph = (h*, Ph); h*Qh = (h*, Oh) 


for h*, h in §. P and Q satisfy the relation 
P+Q=1. 


By ¥ and © we denote the subspaces of all the elements p and q in § for 
which 


Qp=0 and Pg=0, 
respectively. 
The functions 


p=p:+ipyin BP and g=q:+ ig, in QD 


can be characterized as well by 


=) J J =) 
me —)dxdy = — — —])dxdy = 0 
pO? SS, (3 4 oy 


respectively. We have 
THEOREM 3.3. The spaces $ and Q are closed. 
Since pin B,gin 
(p, 9) = pPq + pQq = (p, Pq) + (QP, g) = 0 
we have 
THEOREM 3.4. The spaces $ and Q are orthogonal: $ 1 Q. 
We now prove the basic 
THEOREM 3.5. The spaces and span the whole space $: BBN =H. 


and 
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Let / be a function in § which is orthogonal to $. Then we have 
(3.1) pPh = pPh + pQh = (p, h) = 0. 


We take the function 
in 
k(x, y) = 
») — in 
which belongs to & and has the property 
Ok 
in |z—20| <R, =0 in |z—a/>R. 
The projection of this function on the space §: p = k — Fk also has the 
property 
in <R, in |s—2o|>R 


and, therefore, belongs to $. By inserting this function / into the relation 
(3.1) we get 


ff = 0. 
z—z9|<R 02 


Since the circle |z—z0| <R was arbitrary within D, we deduce (cf. Lemma 


2.2) 


=o 


Hence / belongs to Q and consequently B@BN =H. 

From Theorem 3.5 we see that the elements Q/ belong to Q because they 
are orthogonal to $B: (p, Qh) =(Qp, h) =0. Thus we have PQ=0 or Q?=Q; 
in the same way we find P?=P. Therefore we have 

THEOREM 3.6. The operators P and Q are the projectors of the spaces 3 and 
QD respectively. 

Hence we see that the theory of §1 is applicable. 

3.3. The section spaces. Before going into detail we investigate the section 
spaces BF, OF, BG, OG. 

We have 


BI = {2}, lis}, 
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for f=z+const. and f=iz+const. are the only functions of § for which df/dz 
is real and imaginary respectively. The spaces B@ and OG consist of all 
functions of % and Q, respectively, which are constant at the boundary in 
the approximate sense of the definition of G (cf. §2). Let §’, G’, B’, Q’ be 
the subspaces of all functions in §, G, 8, & which are orthogonal to the sec- 
tion spaces; then we have 5’ =§’®@G’ =’ @Q’. We establish the following 
theorem, but we shall not make use of it. 


THEOREM 3.7. The elements h of $' are equivalent to functions of the form 


h = + $2(z) + do(2), 
where o,(z), d2(z), and do(z) are analytic in z. 


To prove this we take a circle |z—z0| <2R in D; we choose a real function 
¢(x, y) which is four times continuously differentiable and which is =1 in 
|z—z0o| <R, =0 in |z—z0| ]>2R. Then we choose a number r<R and a point 
2’ of | 2’ —z0| <R—rand set 


(s— 
in |z—2’| <r, 


—glog |z—2'|? in 


This function h°® belongs to $@ and zh® belongs to QG. Therefore (h°,h) 
= (ih°®, h) =0. This implies 


oh 


The integral on the right is a potential function in x’, y\which is independent 
of r and can be written in the form ¢,(z’) + (z’), where ¢:(z) and ¢2(z) are 
analytic in z. On setting 


= 21(z) + ¢2(z) 


and (cf. Lemma 2.2) 


we get 


a(h — $*) |? 


| 
= 
| 
= 0. 
Sf. Oz 
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Therefore h—¢* is equivalent to an analytic function ¢(z), and h itself is 
equivalent to z $:(z) +¢2(z) +@0(z). 

3.4. The operator M. In §1 we investigated the operator FOF in §. In 
its place, we now consider the bounded symmetric operator 


M =F(P — Q)F =F — 2FOF, 
which takes every element f of § into the element Mf in §. This operator M 


in § belongs to the form 


df, dfe 
= fiPfe — fiQfe = ff audy 


in the sense that 
= (fi, Mfe). 


Now, this form M is exactly the form dealt with in Part I if w=df/dz; and 
thus we obtain a very simple representation of the operator of this form. On 
the other hand we can use the properties of this form established in Part I 
to investigate the new forms P and Q. 


4. THE FORM E 


4.1. The inequality. In this section we assume, as in Part I, that the 


boundary B of the domain D consists of a finite number of curves z=2(s) 
with continuous tangent z(s) except at a finite number of corners where (s) 
is continuous on each side and arc 2(s) jumps by less than 7. Then we get 
(in the sense of §1) 


THEOREM 4.1. The spaces § and Q (or $) have a positive smallest angle. 


Under our assumption on the boundary we can deduce from Theorem 1, 
Part I that there is a constant @ <1 such that for all functions f in § satisfying 


the relation 
d 
R f f —dxdy = 0 
D dz 


df\? df |? 
my=% ff (2) so f f —| dxdy 
D dz D dz 


is valid. Since the form M at the left-hand side belongs to the operator 
M =1-—2FOF in § we get, on setting if instead of f, the inequality 


FA +2, C/N OF, f) 


the inequality 
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1 6 
< 


for all functions f in § which satisfy the relation 
(iz, f) = 0 


and which are therefore orthogonal to OF = {iz}. (In the same way we get 
(f, Pf) <(1+6)/2 (f, f) under (z, f) =0.) Therefore cos? 7> <(1+0)/2<1 and 
the smallest angle r)<7/2 is positive as we stated in Theorem 4.1. 

We introduce the form 


hy Eh, == a(hy, + b(hy, Ghz) = a(hyPhe) + b(hy; he) 


Oh, Oh, 
p 02 


for h in S. We assume a and 6b to be positive. Applying Theorem 1.1 of §1 
we deduce immediately from Theorem 4.1 the 


THEOREM 4.2. There is a positive constant p such that 
p(h, h) S (hEh) 


"| dxdy <a 


for all functions hin 8 which satisfy the condition 


We now consider the form 


Ok, Ok, 
= f + om ff 
p 02 


for kin R; a>0, b>0. On setting k =(F+G)k+Fk=h+f, we get 
ki Ek: = + 6(fi| fe) 
(k1| = he) + fa) 


2(h1, he) + (fi | fe) 
(cf. Lemma 3.1), and 


(iz| k) = (iz, h). 


Therefore we obtain from Theorem 4.2 
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THEOREM 4.3. There is a positive constant o such that 


o(k| k) < 


or 
| ak? ak\? ak|? 
off — dxdy +o f f —|dxdy of f + off —|dxdy, 
p| az p | 02 D Oz p | 02 


for all functions k in R which satisfy the condition 


(iz | k) -3ff axdy = 0, 


4,2. The spectral resolution. It is very simple to give the spectral resolu- 
tion of the form E with respect to the unit-form (,) or (|) if we assume that 
the boundary B has no corners. 

First we remark that, according to Theorem 4 of Part I, the operator 
M =1-—2FOQF in § has a pure point spectrum of values 


Therefore the operator FQF in § also has a pure point spectrum of values 


1 — 1 
Kk, = 
2 
The characteristic functions of FOF and M are the same {,.(z); f_n(z) =ifn(z). 
fi(z) =az, =iaz; a=real constant. 

We now observe that the form E in © belongs to the operator aP+6G 
with respect to the unit-form (,). Therefore we can apply Theorem 1.3 of 
§1. We find that this operator has a pure point spectrum of values X,*, Ax, 
n=+1, +2,---, which are the solutions of the quadratic equation 


i~- Mn 
(An — @)(An — 56) = ab _ 


For n= +1 we get the characteristic values \ =0, a, 6, a+; their character- 
istic spaces are 


QF = lis}, BI= BG. 
The characteristic functions of \, form = +2, +3,--- are 
lin = (An — 6) fn — aQfn- 
They belong to the space §’ and span it. 
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The set of the characteristic values \,*+, A,~ has the two limit points 


1 ~ at+d 1 
= [a2 + b?]1/2, = [a? +4 b?] 1/2, 


2 


To give the spectral resolution of the form k, Eke with respect to the unit- 
form (|) we observe the relations 


ki Ek, = + fr), 
(Ri | ke) = (hy, Fhe) + Gh2) + (fil fo). 

Therefore the space § is characteristic with value b. The other character- 
istic functions belong to §; to find them we apply the remarks at the end 
of §1 and get the following: 

The values A\=0, a, b/2, (a+b)/2, b are characteristic with spaces 


OQF= {iz}, BF={z}, QG, BG, F. The other characteristic values \,+, Ax, 
n=+2, +3,---, are the solutions of the equation 


1 — 
(An a)(2An b) + (An b)a 


they have two limit points \,+, A.>, solutions of 


— — 5) + (Aw — 8) = =0. 


Their characteristic functions belong to the space $’ and span it. 


5. APPLICATION TO THE THEORY OF THE ELASTIC PLATE 


Finally we outline the application of the inequality of Theorem 4.2 to 
the theory of an elastic plate. Let us imagine an elastic plate spread out over 
the domain D. We assume that the boundary B of D consists of a finite num- 
ber of curves with a continuous tangent except at a finite number of corners 
as in §4. Let k(x, y) be the displacement transforming every point z of D 
into the point z+. Then the potential energy arising from this deformation f 
is 


t The theory of transversal displacements also depends on the form kEk provided that & is the 
gradient k=0j/dz of a real function j(x, y). The equilibrium problem has been treated several times 
with the help of variational methods. For the first time by G. Fubini, loc. cit., and by W. Ritz, Jour- 
nal fiir die reine und angewandte Mathematik, vol. 135 (1909). For the vibrations see W. Ritz, 
Annalen der Physik (1909). For both see K. Friedrichs, Mathematische Annalen, vol. 98 (1927), 
pp. 206-247. For these problems, where k=0j/dz belongs to $+%, our inequality (Theorem 4.2) 
need not be used if 60. 


KURT FRIEDRICHS 


dk |? 
kEk = of f +6 f f —| dxdy, 
D 0z p| 


where a and Db are positive constants. t 
We restrict k to the subspace & of one-valued functions in &. In Ro we 


introduce the form 
ki Hk. = ff kikedxdy. 
D 


Then the kinetic energy arising from the vibration ke‘*‘ is proportional to 


kHk = ffi k|*dxdy. 
D 


Let the complex-valued function $(x, y) be the density of a force applied 
over the interior of D; the potential energy of this force is 


— kHe = — x ff kodxdy. 
D 


There are different cases according as the displacement & has to satisfy 
boundary conditions or not. 

First we take the case (1) of no displacement at the boundary B. Then the 
displacement g belongs to the subspace @. 


The problem of equilibrium (1) is: to find a displacement g in G such that 
— = 0 


for all g’ in G. 

The theory of vibrations (1) requires the simultaneous spectral resolution 
of the forms g Eg and gHg. 

Now, for g in @ we have the relation 


dg |? b 
gEg2 off | = (81 8). 
D 


Since the form H in @ is bounded and completely continuous with respect 
to (|), it has like properties with respect to E. Therefore no difficulty arises 
in solving the two problems. 

In case (2) there is no boundary condition for the displacement (and no 
force working at the boundary). 

It is 


~ G= 
m—1 


where E, G, m are the moduls of elasticity. 
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The question of equilibrium (2) is: to find a displacement k in &o such that 
2k'Ek — k'Hd = 0 


for all k’ in &’. Here we must assume 1H¢=0, iH¢=0, that is, [f,¢dx =0 
and izH¢=3/ff,3¢dxdy=0 as we shall see. 

The theory of vibrations (2) requires the simultaneous spectral resolution 
of the forms kEk and kHk for k in Ro. 

In the case (2) the energy kEk vanishes for a pure translation k =const. 
and a pure rotation k =iz. To exclude this we take the accessory conditions 


(5.1) 1Hk = 0, iHk = 0 or ff kdxdy = 0 
D 


(5.2) izHk = 0 or 3 ff Zkdxdy = 0. 
D 


By &: or &2 we denote the space of all functions & in &p satisfying (5.1) 
or (5.1) and (5.2) respectively. In &, and &: we use the unit-form (|). 
We employ the inequality of Poincaré:t 


There is a positive constant x such that for all k in Ry 
kHk S 


So the form H is bounded in §;. Therefore the spaces &, and &2 are closed 
with respect to (|). 
Further we notet 


The form H is completely continuous in &1, with respect to (|). 
Now we prove 


THEOREM 5.1. There is a positive constant € such that for all functions k in Rs 
e(k| k) S (kER). 


Since the space {iz} has the dimension 1 it has a positive smallest angle 
to <7/2 with respect to the space 2 and the section {iz} R.=0. Let aiz be 
the projection of k into {iz}; then we have (cf. (1.2)») for & in & 


(k — aiz| k — aiz) = sin® ro(k| &). 


Now, k—aiz being orthogonal to {iz}, Theorem 4.3 gives a constant ¢>0 
such that 
t Cf. e.g. K. Friedrichs, Spektraltheorie halbbeschrinkter Operatoren und Anwendung auf die 


spektral Zerlegung von Differentialoperatoren. II. Mathematische Annalen, vol. 109 (1934), pp. 705- 
707. 
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o(k — aiz| k — aiz) S (k — aiz) E(k — aiz). 


But we have 
(k — aiz)E(k — aiz) = (kEk). 


Thus Theorem 5.1 is proved. 

In consequence of Theorem 5.1 we can take E as unit-form in the space 
Rs, and we are sure that every subspace of &2 which is complete with respect 
to (|) is complete with respect to E; especially 2 itself is closed as to (|); 
further that every form in &, which is bounded or completely continuous with 
respect to (|) has a like property with respect to E. 

Now, since kH@ is a bounded linear form, it is a well known fact that 
there is a function & in 2 such that 


2k’Ek — k'H = 0 


for all k’ in R2; but since we have assumed (a+ib)H¢ =0, izH¢ =0, this rela- 
tion holds for all k in Ro. This function & is the solution of the equilibrium 
problem (2). 

The form H is completely continuous with respect to E. From this we 
get the solution of the vibration problem (2): 


There is a sequence of values mSn2SnsS---—~ and of functions 
ky, ke, ks, --- im Rez orthogonal with respect to H and E such that every func- 
tion k in Rz can be developed into a series 


k = ayky + aoke + +--- 
by real coefficients a), a2, a3, - in the sense that 
kHk = af +a? 
REk = ma? + nea? + +---. 


It is beyond our purpose to discuss the nature of the function k and of 
these characteristic functions in detail. 


BRAUNSCHWEIG, GERMANY 


A PRIORI LIMITATIONS FOR SOLUTIONS OF 
MONGE-AMPERE EQUATIONS. II* 


BY 
HANS LEWY 


In this paper we are concerned with the convergence of solutions of ellip- 
tic and analytic Monge-Ampére equations. Theorem 1 gives the principal 
result of this paper. The example on p. 372 indicates the possibility of certain 
types of singularities which for linear elliptic equations cannot occur. Theo- 
rems 2 and 3 give sufficient conditions for the analyticity of the limit function. 
These conditions allow applications to certain problems of the differential 
geometry in the large. Our method consists in introducing a regularizing con- 
tact transformation which transforms convex functions into functions with 
bounded second derivatives and thus makes possible the reduction of Theo- 
rem 1 to the principal result of the first part of this paper. 

1. Regularizing contact transformation. Consider the contact transfor- 
mation T of an (x, y, z)-space into a (£, 7, ¢)-space generated by the relation 


y? 


O=st+i— mt 


It leads to the following transformation of a surface z=2(x, y) with con- 
tinuous first derivatives z, and 2, 


+ 2,(x, y) 


1 
n= y+ 2,(x, 9) 


(2) f= + yn — (x? + y*)/2. 


Suppose 2(x, y) convex. Then (1) transforms an open rectangle R’ of the 
(x, y)-plane into a domain of the (é, 7)-plane in a one-to-one way. 

For let (£1, m) and (2, 72) be the images of two distinct points (x1, y:) 
and (x2, ye), # the angle between the vector joining (x1, y:) to (x2, ye) and the 
positive x-axis so that the distance between these two points is 


(x2 — x1) cosd + (ye — sind > 0. 
As the derivative of z in the direction of the above vector is 2, cos? +z, sind, 
we conclude from the convexity of 2(x, y) 


* Presented to the Society, November 28, 1936; received by the editors September 1, 1936. 
Part I of this paper was published in these Transactions, vol. 37 (1935), pp. 417-434. 
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Z2(%1, Vi) cos + 2,(x1, yi) sin S yo) cos + 2,(x2, yo) sin 


Hence 
0 < (x2 — cos3d + (yo — 91) sind S (2 — £1) cos + (ne — m) sind 
which implies 
(3) (x2 — 41)? + — S — £1)? + (m2 — m)?. 
Using (3) for differentiation of (2) we obtain 


which together with (3) shows that ¢ has continuous derivatives in & and 7. 

If, moreover, z has continuous second derivatives with respect to («, y), 
then ¢ has continuous second derivatives in £ and 7 all of which are numeri- 
cally <1. For, by (1), the partial derivatives 


1+ 222, ne = by = My = 1 + Sy, 


are continuous in (x, y). Hence the derivatives x;, x,, vz, ¥, of the inverse 
functions are continuous in (£, 7) and we havef 


1 + 

og? (1 + + — 
— Say 


(1 + + typ) — 


(5) 


<3. 


= 


(6) 


Now consider a bounded sequence of continuously differentiable convex 
functions z,(x, y) defined in R’. Designate by T,, the transformation of a con- 
centric open rectangle R, contained in R’, into the (é, 7)-plane as induced by T 
for the function z,(x, y), by 7,-! the inverse of T,. We proceed to show that 
there exists a subsequence of such that 

(i) 2,(x, y) converge uniformly in R; 

(ii) there exists an open set D in the (&, 7)-plane contained in all T,,(R) 
for m sufficiently large; 

(iii) the inverse T,;! converges uniformly in D to a transformation T.>'; 

(iv) T.=1(D) contains a neighborhood of the center of R, and all those 


+ The denominator in (5) is >0 since the convexity of (x, y) implies z:220, zyy20, Ze22yy—2ey 
20. 
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points (£, 7) which by 7.51 are mapped into the center of R have no limit 
point on the boundary of D. 

The functions z,(«, y) are uniformly bounded and convex in R’, hence 
equally continuous, so that (i) is satisfied and we have for m>n in R 


| 2m(x, y) — < en 


with €,—0 as n—. If (xo, yo) is an arbitrary point of R,a circle y, about 
(x9, Yo) With radius p, =2(e,)"/? lies for sufficiently large m within R. 

Denote by (én, 7.) the image of («o, yo) in T,, by & the angle of the vector 
from (xo, yo) to a variable point (x,’, y,/) of the circumference of ,, and the 
positive x-axis and by , n»! ) the image of ) in Tm. We have 


Zn Yn ) Zn(Xo, Yo) 


Znz(Xo, Yo) COSP + Zny(Xo, Yo) Sind? S 
Pn 


Zm(%n Vn) — Sm(%o, Vo) Ph... 


Pn Pn 


2€n 
S Yn) + Smy(Xn , Yn) Sind + —- 
Pn 
Hence 


cos? + sind? < cos? + nm sind’. 


Thus as varies from 0 to 27 the projection of the vector (Em —£n, 
on the vector (cos #, sin #) is positive or the angle between the two vectors is 
<7/2, thereby implying that the vector (£,/ —£,, mm —nn) turns by 27 as the 
point (é,, 7m ) describes the image in 7,, of the circumference of y,. Hence, 
for all m>n, (&,, nn) lies within 7,,(y,). Denoting by R,, the set of all those 
points of R whose distance from the boundary of R is >p,, we may say that 
T,,(R) contains T,(R,) for m>n. Thus (ii) is proved with D=T,(R,). 

As the transformations 7,;! are bounded and by (3) equicontinuous for 
all m we may pick out a suitable subsequence satisfying (iii). 

Setting (Em; 1m) = Tm(Xo, Yo) and nn) =Ta(Xn , Yn) for (xn ’ Yn ) on Yn; 
we obtain in a way similar to the one used above 


Em + nm sind < cosd + sind 


from which we conclude that for m>n the point (Em, mm) lies in T,(y,). Now 
take n large enough so that there exists a point (x9, yo) of R, at distance >pp, 
from the boundary of R,. As the corresponding points (Em, mm) lie all in Tn (Yn) 
there exists a converging subsequence tending to a point (£0, m0). In view of 
(3), the distance between 7,7"(&n, mm) and T,;1(£, no) tends to zero if the dis- 


368 HANS LEWY [May 


tance between (Em, 7m) and (£, 70) tends to zero. Hence for our subsequence 
no) —>(%0, Yo), OF (*o, Yo) is the image in of a point (£, no) of 
T,(R,) =D. Furthermore, as T,;' maps T,,(R,) into a domain containing all 
points (xo, yo) of R, at distance >p, from the boundary of R, and as the map- 
ping is one-to-one it follows that the boundary of T,,(R,,) is mapped by 7,7! 
into a set of points whose distance from the boundary of R, is Sp,. In view 
of the uniform convergence we conclude that 7.>' maps the boundary of 
T,(R,) into a set of points distinct from the center of R. At the same time 
T.='T,(R,) contains a neighborhood of the center of R, namely, the set of 
points at distance >p, from the boundary of R,,, which proves (iv). 
From (2) we derive by passing to the limit for 7.>1(£, n) =(x, y) 
lim = lim (—z,(x, y) + x& + yn — (x? + y*)/2); 


n— 2 


by (4) the derivatives of ¢(£, ) converge uniformly, hence evidently 


0, Of, Alim 


On On 


If the limit function ¢ is analytic in & and n, the map T=' is “schlicht” in 
the neighborhood of a point Q such that T.="(Q) is a point c near the center of R. 

To prove this, Iet us assume the existence of another point Q’ with 
T=*(Q’) =c. Call, for m in the above subsequence, ¢, the segment joining 
T=(Q) to T*(Q’), and k, a circle of small, arbitrary radius p >0 about Q and 
lying in D. The intersections of k, with T,,(¢,) have at least one limit point L 
and we conclude from the uniform convergence of 7,-' to T=! that 
T.=*(L) =c. Thus it is shown that if there are two points in D, Q and Q’, such 
that 7.>1(Q) =7T.>1(Q’) =c, then there exists an infinity of such points. Since 
the functions x«(é, 7) and y(é, 7) determined by the transformation 7.>! are 
analytic, there exists a real curve C such that the two equations hold 


(*) [x(é, 2), y(é, =. 


All points (£, 7) such that (*) is satisfied lie within a closed set interior to D 
because 7.=' on the boundary of D differs from ¢c as formerly proved. Taking 
local Puiseux developments it is easy to show that the above analytic curve 
has at each point a finite number of tangents and that no point of it is a 
“dead end,” i.e., endpoint of one arc and of no other. Furthermore (*) im- 
plies that there are at most a finite number of singular points of C in D. Let 
us choose an arbitrary regular point on C and introduce an orientation on C 
in the neighborhood of this point. Continue the orientation on the same 
branch of the curve until we arrive at a singular point. Among the several 
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arcs ending at the singular point we pick one distinct from the one already 
oriented and continue the orientation on this arc. Proceeding this way we 
must finally encounter a point twice, as the length of our path is bounded on 
account of the finiteness of the number of singular points. Hence there exists 
a closed circuit 6 consisting only of arcs of C, in particular one bounding a 
simply connected domain D’. Now 7,-1(6) is the boundary of a simply con- 
nected domain 7,7!(D’) and T,-1(6)—c. Hence T.=1(D’) =c which 
is impossible since 7 .=! is analytic and does not map identically into c. 
2. We first prove the following theorem. 


THEOREM 1. Let A, B, C, E be analytic functions of five complex arguments 
u,v, x, p,q in a bounded and closed neighborhood N of a real point uo, vo, Xo, Po, Yo 
and suppose A, B,C, E depending on a parameter u and converging uniformly in 
N as p—p*. Assume A, B, C, E real for real u,v, x, p, 9, 


A= 4(AC + E) — B?>0, 


and |A|~! uniformly bounded in N. Suppose that there exists a rectangle R with 
Uo, Vo as center and such that there exists for u~u* a real and analytic function 
x(u, v) which is a solution of the Monge-Ampere equationt 


(7) Ar+ Bs+Ct+ (rt — s*) = E; 


suppose that for this solution (u, v, x, p, g) remains in N, when (u, v) ranges 
over R. Then there exists a real neighborhood of (uo, vo) such that the solutions 
x(u, v) corresponding to a subsequence of values of u converge uniformly to a limit 
function x*(u, v) as p—pu*. There exists an analytic relation between u,v, x*, and 
x*(u, v) has continuous first derivatives. Moreover, x*(u, v) is analytic in u and 
v and satisfies the limit relation (7) for u—p* at each point where a certain not 
identically vanishing analytic function G(u, v) does not vanish. 

Since 

0<A=4(A+A(C — (B— 

we have A+¢# and C++ for each solution always ~0 and of the same sign. 
Hence in the sequence, there are infinitely many solutions for which A +¢ is 
of the same sign, and we may even assume A ++? positive since in the opposite 
case we may replace A, B, C, E, and x(u, v) by —A, —B, —C, +E, and 
—x(u, v) without changing hypothesis nor conclusion of the theorem. 

Let, for all u of the subsequence, 


B 
[cl], 


t Here 9, g, r, s, # denote, as usual, the partial derivatives of x(u, v) of the first and second orders, 
respectively. 
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B 2 
0<(r+ot+4) 


B? B 


r+a+ic+a 
2 


<(r+a)t+a) —s?+ 2a 


= (r + 2a)(¢ + 2a) — s?. 
Hence «(u, v)+-a(u?+v") is convex in R, and satisfies the transformed Monge- 
Ampére equation with the same discriminant A. It is therefore legitimate to 
assume henceforth, that for all pu of a subsequence x(u, v) is convex. Let us then 
apply the contact transformation T of the (u, v, x)-space into a (é, 7, ¢)-space. 
The Monge-Ampére equation thereby is transformed into another, 
(8) Ar + BS +Ci+ DGi — = E, 
with 
(9) A=C-1,C=A-1, B=-—B, D=1-—E-A-C, E= -1. 
The discriminant of the new equation equals that of the former: 

4(AC + DE) — Bt = 4(AC + E) — =A. 


The solution ¢(£, 7) exists for all u of a suitable subsequence in a common 
domain D of the (£, 7)-plane and converges with its first derivatives to a limit 
function ¢* and its derivatives. Let £, 7. be an arbitrary, but fixed point 
in D, mo and xo the derivatives of ¢*(£, ») at (&, m0). Replace ¢(&, 7) by 
1) £0) —Ko(n— m0) =F (E, 9). Then 


_/ay ae are \? 
(10) +8 +65 + -( ~)) = 
0&dn On? On? 


and 
+ mo, 


ar 
on 


1 
+") 
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For all u of the subsequence we may assume 


on 


and our formulas show that the coefficients A, B, C : D, E considered as 
analytic functions of five independent variables £, , €, 9¢/d£, 9¢/dn (instead 
of u, v, x, p, g) exist in a complex neighborhood of £0, m0, ¢ =¢*(£, 70), 
d¢/d&=0, ¢/dn=0 and tend there uniformly to limit functions as p—y*. 

By (6) we see that for all u the second derivatives of our solution ¢(£, 7) 
are absolutely bounded by 1. Hence there exists a neighborhood of the point 
(Eo, no) of the (é, 7)-plane in which, by the theorem on p. 432 of Part I of 
our paper, all ¢(é, 7) can be developed into power series in £—£) and n—n0 
such that there is a common majorant series for all « which converges. Hence 
the limit ¢*(£, ) of ¢(, 7) is analytic in a neighborhood of £, 7) and the same 
holds in the neighborhood of any interior point of D. As we have seen in §1 
the transformation 


maps the domain D into a set containing a neighborhood of the point (ao, v9) 
and there exists lim,.,«(u, v)=«*(u, v) = —¢*(E, ») +ué+nv—(u?+0?)/2. 
Thus it is shown that for a certain neighborhood of (ao, vo) the quantities 
u, v, x* can be written as analytic functions of two variables £, 7. Wherever 
the determinant 0(u, v)/0(é, n) differs from zero we may introduce u and v 
instead of £ and yn, and x* becomes analytic in « and v. The relation 
v)/d(é, n) =0 cannot be identically satisfied as the mapping (, »)—>(w, 2) 
contains a neighborhood of (mo, vo). For all points with 0(u, v)/d(é, ») 
we may differentiate with respect to u, v and find dx*(u, v)/du =£—df*/dE, 
0x*/dv =n Hence dx*/du and dx*/dv are analytic functions of 7 
and therefore continuous, even at points where 0(u, v)/d(é, n) =0 (since 
derivative at limit point equals limit of derivative). The proof of the theorem 
is now easily completed in view of the fact that the inverse transform of (8) 
is (7). 

The following example shows that there are cases where there exists an 
analytic relation between u, v, x in a neighborhood of the origin, the function 
x can be considered as dependent on wu and » and having continuous first 
derivatives there, and x(u, v) is a solution of an analytic and elliptic Monge- 
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Ampére equation everywhere except on the w-axis where it fails to have sec- 
ond derivatives at all. The function is 
(3u)4/8 


x(u, v) = + 


the equation is 
(—1+ p%)r+rt—s? =1. 


3. There are wide classes of Monge-Ampére equations important in differ- 
ential geometry such that the function 0(u, v)/d(é, ) cannot vanish at any 
interior point (wo, v0). In this case the limit function x*(u, v) is necessarily 
analytic. 

Let us introduce two new variables a, 8 and solve the following initial 
problem for our variables &, 7 to be considered as functions of a and #: 

(11) (2 + + (= +i5).2€ + 
da a8 da 
E(a, 0) =a, n(a, 0) = 0. 


By the theorem of Cauchy-Kowalewski we have a solution é(a, 8), n(a, 8), 
analytic in the neighborhood of the origin. We have at the origin 


0 
1+i<) 
0B 


d(a,B) ap (B — 2Ds + 


— 2i(C + Dr) 


and hence may assert that there exists a neighborhood of the origin for which 
n)/A(a, 8) #0 and the mapping (a, 8)—>(é, n) is one-to-one. (11) may be 
written, with =0/da+i0/08 


(12) (B + iA'?)yn — 2Cvt — 2Dve; = 0. 
With the aid of ¢;=u, £=u+p*, »=v+ * we obtain, in view of (9), for 
d(u, v)/0(E, #0, 
[(— B+ + — 2(A — 1)s*]vo + [(— B+ 
— 2(A — 1)(r* + 1) 
and this is seen to be equivalent to 
(13’) 2(A + #*)vo + (— B+ 2s* — iA)yu = 0 
or 
(13) (— B — id*)vu + + 2Vq* = 0. 
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From (13’) we have 
(14) (— B+ + 2Cvyu + = 0, 


in view of 
A= 4(A + + r*) — (B — 2s*)?. 
Now (é, 7) is analytic in (a, 8), and u, v, p*, g*, x* are analytic in (£, »), 


hence also in (a, 8) and the relations (13), (14) hold independently of 
O(u, v)/d(é, n) #0. We have moreover 


(15) — p*vu — = 0. 


(13), (14), (15) form the characteristic equations of (7) for the limit function 
x*(u, v). The mapping (a, B)—>(u, v) is one-to-one as both (a, 8)—>(é, 7) and 
(£, n)—>(u, v) are one-to-one (see p. 368). We have 

THEOREM 2. /f, in addition to the hypotheses of Theorem 1, we have 
O(u, v)/0(a, B) #0, then x*(u, v) is analytic in (u, 2). 


The proof follows immediately from Theorem 1 and the relation 


v) pa v) n) 


which implies 0(u, v)/d(a, B) =0 if v)/d(E, n) =0. 

We mention the following case which frequently presents itself in differ- 
ential geometry: Let us operate with 0/da—i0/08 on (13) and (14) and take 
imaginary parts. On eliminating the derivatives of x*, p*, g* with respect to 
(a, 8) with the aid of (13), (14), (15), we obtain 


+ Gs) 1+ +) 
da? 0B? 0a 0B 0a 0p 


Ou dv du dv v) 
da da AB B) 


0a? op? 0a 0B O(a, B) 
Now suppose that the coefficients hy, he, hs, ha, hi, hd , hg , hf depend only on u 


and v. As they are analytic in (u, v), a result of ourst shows that then neces- 
sarily 0(u, v)/d(a, 8) 


t On the non-vanishing of the Jacobian in certain one-to-one mappings, Bulletin of the American 
Mathematical Society, vol. 42 (1936), pp. 689-692. 
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Consider the special case where the coefficients of the equation (7) depend 
only on (u,v). Then the elimination of «*, p*, g* is obviously possible. Fur- 
thermore it becomes possible to widen the conditions of Theorem 1, and to 
state 


THEOREM 2’. Let A, B,C, E be analytic functions of the complex variables 
u,v for (u,v) in N[|u—uo| Se, |v—v0| Se] and suppose A, B, C, E depending 
on w and converging uniformly as u—yu*. Assume A, B, C, E real for real u, 2, 


A= 4(AC + E) — B? > 0, 


and |\A|~' uniformly bounded for (u, v) in N. Suppose that there exists a real 
and analytic function x(u, v) which is a solution of (7) as (u,v) ranges over the 
real rectangle R[|\u—1o| <€, |v—v0| <e], and that x(u, v) is uniformly bounded 
as w varies. Then there exists a subsequence of values yw such that the corresponding 
solutions x(u, v) converge uniformly in every closed subregion of R to an analytic 
limit function x*(u, v), which is a solution of the limit equation (7). 


Proceeding precisely as in the proof of Theorem 1, we find a suitable con- 
stant a such that x(u, v)+a(u?+ 7) is convex for some subsequence of values 
u, and, in view of the assumptions, bounded as (w, v) ranges over R. It follows 
that in every closed concentric rectangle contained in R the first derivatives 
of x(u, v) are uniformly bounded as yw varies. Thus the assumptions of Theo- 
rem 2’ imply those of Theorem 1 and, on the other hand, also those of Theo- 
rem 2. 
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APPLICATIONS OF THE THEORY OF BOOLEAN RINGS 
TO GENERAL TOPOLOGY* 


BY 
M. H. STONE 


INTRODUCTION 


In an earlier paperf we have developed an abstract theory of Boolean 
algebras and their representations by algebras of classes. We now relate this 
theory to the study of general topology. 

The first part of our discussion is devoted to showing that the theory of 
Boolean rings is mathematically equivalent to the theory of locally-bicom- 
pact totally-disconnected topological spaces. In R we have already prepared 
the way for a topological treatment of the perfect representation of an arbi- 
trary Boolean ring. Continuing in this way, we find that the perfect represen- 
tation is converted by the introduction of a suitable topology into a space of 
the indicated type. We have no difficulty in inverting this result, proving that 
every locally-bicompact totally-disconnected topological space arises by the 
same procedure from a suitable Boolean ring. It is thus convenient to call 
the spaces corresponding in this manner to Boolean rings, Boolean spaces. 
The algebraic properties of Boolean rings can, of course, be correlated in de- 
tail with the topological properties of the corresponding Boolean spaces. A 
simple instance of the correlation is the theorem that the Boolean rings with 
unit are characterized as those for which the corresponding Boolean spaces 
are bicompact. A familiar example of a bicompact Boolean space is the Cantor 
discontinuum or ternary set, which we discuss at the close of Chapter I. 

Having established this direct connection between Boolean rings and to- 
pology, we proceed in the second part of the discussion to considerations of a 
yet more general nature. We propose the problem of representing an arbitrary 
To-space by means of maps in bicompact Boolean spaces. Our solution of 
this problem embodies an explicit construction of such maps, which we shall 
now describe briefly. In a given To-space #, the open sets and the nowhere 
dense sets generate a Boolean ring, with ® as unit, which characterizes the 
topological structure of . Those subrings which contain # and which are so 
large that the interiors of their member sets constitute bases for 9%, also char- 


* Presented to the Society (in part), February 25, 1933, and September 5, 1936; received by the 
editors June 1, 1936. 

t Stone, these Transactions, vol. 40 (1936), pp. 37-111. In the sequel this paper will be desig- 
nated by the letter R, citations being made in the form “R Theorem 10” or “R Definition 6.” 
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acterize the structure of 9. We are thus provided with an extensive family of 
Boolean rings which can be employed in the investigation of the given space 
M; we call them basic rings for 9. In any basic ring for R, those sets with 
closure not containing a given point r in ® constitute an ideal; and in the 
corresponding Boolean space, this ideal is represented by an open set with 
closed non-void complement X(r). The points of # are thus represented by 
closed subsets of a related bicompact Boolean space. We find further that the 
topological structure of ®t is characterized by the distribution of these repre- 
sentative closed sets. Thus we are able to reduce the study of general 7>- 
spaces to the examination of their maps in bicompact Boolean spaces. This 
reduction is not without advantage in the consideration of explicit topological 
problems, as we show in several illustrative applications. 

The general mapping theory which we have outlined in the preceding 
paragraph is sufficiently complicated to suggest a search for simplifications. 
We turn naturally to the various strong separation properties such as regu- 
larity and normality. The investigation of the several possibilities which arise 
occupies the third chapter of our discussion. The general mapping theory, as 
previously developed, indicates the procedure for its own simplification and 
leads us at once to the consideration of a class of topological spaces to which 
little attention has been paid in the past. These spaces are characterized by 
the property that in them the regular open sets—that is, the interiors of closed 
sets—constitute bases. Since they are more general than the regular spaces, we 
call them semi-regular spaces. After discussing the semi-regular and regular 
spaces in detail, we consider the completely regular spaces. Here it is neces- 
sary for us to study the class of all bounded continuous real functions in a 
topological space. We obtain a reasonably complete algebraic insight into the 
structure of this class and its correlation with the structure of the underlying 
topological space. We are thereby enabled to complete the study of the maps 
of completely regular spaces. The normal spaces are, from the point of view 
adopted here, so special that we do not devote any separate consideration to 
them. 

Plainly, we are engaged here in building a general abstract theory and 
must accordingly be occupied to a considerable extent with the elaboration 
of technical devices. Such preoccupation appears the more unavoidable, be- 
cause the known instances of our theory are so special and so isolated that 
they throw little light upon the domain which we have wished to investigate. 
Nevertheless, we have not neglected to test our theory by applying it to 
specific problems of general set-theoretical topology, some of which have re- 
mained unsolved for several years. We may note in particular the propositions 
established in Theorems 52 and 53. While these applications lie in the domain 
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of set-theoretical topology, it is clear that the algebraic tendencies of our 
method relate it more nearly to recent developments in combinatorial topol- 
ogy. Indeed, it appears that by a process of gradual generalization combina- 
torial topologists have now arrived at a point of view very similar to that ex- 
pounded here. Accordingly, we should expect that applications of the present 
theory could be made also to combinatorial problems. It seems clear, for in- 
stance, that the study of approximation by abstract complexes could con- 
veniently be based upon the theory of Boolean maps, as developed here. We 
cannot, however, enter upon the discussion of such further applications at 
this time. 

The present detailed exposition of our theory brings some corrections to 
previous summary announcements, as will be apparent from a reading of 
Chapter III, §1 below. The simplification of the mapping theory which was 
originally stated to be possible in general is now recognized as characteristic 
for the semi-regular spaces.* The general theory is accordingly somewhat 
more complicated than we originally supposed; but its applications, so far as 
we have examined them, require no essential modification. There are some 
applications described in the announcement just cited which we do not con- 
sider in the present paper. They are chiefly the ones dealing with dimension- 
theory. In Definitions 6 and 7 below we introduce the index of a map. The 
connections between the index and dimension-theory are pointed out in the 
indicated announcement, where references to the literature can be found. We 
hope to return to this subject at a later opportunity. 

For general information concerning the elementary concepts of topology 
we refer the reader to the first two chapters of the recent book of Alexandroff 
and Hopff and to a paper of Kuratowskift which deals with the algebraic 
properties of the closure operation. The latter paper will not be referred to 
explicitly below, since we shall give all the requisite algebraic reckonings in 
some detail. As we have already indicated, we shall confine our attention to 
the 7 -spaces. Our reason for doing so is that, among all the topological 
spaces which can be defined in terms of closure or of neighborhood systems, 
the T»-spaces appear to be essentially the most general spaces which are of 
real interest. The T-spaces, as we have pointed out elsewhere,§ are more gen- 
eral than the T>-spaces but only from a logical, rather than a topological, 
point of view: if one identifies the topologically indistinguishable points in a 
T-space, the result is a T-space. 

* Note the oversimplifications in Theorems V;, V2, and V3; in the Proceedings of the National 
Academy of Sciences, vol. 20 (1934), pp. 197-202. 

¢ Alexandroff and Hopf, Topologie I, Leipzig, 1935, cited hereafter by the letters AH. 


¢ Kuratowski, Fundamenta Mathematicae, vol. 3 (1922), pp. 182-199. 
§ Stone, Matematicheskii Sbornik, vol. 1 (old series, vol. 43), No. 5 (1936-37). 
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The notations of the present paper are largely determined by the usages 
already established in R. Thus, for instance, in considering Boolean rings as 
abstract entities, we continue to use the symbols -, v, +, <, ’ corresponding 
to the symbols -, U, A, c, ’, of the theory of classes. In the algebra of the 
closure operation, we write A~ in place of A for convenience in putting down 
the more complicated expressions such as A~’~’. 

The contents of the present paper may be summarized systematically un- 
der the following headings: Chapter I, Boolean spaces: $1, Introduction of 
topological concepts; §2, Relations between algebra and topology; §3, Uni- 
versal Boolean rings and spaces. Chapter II, Maps in Boolean spaces: §1, The 
general theory of maps; §2, Construction of Boolean maps; §3, Relation be- 
tween algebraic and other maps; §4, Applications to the theory of extensions; 
§5, Totally-disconnected and discrete spaces. Chapter III, Stronger separa- 
tion conditions: §1, Semi-regular spaces; §2, Regular spaces; §3, Completely 
regular spaces. 


CHAPTER I. BOOLEAN SPACES 


1. Introduction of topological concepts. We commence with the intro- 
duction of a topology in the abstract class in which the perfect representation 
of a Boolean ring has been constructed as described in R Chapter IV. It is 
natural to impose upon G, the class of all prime ideals in a Boolean ring A, 


a neighborhood topology based upon the special subclasses €(a), where a is an 
ideal in A, or upon the still more restricted subclasses €(a) = €(a(a)), where a 
is an arbitrary element in A. The consequences of this procedure are stated 
in the following theorem. 


THEOREM 1. Let A be a Boolean ring, a an arbitrary ideal in A, € the class 
of all prime ideals in A, &(a) the class of all prime ideals which are not divisors 
of a, and &(a) the class €(a(a)) corresponding to the principal ideal a=a(a). 
The topologies imposed upon © through the introduction of the neighborhood sys- 
tems (1) and (2), where 

(1) each €(a) is assigned as a neighborhood of every element which it con- 

tains; 

(2) each €(a) is assigned as a neighborhood of every element which it con- 

tains; 
are equivalent. Under them, © is a topological space with the properties: 

(1) € is a totally-disconnected,* locally-bicompact H-space; 

* We use the term “totally-disconnected” to mean that, whenever p and q are distinct points of 
a topological space, there exist disjoint closed sets which contain » and q respectively and which 


have the entire space as their union. It is clear that a totally-disconnected topological space is neces- 
sarily an H-space. 
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(2) the classes €(a) are characterized as the open sets in ©; 

(3) the classes €(a) are characterized as the bicompact open sets in &. 
The character of © is equal to the cardinal number of A whenever A is infinite. 
The space & is bicompact if and only if A has a unit e. 


The algebraic properties of the sets €(a) and G(a) are sufficient to justify 
the introduction of the systems (1) and (2) as neighborhood-systems. In fact, 
the sets €(a) have the following properties: an arbitrary element p in G, being 
a prime ideal in A, has as its neighborhoods the classes €(a) where p>a, 
and is contained in each of its neighborhoods; if €(a) and €(6) are neighbor- 
hoods of p, then their intersection €(ab) = €(a)€(b) is also a neighborhood of 
p; and if €(a) contains p, then (a) is a neighborhood of p. Thus the system 
(1) has the properties demanded of a neighborhood-system in a topological 
space;* under it © becomes a topological space. Under the system (1), the 
sets (a) are special open sets. Since the classes €(a) are characterized alge- 
braically as unions of classes €(a) by virtue of the fact, established in R 
Theorem 67 (2), that the relations a=S,..a(a) and €(a) = >>,..€(a) are equiva- 
lent, we see that the classes (a) constitute a basis in the topological space &. 
In consequence, the assignment of these sets as neighborhoods in accordance 
with (2) provides a neighborhood-system equivalent to the system (1). 
Moreover, it is evident that the classes €(a) are characterized as the open 
subsets of € under these equivalent neighborhood-systems. The system (1) 
is identified in this way as the absolute neighborhood-system. ¢ 

The nature of the topological space € is now easily determined. To show 
that it is totally-disconnected, we start with distinct points p and q in € and 
construct ideals a and 6 so that peG(a), qeE(b), E(a)E(b) =0, E(a) u E(b) =E. 
Since p and q are distinct prime ideals in A, there exists an element @ which 
belongs to q but not to p. If we now put a=a(a), b=a’(a), we see that pda, 
q>b6,ab=0,av6=e; and we can rewrite these relations in the desired form. 
Now the sets (a), €(b) are open in &; since they are mutually complemen- 
tary, they are also closed in ©. Thus € is seen to be totally-disconnected; 
and, in particular, to be an H-space. It remains for us to prove that € is 
locally-bicompact. We shall do so by showing that every neighborhood (a) 
in the system (2) is a bicompact subspace of €. The open sets in the subspace 
(a) are precisely the sets €(a)€(a). The Heine-Borel-Lebesgue covering 
property, which is to be proved for (a), assumes the following form: if 2% is 
any class of ideals a such that >> ..,€(a)€(a) =€(a), then % contains ideals 
@, such that =E(a). The desired property is equiva- 


vel 


* AH, p. 43, Satz IX. 
+ AH, p. 42. 
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lent to the following algebraic property: if aeSaqa, then aeS, a, for appro- 
priate ideals a,, - - - , a, in &. The latter property has been established in R 
Theorem 17. Conversely, we can show that an open subset €(a) of € which, 
when considered as a subspace, is bicompact, is necessarily a set (a). The 
sets €(a) contained in €(a) are open in this subspace; and they are precisely 
those sets corresponding to the elements a of the ideal a. The relation 
=>>,.4E(a) yields elements a, - - - , a, in a such that (a,) 
in accordance with the postulated Heine-Borel-Lebesgue covering property. 
The latter relation is equivalent to €(a) = €(a) where a=a,v --- va,. This 
completes the topological characterization of the sets G(a). It may be re- 
marked that every €(a), being bicompact, is necessarily a closed subset of G. 

The character of the space € can nqw be determined without difficulty. 
In case A is a finite ring, the space € consists of m points where 2” is the 
number of elements in A and 20; every subset of € is an open set and its 
points are all isolated. In case A has an infinite cardinal number c, the neigh- 
borhood-system (2) also has cardinal number c. Consequently the character 
of € (that is, the least cardinal number belonging to a basis in ©) cannot 
exceed c. On the other hand, if the open sets @,, where the index a runs over 
a fixed abstract class A, constitute a basis in ©, every set €(a) is the union 
of appropriate sets @,, aeA. The bicompactness of &(a) thus yields indices 
such that Since every E(a) is thus the union of a 
finite number of sets from the given basis, the cardinal number of the class 
of all sets €(a) does not exceed that of the basis in question. We thus see 
that the character of € is equal to c. 

If A has a unit e, then € = E(e) is bicompact in accordance with the pre- 
ceding results. On the other hand, if € = €(e) is bicompact, then e is a prin- 
cipal ideal, e=a(a); and its generating element e=a is a unit in A. 

We proceed immediately to establish the converse of Theorem 1. 


THEOREM 2. [f © is a totally-disconnected locally-bicompact H-space, then 
the bicompact open subsets of S constitute a Boolean ring A; and, if the class & 
of prime ideals in A is topologized as in Theorem 1, then © and © are topologi- 
cally equivalent. 


We shall first show that the subsets of S which have been designated as 
members of A constitute a basis in S. If 8 is any point in S and @ any open 
set containing 8, we have to establish the existence of a set § in A such that 
8eH c G. Since © is locally-bicompact, there exists an open set § which satis- 
fies the relation 8e ¢ G and which has closure §~- with the property of bi- 
compactness. If § = §-, we may put = §. Otherwise we take advantage of 
the total-disconnectedness of GS: if t is any point in §-}’ ~0, then 8+t; 
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and there exists a set G(t) which contains t but not 8 and which, together with 
its complement, is both open and closed in S. Since §~ is bicompact, the rela- 
tion §- in which § and G(t) are open sets, implies the 
existence of points ti,---, tn in §-§’ such that §-=§-F G(t,). 
We now put $=§G@'(t,) - - - G’(t,) =F-G'(t:) - - - G'(t,). It is evident that 
© is both open and closed in S, that it contains 8, and that it is contained 
in both § and G. Since © is closed in © and coincides with H¥-, it is also 
closed in §~. Thus § is bicompact when considered as a subspace of §-; 
since the topology of © is the same whether © be regarded as a subspace of 
® or of S, is bicompact also with respect to S. We thus complete the 
proof that S has the desired basis. 

We shall next show that the subsets of S which are designated as members 
of A constitute a perfect algebra of classes in ©, in accordance with R 
Definition 12. It is immediately evident that A contains AB and AAG 
together with % and %: for %B is open since it is the intersection of open 
sets and bicompact since it is closed in the bicompact sets % and % respec- 
tively; the set Xu B is bicompact; and the set AAB=AB’uA'ScAu B is 
both open and closed in S and is bicompact since it is closed in the bicompact 
space %u B. Thus A is a Boolean ring with classes as elements. Since A is a 
basis in the H-space G, it is a reduced algebra of classes in accordance with 
R Definition 10: each point of S is contained in some member of A and is 
the sole point common to all such members of A. In order to show that A 
is perfect, we prove that = implies a=6 whenever a and 6 are 
ideals in A. It is evidently sufficient to prove that }>4..% ¢ >>94%8 implies 
ach. If & is an arbitrary element of a, we have %¢ >°y48 by hypothesis. 
Hence we can write A= >> 5,°AB and even, by virtue of the bicompactness 
of %, the stronger relation %{ = UB, where Bi, - - - , B, are in b. Since the 
latter relation implies %eb, we conclude that acb. Thus A is perfect in ac- 
cordance with R Definition 12. 

Now by R Theorem 69, the algebra A is equivalent to its perfect repre- 
sentation B(A): in other words, there exists a biunivocal correspondence be- 
tween S and €=G(A) which carries the classes 2% belonging to A into their 
respective representative classes €(%) in a biunivocal manner. Since A is a 
basis in © and the classes &(%) constitute a basis in € by Theorem 1, we 
conclude that S and € are topologically equivalent. 

The correspondence between Boolean rings and topological spaces estab- 
lished in Theorems 1 and 2 justifies the introduction of the following defini- 
tions and notations. 


DEFINITION 1. A totally-disconnected locally-bicompact H-space is called a 
Boolean space. 
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DEFINITION 2. A Boolean space B is called a representative of a Boolean 
ring A, symbolically, 8 =B(A), if B is topologically equivalent to the particular 
Boolean space € =€(A) described in Theorem 1. 


Before developing further details of the relations connecting Boolean 
rings and their representative Boolean spaces, we note a few useful topologi- 
cal facts. 


THEOREM 3. The closed subsets and the open subsets of a Boolean space are 
Boolean spaces. A continuous image of a bicompact Boolean space is necessarily 
a bicompact topological space; it is therefore a Boolean space if and only if it is 
totally-disconnected. 


Let § be a closed subset of a Boolean space %. If x, and re are distinct 
points in §, then there exist closed sets §, and §2 such that refi, rEFe, 
Fi u Feo=B. The sets H: = Ho = FHe are closed in and have the 
properties reO1, H192=0, H:1 vu S2=F. Hence the space § is totally- 
disconnected; in particular § is an H-space. If § is any open subset of § and r 
is any point in §, then 6=G§ where © is open in B. Since G contains 
r, there exists an open set @, which has the property re@, ¢@ and pos- 
sesses a bicompact closure Gr in %. The set §$:=G,§ is open in § and 
has the property re, ¢ H. Furthermore its closure in § is the closed set 
(Gi¥)-F ¢ GFF ¢ Gr; being closed also in Gy, it is bicompact. Thus § has 
all the properties of a Boolean space. 

Let G be an open subset of a Boolean space $8. Then G is a totally- 
disconnected H-space by the same reasoning as that applied to § in the 
preceding paragraph. The proof that © is locally-bicompact proceeds as fol- 
lows: the open sets in the subspace @ are precisely the open sets of 8 which 
are contained in @; if r is any point of G and G, an open set such that 
re, ¢ G, then there exists an open set § which has the property reH ¢ G, c G 
and possesses a bicompact closure ~ = ; and the closure of in the space 
is given by 

It is well known that every continuous image of a bicompact H-space is 
a bicompact topological space.* The final statement of the theorem is thus 
obvious. 

A proof of Theorem 3 can also be obtained in an indirect way from the 
correspondence between Boolean rings and Boolean spaces, as will be seen 
in the following section; but it is preferable to have the direct proof before 
us in stating our results. 

2. Relations between algebra and topology. We shall now develop in 


* AH, p. 95, Satz 1. 


1937] BOOLEAN RINGS 383 


much greater detail the consequences of the relations between algebra and 
topology established in §1. We have the following general theorem. 


THEOREM 4. The algebraic theory of Boolean rings is mathematically equiva- 
lent to the topological theory of Boolean spaces by virtue of the following relations: 

(1) every Boolean ring has a representative Boolean space; every Boolean 
space is the representative of some Boolean ring; and two Boolean rings 
are isomorphic if and only if their representatives are topologically 
equivalent; 
the group of automorphisms of a Boolean ring is isomorphic to the 
topological group of an arbitrary representative of the ring; 
the representatives of Boolean rings which are isomorphic to the various 
ideals in a Boolean ring A are characterized topologically as the open 
subsets of an arbitrary representative of A; in particular, E(a) is a 
representative of the ideal a in A; 

(4) the representatives of the homomorphs of a Boolean ring A are character- 
ized topologically as the closed subsets of an arbitrary representative of A; 
in particular, &'(a) is a representative of the quotient ring A/a; 

(5) the representatives of Boolean rings with unit are characterized topologi- 
cally by the property of bicompactness. 


This theorem merely collects in a new form results already proved in R 


and in Theorems 1 and 2 above. To establish (1) we merely compare R Theo- 
rem 69, Theorem 1, and Theorem 2. We then see that (2) follows directly 
from (1). We have already established (5) as part of Theorem 1. Using (1) 
in conjunction with Theorem 1 (2), we see that (3) and (4) are established 
as soon as we can prove the special assertions to the effect that €(a) and 
G’(a) are representatives of a and A/a respectively. To show that (a) is a 
representative of a, considered as a Boolean ring, we need only show that the 
sets E(a), aea, constitute a perfect algebra of classes in (a) isomorphic to 
the ring a. Now the ideals in the ring a are precisely the ideals 6 in A such 
that 6 ca; and the relation 6 ca is equivalent by R Theorem 67 to the rela- 
tion &(b) ¢ (a). That theorem shows further that the sets €(b) contained 
in €(a) constitute an algebra of classes isomorphic to the algebra of all ideals 
in a in the precise sense stated there. On specializing to the sets €(a) corre- 
sponding to the principal ideals b =a(a), aea, in the ring a, we see that these 
sets constitute an algebra of classes which is reduced and perfect in ac- 
cordance with R Definitions 10 and 12. It should be noted that the sets &(6) 
contained in (a) are precisely the open sets in the subspace G(a) of €: 
for every such open set is expressible, in harmony with Theorem 1 and R 
Theorem 67, in the form €(6) = €(c)€(a), where c is an arbitrary ideal in A 
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and 6 =ca is an ideal contained in a. The proof that €’(a) is a representative 
of A/a is similar. We know from R Theorem 68 that the sets E(a)G’(a) con- 
stitute a reduced perfect algebra of classes in &’(a) isomorphic to A/a; and 
that the sets €(6)G’(a) constitute an algebra of classes isomorphic to the 
algebra of the ideals in A/a. The latter sets are precisely the open sets in the 
space &’(a). The desired result is thus established. We note that the relations 
between the spaces &(a), &’(a) and the Boolean rings a, A/a imply that these 
spaces are Boolean spaces. Combining this fact with Theorem 1 (2), we ob- 
tain an indirect proof of the first part of Theorem 3. 

It is a matter of some interest to characterize topologically the various 
classes of ideals introduced in R Definition 8. We find the following result, 
which is most conveniently stated in terms of the perfect representation (A), 


THEOREM 5. /f a is an ideal in a Boolean ring A, then &(a’) coincides with 
the exterior of €(a). Hence the sets €(a) corresponding to ideals in the respective 
classes 3, N, S, B*, B of R Definition 8 are characterized topologically as 
follows: 

(1) the sets €(a) corresponding to arbitrary ideals are the open sets in ©; 

(2) the sets E(a) corresponding to normal ideals are the regular open sets 

in &; 

(3) the sets €(a) corresponding to simple ideals are the open-and-closed sets 

in ©, or, equivalently, the sets in © with void boundaries; 

(4) the sets &(a) corresponding to semiprincipal ideals are the open sets 

in © which are bicompact or are complements of bicompact open sets; 

(5) the sets €(a) corresponding to principal ideals are the bicompact open 

sets in &. 


We take (1) directly from Theorem 1 (2). It is then obvious from R 
Definition 7 and R Theorem 19 that €(a’) is the maximal open set disjoint 
from (a); in other words, &(a’) coincides with €-’(a), the exterior of €(a). 
Since a’’=a if and only if €(a’’)=€(a), we see that the normal ideals are 
characterized by the relation €(a) = €-’~’(a), which identifies their represen- 
tative open sets as the regular open sets. The simple ideals a are those for 
which a va’ =e, or, equivalently, €(a) u €(a’) = ©. Hence they are character- 
ized by the property ©’ (a) = G(a’) or €(a) = €-(a). Their representative sets 
are thus characterized by the property of being closed as well as open. Now 
in any topological space, the relations §=6-, $’=’-, which express the 
fact that § is both closed and open, are together equivalent to the relation 
-§’-=0 which expresses the fact that the boundary of © is void: for, 
when the first relations hold, we have §-’~ = HH’ =0; and, when the second 
relation holds, we have Sc H-, H’-, H-H’-=0, and hence S=H-, 
§’=’-. Thus the simple ideals a are characterized by the fact that the 
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corresponding sets €(a) have void boundaries, as stated in (3). We pass next 
to the consideration of (5). Here we have merely repeated the characteriza- 
tion already given in Theorem 1. Then by combining (3) and (5) we obtain 
(4), since an ideal a is semiprincipal if and only if both ideals a and a’ are 
simple and at least one of them principal. 

By reference to R Theorems 38, 59, and 67, we see immediately that 
Theorem 5 leads to the following characterization of the sets corresponding 
to prime ideals: 


THEOREM 6. The set &(p) corresponding to an arbitrary prime ideal » in a 
Boolean ring A is the open set €—{p}; the ideal p is normal, and hence semi- 
principal, if and only if » is an isolated point in the Boolean space €=€(A). 


Using Theorem 5 (3), we now obtain an important result. 


THEOREM 7. The representatives of Boolean rings B with the properties 
(1) B is isomorphic to a subring B of the ring S of all simple ideals in a 
Boolean ring A; 

(2) if € is an ideal in B, the relations S,.ca =e and € = B are equivalent; 
are characterized topologically as those Boolean spaces which are continuous 
images of an arbitrary representative of A. In particular, the representatives of 
Boolean rings B with the following properties: 

(1) B is isomorphic to a subring 6 of a Boolean ring A with unit e; 

(2) e is an element of b; 
are characterized topologically as the totally-disconnected continuous images of 
an arbitrary representative of A. 


By Theorem 4 we may restrict our attention to the subrings 8 and the 
space € = (A) in establishing the first part of the present theorem. Let % 
be a Boolean space which is a continuous image of (A) by virtue of a corre- 
spondence 8=f(p). Then there exists a Boolean ring B such that A =%A(B); 
and, if § is any bicompact open set in %, its antecedent f-1(§) is both open 
and closed in €. By Theorem 5 (3) there exists a simple ideal in A such that 
f-(§) =€(a). The algebras with the classes §, f-'(%) as elements are iso- 
morphic to each other and to B, while the associated ideals a constitute a 
subring of S also isomorphic to B. This subring we designate as 8. We can 
now write %=(%) by virtue of the isomorphism between B and &. If € is 
any ideal in &%, it is represented by an open set %{(€) in Y. It is evident that 
fH(A(®) = S46 E(a) = E(S,.60) and hence that the relations C=%, A(C) =A, 
and S,,¢a =e are equivalent. On the other hand, let 8 be a Boolean ring with 
the properties (1) and (2). The elements a of 8 can then be represented in 
two ways: as the bicompact open subsets (a) of a representative UA =%1(%), 
and as certain open-and-closed sets E(a), ae®B cS, in €=E(A). The corre- 
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spondence €(a)<—%(a), aeB, then induces a point correspondence between 
€ and Y. If (8, p) is a pair of points 8 and p in % and € respectively such that 
the relations %(a) ¢ %— {8} and E(a)¢E—{p} are either both true or both 
false whatever the element a in 8, we set 8=f(p). We see that every 8 
in & belongs to at least one such pair: for the relation A(a) ¢A—{8} de- 
termines a prime ideal $ in 8; and, by hypothesis, the relation $ ~% implies 
= E(S,.ga) ~ E(e) =E. Furthermore we see that each p belongs to 
exactly one such pair: for those elements a in 8 which satisfy the equivalent 
relations acp, (a) ¢ E(p) constitute a prime ideal $ in B in accordance 
with R Theorems 36 and 41; and there is then exactly one point 8 in %{ such 
that {8}. The relation 8=/(p) thus sets & in univocal corre- 
spondence with &. Since the sets %(a) constitute a basis in % and the sets 
€(a) are open in &, it is sufficient in proving that f(p) is continuous, to show 
that f-(2(a)) =€(a) for every ain %. If a is fixed, the points 8 and p specified 
by the relations f(p) =8e%(a) are by definition precisely those for which the 
relations A(a) ¢ X— {8}, E(a)¢E—}{p} are both false; and the desired rela- 
tion f-(A(a)) = is thus established. 

The second part of the theorem follows by specialization of what has just 
been proved. If A has a unit e, then S is isomorphic to A by R Theorems 25, 
30, and 31. Hence the rings 8 with the properties (1) and (2) of the first 
part of the theorem can be replaced by the subrings 6 of A which contain e: 
for every subring of S is isomorphic to a subring of A; and property (2), 
when expressed in terms of the generating elements of the principal ideals 
involved, asserts the equivalence of the relations S,,.@=e and c=6 for an 
arbitrary ideal ¢ in 6, and therefore degenerates, in accordance with R 
Theorem 17, into the simpler condition eeb. Theorems 1 and 3 now permit us 
to assert the second part of the present theorem. 

As a final illustration of the connections between algebra and topology 
developed in the preceding theorems, we may comment informally on two 
distinct algebraic problems. First let us consider the determination of the 
ideal product of a non-void class % of prime ideals p in a Boolean ring A. It is 
clear that the complete solution of this problem can be given in the follow- 
ing topological terms: if a=] then €(a) =[[].¢€(p) = [Dona fp} 
Then let us consider the problem of representative elements in the modular 
classes of a Boolean ring A, recently discussed by v. Neumann and the 
writer.* In topological terms, this problem can now be rephrased as follows: 
if § is any closed subset of a Boolean space &%, it is required to determine in 
each class of sets intersecting § in a fixed bicompact open subset of that 


* J. v. Neumann and M. H. Stone, Fundamenta Mathematicae, vol. 25 (1935), pp. 353-378. 
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subspace a representative member @ so that (1) G is a bicompact open sub- 
set of B, (2) the Boolean rings generated by the sets G and G§ respectively 
are isomorphic. This problem is evidently one which involves the position of 
& in $; it has a solution if and only if § has a special location in B. 

3. Universal Boolean spaces and rings. In view of the relations between 
Boolean spaces and Boolean rings, it is of some interest to consider the 
algebraic significance of the facts concerning the imbedding of locally- 
bicompact H-spaces in bicompact H-spaces. We shall consider first the spe- 
cialization of the theorem to the effect that a locally-bicompact H-space can 
be imbedded in a bicompact H-space by the adjunction of a single point.* 
We have 


THEOREM 8. The non-bicompact Boolean spaces are characterized topologi- 
cally as the non-closed open subsets of bicompact Boolean spaces; in particular, 
every non-bicompact Boolean space can be converted by the adjunction of a single 
non-isolated point (in an essentially unique way) into a bicompact Boolean space. 
Accordingly, the Boolean rings without unit are characterized algebraically as 
the non-principal ideals in Boolean rings with unit; in particular, every Boolean 
ring without unit can be imbedded as a non-principal prime ideal in a Boolean 
ring with unit (in an essentially unique way). 


We have already seen in Theorem 3 that every open subset of a Boolean 
space is a Boolean space. In a bicompact space a subset is closed if and only 
if it is bicompact. Hence we see that every non-closed open subset of a bi- 
compact Boolean space is a non-bicompact Boolean space. The converse 
proposition, that every non-bicompact Boolean space is topologically equiva- 
lent to such a subset of some bicompact Boolean space, is a consequence of 
the assertion concerning the possibility of adjoining a point so as to make the 
resulting space bicompact. We shall not give a direct topological proof of 
this assertion, although one could easily be given on the basis of the reference 
made above to AH. Instead, we deduce it from algebraic considerations. 
In R Theorems 1 and 37 we have already established the final algebraic 
statement of the present theorem: every Boolean ring without unit can be 
imbedded as a non-principal prime ideal in a Boolean ring with unit, which is 
uniquely determined if isomorphic systems be regarded as identical. Inter- 
preting this fact topologically in accordance with Theorems 4 and 6, we see 
that every non-bicompact Boolean space is topologically equivalent to an 
open set obtained from an appropriate bicompact Boolean space by the 
removal of a single non-isolated point; and we see also that the imbedding 
space is uniquely determined if equivalent spaces be regarded as identical. 


* AH, p. 93, Satz XIV. 
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Thus, having established all statements of the present theorem except the 
general algebraic one, we are in a position to prove the latter by a translation 
of topological facts into algebraic terms. We omit the details. 

We pass now to the consideration of a fundamental theorem of Tycho- 
noff,* to the effect that every completely regular space can be imbedded 
in a certain universal bicompact H-space of the same character. This result 
suggests a corresponding specialization to the case of Boolean spaces, to- 
gether with its algebraic interpretation. In formulating such a special theo- 
rem, we may disregard the trivial case of finite Boolean spaces: each of them 
consists of a finite number of discrete points. We therefore state our results 
in terms of Boolean spaces of infinite character. We have first the following 
theorem. 


THEOREM 9. Let c be an arbitrary infinite cardinal number; let A be an 
arbitrary class of cardinal number c, for example, the class of all ordinal numbers 
preceding some suitable (even the first suitable) ordinal number w; let B, be the 
class of all characteristic functions 8=8(a) defined over A (for each a in A, 
either 8(«)=0 or 8(a)=1); and let A, be the class of all sets in B, generated 
from the special sets Ua, Ud , where U. contains all & for which 8(a) =0, by the 
formation of finite unions and intersections. By the assignment of each non-void 
set belonging to A,-as a neighborhood of every one of its points, B, becomes a 
bicompact Boolean space of character c. The system A, is a Boolean ring with 
the set B, as its unit, with ¢ as its cardinal number, and with B, as one of its 
representative Boolean spaces. 


In view of Theorem 1, we can establish the present theorem by showing 
that A, isa perfect reduced algebra of classes in 8,. From R Theorem 14, we 
see that A, isa Boolean ring with classes as elements and the particular class 
%. as its unit; and, since the cardinal number of the class of all sets U. is pre- 
cisely c, we can easily calculate the cardinal number of A, as equal to c. This 
algebra of classes is reduced in the sense of R Definition 10: for it contains 
the class %,; and an arbitrary point 8)>=80(a) in B, is obviously the sole 
point common to the sets ll. where a is such that 8o(a) =0 and the sets U1 
where a is such that 8o(a) =1. To show that A, is a perfect algebra of classes, 
we begin by considering an arbitrary prime ideal p in A, and defining a corre- 
sponding point 8, in B, by setting 8,(a)=0 or 8,(a)=1 according as Ud ep 
or Ul.ep. We can then prove that no set U belonging to p contains the point 8,. 
If U is in p, its complement Ul’ is not a member of p; since Ul’ can be repre- 
sented as a finite union of terms Ua, Ua,Us! - - Us’, where a, , Om, 
6:,---, 8, are in A and either the a’s or the #’s may be absent, at least one 


* Tychonoff, Mathematische Annalen, vol. 102 (1930), pp. 544-561. 
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of these terms, and indeed every factor of that term, must be a non-member 
of p by virtue of R Theorem 34. Thus the relation Ua, - - - - - - Us’ 
can be satisfied by appropriate choice of U.’,---, Ua,’, Us,,---, Us, in p. 
The equations 8,(a1)= --- =8,(am)=0, 8,(6:)= --- =8,(8,)=1 now show 
that 8, is contained in Ua, --- Walls’ - + - Us’ and in W’ but not in U. From 
R Theorems 59 and 66 it follows therefore that A, is a perfect reduced algebra 
of classes, and is indeed a perfect representation of itself. Theorem 1 shows 
at once that %, is a bicompact Boolean space of character ¢ which is a repre- 
sentative of A, in accordance with Definitions 1 and 2. 


THEOREM 10. Every Boolean space of character not exceeding c is topologi- 
cally equivalent to a subspace of the space B, of Theorem 9; and every Boolean 
ring with unit which has cardinal number not exceeding c is a homomorph of 
the ring A,. 


We may obviously restrict attention to a Boolean ring A and its particu- 
lar representative Boolean space € = €(A). We may, if we wish, include the 
case of finite rings. For infinite rings, the cardinal number of A is equal to 
the character of €. Hence the assumption that either the cardinal number of 
A or the character of €(A) does not exceed ¢ permits us to choose in the 
class A of Theorem 9 a subset I with the same cardinal number as A, and to 
set up a biunivocal correspondence between A and I’, designating the ele- 
ment of A associated with the element a in I by a. In case the cardinal 
number of A is equal to c we may take [=A or ' +A as we wish; in all other 
cases we must take ! ~A. If now » is any point in &, that is, if p is any prime 
ideal in A, we define a corresponding point 8, in 8, by putting 8,(a) =0 if 
acA—T, 8,(a) =0 if and aa¢p, and 8,(a) =1 if and a,ep. We recall 
that pe€(a,) if and only if a.¢p. The class of all points 8, thus obtained will 
be denoted by %,(A). It is evident that the correspondence between € and 
%.(A) is biunivocal. In order that a subset of $.(A) be the image of €(ag), 
it is necessary and sufficient that its points 8, have indices p such that 
pe€(as) or, equivalently, such that 8,(8)=0. Thus the images of the sets 
(as) in € are precisely the sets U,8.(A), where Bel’. It is evident that 
aeA—TI implies Ul. >%,(A). Now the intersections of the sets in A, with 
%.(A) constitute a basis in B,(A); indeed, by the definition of the class A,, 
we may restrict attention to the sets U.,--- Ua, lls) Us’ which have 
points in common with %,(A), it being understood that either the a’s or 
the §’s may be absent. Under the indicated restriction we may suppose, by 
virtue of the previous observations, that the indices a1, - - , @m, Bn 
belong to I’. The sets Ua, - - - - - - Ue,’ B.(A) are then precisely the 
images of the sets E(a.,) -- - - - - E'(as,) = E(a,)E'(as) in G, 


: 
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where @,=da, @a,, and Since the latter sets obviously 
constitute a basis in ©, we see that the correspondence set up between € and 
%.(A) is a topological equivalence. When A has a unit, & and %,(A) are 
bicompact; and %,(A) is therefore closed in %,. By Theorem 4 it follows that 
A is a homomorph of A,. 

The theorem just proved is the desired specialization of the theorem of 
Tychonoff. From it we can obtain further useful facts. 


THEOREM 11. The Boolean spaces 8,— {8} obtained from B, by the sup- 
pression of a single point 8 are topologically equivalent and all non-bicompact; 
the prime ideals in the Boolean ring A, are isomorphic Boolean rings without 
unit. If any common isomorph of the prime ideals in A, be denoted by A*, then 
every Boolean ring of cardinal number not exceeding c is a homomorph of A*. 


The relations 8’=8+8% (mod 2), 8)=8—8, (mod 2) obviously set up a 
biunivocal correspondence of %, with itself, carrying 8, into 8’ =. It is 
evident that the image of the set Ul. under this correspondence is the set 
specified by 8’(a@) = 8 (a) and hence that the image is either Ul, or accord- 
ing as $o(@) =0 or 8o(a) =1. It follows readily that the correspondence trans- 
forms A, into itself and is therefore a topological transformation of %, into 
itself. In consequence, the spaces B,— {8:} and B,— {8} are topologically 
equivalent. It is clear that no point of %, is isolated: this can be verified 
directly; or can be proved by noting that, if one point were isolated, then 
every point would be isolated in accordance with the fact that the topological 
group of %, is transitive, but in contradiction with the fact that &, is bi- 
compact. We see therefore that every space B,— {8} is a non-bicompact 
Boolean space. By Theorems 4 and 6, these results imply that the prime 
ideals in A, have the asserted properties. If we recall the relations between 
prime ideals and atomic elements described in R Theorem 38, we see in 
particular that A, contains no atomic element and no normal prime ideal. 

It is now easily verified that every Boolean ring A of cardinal number not 
exceeding c is a homomorph of A*. We first adjoin a unit to A, if necessary, 
obtaining a Boolean ring A*. This adjunction can be effected by means of R 
Theorem 1. It is easily seen by reference to the construction given there that 
the cardinal number of A* likewise does not exceed c. We now proceed, as 
in the proof of Theorem 10, to construct a representative 8.(A*) of A*, 
taking I different from A so that $,(A*) is a proper subset of B,. When A 
has a unit, we have A = A* and know that %,(A*) is a closed subset of &,. 
Thus, if we choose 8 as a point in B (A*), the space B,— {8} contains B,(A*) 
as a closed subset. In this case, A = A* is a homomorph of A* in accordance 
with Theorem 4. When A has no unit, A is a prime ideal in A* by R The- 
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orem 37. It follows that a representative 8,.(A) of A can be found by re- 
moving an appropriate point 8 from the space %,(A*). Since we have 
B.(A) =B.(A*)(B,— {8}), the set B.(A) is closed in the space B,.— {8}. 
Hence in this case also, A is a homomorph of A®. 

Just as the Boolean space %, is a universal Boolean space in the sense 
that in it can be imbedded every Boolean space of sufficiently small char- 
acter, so the Boolean rings A, and A* are universal Boolean rings in the 
sense that their homomorphs exhaust all Boolean rings of cardinal number not 
exceeding c, due regard being paid in the case of A, to the condition that the 
homomorphs of a ring with unit all possess units. If we recall that the homo- 
morphs of a Boolean ring can be obtained through the replacement of the 
fundamental equality by the various congruences in the ring, we are led to 
formulate the following algebraic characterization of the universal rings 
A, and A?: 


THEOREM 12. The Boolean rings A, and Af are isomorphic respectively to 
the free Boolean rings with and without unit generated by c elements. 


The free Boolean ring without unit generated by c elements is obtained 
by forming all abstract or symbolic polynomials in these elements and then 
introducing the weakest possible relation of equality consistent with the 
postulates for a Boolean ring without unit. In accordance with this pro- 


cedure the symbolic polynomials a+<a, where a is a generating element, must 
all be equated; and we can denote some one of them by 0. The elements of 
the free ring which are equal to 0 then have in common the properties of a 
zero-element. If we make use of the postulates for Boolean rings, we can 
describe the introduction of the equality between symbolic polynomials in a 
more precise way: the desired equality is determined uniquely by the prop- 
erty that a symbolic polynomial is equated to 0 if and only if the algebraic 
laws expressed or implied in the fundamental postulates for a Boolean ring 
without unit reduce it formally to 0. We thus see that the free ring can be 
characterized as follows: it is a Boolean ring without unit; it contains a 
subset of cardinal number c which generates the entire ring; and the elements 
of this subset satisfy no algebraic relation which is not a Boolean identity. 

The free Boolean ring with unit generated by c elements is obtained by 
forming the free ring without unit generated by the given elements and then 
adjoining a unit by the construction of R Theorem 1. Thus this free ring can 
be characterized as follows: it is a Boolean ring with unit; it contains a subset 
of cardinal number c which, together with the unit, generates the entire ring; 
and the elements of this subset satisfy no algebraic relation which is not a 
Boolean identity. 
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In order to apply the given characterizations of free rings, we need a 
criterion to determine whether or not the elements of a subclass a of a Boolean 
ring A are free from non-identical algebraic relations. Such a criterion can be 
established as follows: in order that the elements of a shall satisfy no algebraic 
relation which is not a Boolean identity, it is necessary and sufficient that no 
relation dmn<bjv vVb,, m21, n=1 shall hold between distinct 
elements +, Gm, 6, in a. We first suppose that A has a unit. 
Then any non-identical algebraic relation connecting distinct elements of a 
can be reduced to the form d,v --- v.d,=0, where each element d is ex- 
pressed in terms of distinct elements of a by a relation d=a, -- + dnb{ --- b/. 
The given relation therefore implies d,=--- =d,=0 and _ hence 
a, ++ Gmb{ -- +b, =0. We may obviously suppose that m2=1, n21: for, 
if bf ---bf =0 or a---+a,=0, the missing elements a,---,@m or 
by, ---, 6, can be inserted arbitrarily. Thus we have shown that any non- 
identical algebraic relation connecting distinct elements of a implies a relation 
a+ @mb{ =0 or the equivalent relation a 
m=1, n=1, connecting distinct elements of a. In case A has no unit, we 
adjoin one by the construction of R Theorem 1 and repeat the argument 
just given. It is thus evident in all cases that a is free from non-identical 
algebraic relations if and only if no relation a ---adn<biv --- vb, holds 
between distinct elements of a. 

The Boolean ring A, is evidently generated by the class of all sets Ua 
together with the unit %,. This class of sets obviously has cardinal number c. 
We now observe that the relation U.,--- Uc, cls, u--- m21, 
n=1, means that every characteristic function $=8(a) with the property 
8(a;) = - - =8(am) =0 has also at least one of the properties 8(6,) =0,---, 
8(8,) =0. Obviously, then, no such relation can hold when the indices 
Gm, ++, Bn are distinct. It follows that A, is isomorphic to the 
free Boolean ring with unit generated by c elements. 

The Boolean ring A* may be regarded as that prime ideal in A, which 
contains every set U.. In fact, we can determine a prime ideal in A, by con- 
sidering those sets in A, which are contained in 8,— {8}, where 8(a) =1 for 
every a. It is evident that this prime ideal contains every set U.. Since A* 
is isomorphic to any prime ideal in A,, we may identify it with the one just 
determined. It is then evident that the ring A~ is generated by the class of all 
sets Ul,. As in the preceding paragraph, it follows that A* is isomorphic to 
the free Boolean ring without unit generated by c elements. 

In conclusion, it is of some interest to remark upon the duality between 
the free Boolean ring with unit generated by c elements and the Boolean 
ring of all subclasses of a fixed class of cardinal number c which emerges 
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from the previous discussion. Since the characteristic functions 8(a) consti- 
tute under multiplication and addition (mod 2) a Boolean ring isomorphic 
to the ring of all subclasses of A, our construction of the free ring A, in terms 
of these characteristic functions may be regarded as exhibiting a dual rela- 
tionship between the rings in question. This duality is in fact a special in- 
stance of that which holds between discrete abelian groups and the subgroups 
of toroidal groups:* for Boolean rings are abelian groups under addition and 
can be studied from that point of view. We shall not pursue this aspect of the 
subject further. 

We shall close the present section with an examination of the special case 
c=No. We obtain a result which explains in some measure the frequent 
occurrence of the Cantor discontinuum in various branches of mathematics. 


THEOREM 13. The Boolean space B., c=No, is topologically equivalent to 
the space D known as the Cantor discontinuum. 


D may be described as the set of all real numbers x given by developments 
x =2)>.._,;3-#s(a), where s(k) =0 or s(k) =1, with the usual metric topology. 
An important property of D is the following: a sequence {x,} in D converges 
if and only if {s,(&)} converges for each k; and the limit of {x,} is obtained 
as the element x with development given by s(k)=lim,.. s,(k), k=1, 2, 
3,---+. To prove this assertion, we consider the inequality 


N 
3-#(sm(a) — Sa(a)) | S 3-*| sm(a) — saa) | +] xm — | 


a=1 a=N+1 


<3-%+| xm — . 


If {x,} is convergent and N is the first integer such that {s,(N)} is not 
known to converge, this inequality becomes 


2-3-¥ | sm(N) — sa(N)| S$ 3-% + | am — 


for all sufficiently large indices m and n. If we restrict m and m to be so great 
that |xn—2x,| <3-%, the inequality reduces to | sm(N) —s,(N)| <1. Hence we 
must have s,(N) =s,(N) for all sufficiently large indices m and n. Since this 
result establishes the convergence of {s,(N)}, we can apply the principle of 
mathematical induction to conclude that {s,(k)} converges for every k. If 
we know that s(k) =lim,... 5,(k) exists for every k, we see readily that the 
number x =2)>._,3-*s(a) has the property 


N 
| « — x,| 25 s(a) — | S$ 25 s(a) — + 3- <e 


a=1 a=1 


* Alexander and Zippin, Annals of Mathematics, (2), vol. 36 (1935), pp. 71-85. 
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for N>-—log 3, n> M Combining these results in the obvious 
way, we obtain the proposition stated above. There are several useful con- 
sequences of this proposition. First,it shows that if x and «’ have developments 
given by s(k) and s’(k) respectively, then x =x’ implies s(k) =s’(k) for every k: 
indeed, the sequence x, x’, x, x’, -- - is then convergent so that the sequence 
s(k), s’(k), s(k), s’(k),--- must converge likewise, for every k. Secondly, 
it shows that the set of points x obtained by fixing the values of s(k) for 
k=1,---, Nand leaving the values of s(k) for k= N +1 arbitrary is an open 
subset of D: for the complement of this set in D has the property that any 
convergent subsequence has a limit for which one of the development- 
coefficients s(k), k=1,---, N, has a value different from the one prescribed; 
in other words, the complement of the given set is closed in D. Thirdly, it 
shows that D is bicompact: for any convergent sequence in D has a limit in D; 
and ® is thus a closed subset of the bicompact space consisting of the real 
numbers x, where 0<x<1, with the usual topology. The correspondence 
given by x =s(k) is a biunivocal correspondence between D and B,, c=No, 
by virtue of our first remark. The sets Ua, --- Ua,Us/ --- Us’ where 
m+n=WN and (a, , Gm, 61, , Bn) is a permutation of (1, - - - , W) ob- 
viously constitute a basis in 8,. Their antecedents in D are precisely the sets 
obtained by fixing the first V coefficients in the development of x in each of 
the 2” possible ways; and, since these antecedents are open in D by virtue 
of our second remark, the correspondence from D to B,, c=No is continuous. 
Finally, since D and B,, c=No, are both bicompact H-spaces, the corre- 
spondence is necessarily bicontinuous; and D and %,, c=No, are topologically 
equivalent.* 


CHAPTER II. Maps IN BOOLEAN SPACES 


1. The general theory of maps. The general theory of maps deals with the 
problem of representing the points and properties of a given topological 
space by subsets and their properties in a second topological space. While we 
shall be concerned primarily with the study of such representations in 
Boolean spaces, we shall begin with an elementary discussion of quite general 
maps, introducing the terminology appropriate to the later theory. 

The point of departure for the entire theory is the following result: 


THEOREM 14. [f X is any non-void family of distinct, but not necessarily 
disjoint, non-void closed sets X in a T,-space ©, then a topology} may be im- 
posed on X by the introduction of the following system of neighborhoods: each 

* AH, p. 95, Satz ITI. 


+ Compare with AH, p. 66, where *he sets ¥ are assumed to be disjoint and the topology is termed 
“weak” to distinguish it from a different topology introduced earlier on pp. 61-62. 
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non-void subfamily of X which is characterized as the class of all ¥ contained in a 
fixed open subset © of S is assigned as a neighborhood of every one of its ele- 
ments X. Under this topology, X is a T-space. In order that X be a T,-space, 
it is necessary and sufficient that no member of X contain another as a proper 
subset. 


It is evident that the system of neighborhoods described in the theorem 
has the following properties: every “point” ¥ belongs to each of its neighbor- 
hoods; the intersection of any two neighborhoods of an arbitrary point is 
also a neighborhood of that point; if an arbitrary neighborhood contains a 
given point, it is a neighborhood of that point; and every point has at least 
one neighborhood. Furthermore, we can show that, if ¥; and %2 are distinct 
points, then at least one of them has a neighborhood which does not contain 
the other. Since ¥, and %2 are distinct as subsets of S, we may suppose our 
notation so chosen that X2, contains a point 8 of S which does not belong 
to X%;. Since S is a 7\-space, every 8, in X, is contained in an open set G(8) 
which does not contain %&; and the union of all the open sets G(8;), 8:€X:, 
is an open set G which contains X, but does not contain either 8 or the set Xe. 
It is then evident that the family specified by ¥ ¢ G is a neighborhood of %, 
which does not contain X,. From this argument we see that, if neither of the 
distinct sets ¥, and X, contains the other, then each has, as a point in X, 
a neighborhood which does not contain the other; and also that, if one con- 
tains the other, as a proper subset, then every one of its neighborhoods con- 
tains the second. These facts concerning the system of neighborhoods 
identify X as a To-space, and show that X is a 7,-space if and only if no set X 
contains another as a proper subset.* 

It is convenient, in view of further developments, to introduce a certain 
amount of descriptive terminology relating to the family X. We therefore 
give the following definitions: 


DEFINITION 3. If the union S(X) of the sets belonging to X contains a subset 
U of S, then X is said to cover A. 


DEFINITION 4. [f every non-void open set G in S contains some member of X 
as a subset, then X is said to be densely distributed in S. 


DEFINITION 5. [f, whenever © is an open set in S and X, is a member of X, 
the relation © > Xo implies the existence of an open set Go such that Go > Xo and 
X ¢ whenever +0, then X is called a continuous family. 


DEFINITION 6. Jf ¢ is the least cardinal number such that c+1 is exceeded 
by the cardinal number of no set X in X, then ¢ is called the index of the family X. 


* AH, pp. 58-59. 
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If some set ¥ in X has cardinal number c+1, the index is said to be attained. 


We proceed now to give the principal definitions dealing with the general 
concept of a map. 


DEFINITION 7. Jf KR is a topological space equivalent to the To-space X of 
Theorem 14, then the relation between R, S, and X is said to be a map m(R, S,X) 
of R in S defined by the family X. A map defined by a subfamily of X is called a 
submap of m(R, S,X). A map m(R, S, X) is said to be a covering map or a 
map of R on S if X covers S. A map m(R, S, X) is said to be continuous if X 
is a continuous family. The index of the family X is called the index of the map 
m(R, S,X). A map is said to be a Boolean map if the space S is a bicompact 
Boolean s pace. 


It is convenient to state explicitly the following elementary theorems. 


THEOREM 15. Jf M1, Si are topologically equivalent to R2, Sz respectively, 
then the existence of a map m(R:, Si, X1) implies and is implied by the existence 
of a map m(R2, So, X2) whenever the equivalence between S, and Sz carries the 
families X, and Xz into one another. 


THEOREM 16. If S is a closed subset of a T,-space T and X is a family of 
subsets of S, then the members of X are closed relative to S if and only if they are 
closed relative to [; and the existence of a map m(R, S, X) defined by the family 
X in S implies and is implied by the existence of a map m(R, ZT, X) defined by 
the family X in ©. If S is any subset of a T,-space T and X is a family of sub- 
sets of S closed relative to T, then the members of X are closed relative to S; and 
the existence of a map m(R, S, X) implies and is implied by the existence of a 
map m(R, T,X). In particular, the existence of a map m(R, S, X) implies and 
is implied by the existence of a map m(R, S(X), X) or a map m(R, S-(X), X), 
where X is a family of distinct non-void closed subsets of S. 


In accordance with Theorem 15, we introduce the following definition. 


DEFINITION 8. If two maps m(N:, Si, X1) and m(Re2, Se, X2) are related in 
the manner described in Theorem 15, they are said to be equivalent. 


It is evident that equivalent maps are topologically indistinguishable. 
In particular, if one of two equivalent maps is continuous or covering, then 
the other is also; and two equivalent maps have the same index. For purposes 
of exposition, it is often convenient to recall that, by definition, a map 
m(R, S, X) is equivalent to the “identical” map m(X, S, X) in which the 
points of the space X of Theorem 14 are represented by themselves as closed 
subsets of S. 

We can now raise three general questions concerning maps: first, we in- 
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quire what consequences flow from the imposition of various simple condi- 
tions upon ®, S, or X in the map m(R, S, X); second, we inquire what 
reductions can be applied to a map m(R, S, X) in order to obtain a simplified 
map m(R, S*, X*); and, third, we inquire what connections link the theory 
of maps with the theory of topological images. We shall consider these three 
problems in succession. 

In Theorem 14, we have already seen that in a map m(R, S, X) or its 
equivalent m(X, S,X) the space ® is a 7,-space if and only if the family X 
has a certain simple property. Beside this result we may now place the 
following theorem. 


THEOREM 17. In a map m(R, S, X), the condition that the members of X 
be disjoint sets is neither necessary nor sufficient for R to be an H-space; but this 
condition becomes sufficient in the presence of either of the auxiliary conditions: 

(1) S is a normal space; 

(2) S is an H-space and the sets in X are bicompact. 


Let us first consider the sufficiency of the indicated condition when (1) or 
(2) is valid. If S is normal and %; and %, are disjoint members of X, the 
definition of normality establishes the existence of disjoint open sets G, and 
@. in S such that the closed sets %:, ¥2 satisfy the relations X, ¢ G,, ¥: ¢ Ge. 
Hence any two such points in X have disjoint neighborhoods in the neighbor- 
hood system of Theorem 14. It follows that our condition is sufficient for X 
and ® to be H-spaces. Under condition (2), we construct analogous open 
sets @; and G, by the method used to show that every bicompact H-space is 
normal. If ¥, and X2 are disjoint and bicompact in the H-space G, there exist 
disjoint open sets G,(:, 8), G2(¢:, ) containing respectively an arbitrary 
point 8; in X; and an arbitrary point 82 in X2; for fixed % the sets G,(8:, 82) 
cover X, so that there exist points 8,9, --- , 8, dependent upon for 
which @,(8) =@,(8, u--- u G,(8™, since the open sets 
Ge (82) = Go(8™ , - - - , &) cover Xe, there exist points 8), - - , 8” 
such that G.=G.(%) u - - - u ) since the open set G,(82) 
is disjoint from @,() and contains %, for k=1,---, m, the open sets 
= G (8 ) - - - G(s) and Ge are disjoint and contain and respec- 
tively. Again it follows that our condition is sufficient for ¥ and # to be 
H-spaces. 

On the other hand, if S is not normal, it is possible for two disjoint closed 
sets X, and %X2 to have the property that, whatever the open sets G; and G2 
containing X, and %, respectively, their intersection @,G: is non-void. In such 
a situation we cannot conclude in general that the points %, and X2 in X 
have disjoint neighborhoods. Yet, if ¥; and %. have common points, they 
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may still have disjoint neighborhoods, as can be seen from the following 
example: let X consist of two closed sets X, and X, which have a common 
point but neither of which contains the other; then X is an H-space. 

The further examination of the effect of restrictions upon © and X is, 
in a sense, the chief aim of the following sections. Indeed, we shall see that 
the assumption that © is a bicompact Boolean space has no effect upon the 
topological nature of the spaces 3 which can be mapped in ©. The relation 
of the properties of X to those of 8 is found to be rather complex. For the 
present, then, we leave the first problem with the remark that every bicom- 
pact Boolean space is normal and its closed subsets bicompact, thus rendering 
Theorem 17 applicable to such spaces. 

We pass to our second problem. In Theorem 16 we have already noted 
that a map m(R, S, X) can be modified, without the loss of essential infor- 
mation, through the suppression of S’(X) or of S~’(X). It will be observed 
that the second of these sets is an open set disjoint from all members of X 
and that it is the maximal set with such properties. Now it is possible for an 
open set in S to have points in common with some members of X and yet 
contain no member of X. It is natural to examine the conditions under which 
such a set can be suppressed from a given map without disturbing the 
topological relations involved. We obtain the following result. 


THEOREM 18. Let & be an arbitrary open subset of a T:-space S; let X be a 
family of distinct closed sets X in S, none of which is contained in §; let T be 
the set S' considered as a relative space; and let Y be the family of the closed sets 
¥) = §'X in ©. Under the topology introduced in Theorem 14, the spaces X and Y 
have the property that Y is a continuous image of X by virtue of the correspond- 
ence XY) = H'X. In order that X and Y be topologically equivalent under this 
correspondence, it is necessary and sufficient that have the following property: 
if G is any open set in S and X, any member of X contained in @, then there 
exists an open set ®o such that Go vu S contains Xo and contains no member 
X of X which is not contained in &. In other words, this property of S is charac- 
teristic for the possibility of suppressing from the map m(R, S, X) so as to 
obtain a map T, Y). 


We consider the correspondence XY) = ’X. Since there is no ¥ for which 
§’X is void, this correspondence carries X into Y in a univocal manner. In 
order that the correspondence be biunivocal, it is necessary and sufficient 
that §’¥,= $’%. imply ¥, =X. whenever X; and X¥2 are members of X. In order 
to show that this correspondence is continuous, we consider an arbitrary 
neighborhood in Y and its antecedent in X. Every open set in T is obtained 
as a set GH’ where G is an open set in S. Hence the neighborhoods in Y are 
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specified by the relations $’¥ =) ¢ ’G, where © runs over the class of all 
open sets in S. Since each such relation is equivalent to the corresponding 
relation ¥ ¢c Gu §, where Gu © is open in S, we see that each neighborhood 
in Y has as its antecedent a neighborhood in X. This property of the corre- 
spondence identifies it as a continuous correspondence. In order that the 
correspondence be a topological equivalence it must be biunivocal and bicon- 
tinuous. When the condition of being biunivocal is met in accordance with 
the criterion noted above, we see therefore that the correspondence is an 
equivalence if and only if the inverse correspondence §’¥ =9)—>X is con- 
tinuous. By the Cauchy criterion for continuity,* the latter condition is satis- 
fied if and only if © > Xo, where G is open in S, implies the existence of an 
open set GH’ in T, Gp being open in S, such that Yo=H'%Xo is contained in 
while ¢ GH’ implies ¥¢G. This characteristic property is 
obviously equivalent to the one stated in the theorem. We complete the 
proof of the theorem by showing that the property stated in the theorem 
implies the property which was recognized above as sufficient to make the 
correspondence X—¥) biunivocal. Suppose that ¥,#%2, the notation being 
chosen so that some point of X_ does not belong to X;. Then there exists an 
open set @ in S which contains X, but not X.. By virtue of the property 
which is now being assumed for the set §, there exists an open set G, such 
that G, u contains X, but contains no set ¥ which is not contained in G. 
In particular, then, G; u © does not contain X. It is therefore true that 
H' Xs: for otherwise we should have ¢ GH’ and uS, 
contrary to fact. 

Because of the possibility of suppressing from a given map an open set 
such as that described in Theorem 18, it is convenient to introduce the 
following definition. 


DEFINITION 9. A map m(R, S, X) is said to be redundant if there exists a 
non-void open set S which can be suppressed from S in accordance with The- 
orem 18; the set is called a set of redundancy. A map in which no such set 
exists is said to be irredundant. 


In general, a map will be redundant and will not even be convertible into 
an irredundant map by single or successive removals of sets of redundancy. 
We may, however, note two simple positive results in this connection. First, 
we have 


THEOREM 19. Jf the map m(R, Si, X1) is converted into a map m(R, Ss, Xz) 
by the suppression of a set of redundancy §,, and if the map m(R, So, Xz) is 
converted in its turn into a map m(R, Ss, Xs) by the suppression of a set of 


* AH, pp. 53-54, Satz IV. 
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redundancy $2, then the set S=H, uv He is a set of redundancy in the map 
m(R, Si, X1) and its suppression yields the map m(R, Ss, Xs). 


Since G2 is a closed proper subset of S; and GS; is a closed proper subset 
of G2, the set GS; is a closed proper subset of S; and its complement 
Sj =S/ u SS = Hu H2=H is a non-void open subset of S;. The suppres- 
sion of § obviously converts m(M, Si, Xi) into m(R, Ss, Xs). Hence H is a 
set of redundancy in the first map. 

THEOREM 20. If X is densely distributed in S, the map m(R, S, X) ts 
irredundant. 


The proof is obvious. 

A further possibility of simplification in the theory of maps is that of 
replacing the neighborhood-system described in Theorem 14 by a suitable 
equivalent subsystem. In this connection we have the following result. 


THEOREM 21. Jf the sets X in X are bicompact, then the subfamilies of X 
specified by the relations ¥ ¢ G constitute a basis in the T-space X even when the 
set & is restricted to be a finite union of open sets belonging to an arbitrary fixed 
basis in S. The character of the To-space X then does not exceed the character 
of S, if the latter is infinite. 

We have to show that, if G is any open set in S and ¥ any set in X which 
is contained in G, then there exists a set G, of the indicated type for which 
¥¢@,¢@. If 8 is any point in ¥, then there exists an open set @(8) which 
belongs to the chosen basis in S and which has the property 8«@(8) ¢ @. Since 
the sets G(8), 8X, cover the bicompact set %, there exist points #:,--- , 8, 
in ¥ such that ¥¢@(s,) u---u G(s,)¢G. We may therefore put 
@, = G(8,) u - - - u G(8,). Since the cardinal number of the class of open sets 
described in the theorem is equal to that of the chosen basis in S, when the 
latter is infinite, we see that the character of X has the property asserted 
above. 

We come finally to our third problem. Here we can give a complete solu- 
tion, due originally to Kolmogoroff.* It is embodied in the following theorem. 


THEOREM 22. In order that the correspondence from S(X) to X given by 
8—X where 8X be univocal and continuous, it is necessary and sufficient that 
the family X be continuous. Hence the map m(R, S, X) characterizes R as a 
continuous image of S(X) if and only if the family X is continuous. 


A necessary and sufficient condition that the given correspondence be 
univocal is clearly that the sets belonging to X be disjoint. When this condi- 
tion is fulfilled, the continuity of the family X is known to be both necessary 


* AH, p. 61, footnote. 
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and sufficient for the continuity of the correspondence from the space S(X) 
to the T»-space X, by virtue of results due to Kolmogoroff.* Hence we com- 
plete the proof of the present theorem by showing that in a continuous family 
the distinct members are disjoint. If ¥;~%2 we suppose that the notation is so 
chosen that %2 contains a point 8 which does not belong to X;. Then there 
exists an open set G in S which contains X, but neither 8 nor 2. By the con- 
tinuity of the family X, there exists also an open set G; which is contained 
in @ and contains %, while every set ¥ such that ¥G,+0 is contained in G. 
Hence in particular we have =0, ¢ G/ . Since ¢ Gi, the sets and 
are disjoint. 

With this, we have completed a general survey of the theory of maps. In 
concluding the present section, we shall summarize the preceding results as 
they apply to Boolean maps. We obtain the following theorem. 


THEOREM 23. If X is an arbitrary family of distinct closed subsets % of a 
bicompact Boolean space B, the topology introduced in X by assigning each non- 
void subfamily of X specified by a relation X¥ ¢ G, where & is open in B, as a 
neighborhood of every one of its elements is equivalent to that obtained by restrict- 
ing the sets & to be bicompact as well as open. Since the closed set S-(X) is a 
bicompact Boolean space, it may be assumed without loss of generality that 
S-(X) =%. Then the topological space X has the properties: 

(1) itis a To-space, of character not exceeding that of B if B is infinite; 

(2) itis a T,-space if and only if no member of the family X contains another 

as a proper subset; 

(3) it is an H-space if the distinct members of X are disjoint. 

A Boolean map m(R, B, X) exists only if R has the properties necessitated by 
(1), (2), and (3). The suppression of a set of redundancy from a Boolean map 
yields a Boolean map. 


Since the bicompact open subsets constitute a basis in 8 in accordance 
with Theorems 1 and 2, the first statement of the present theorem is justified 
by reference to Theorem 21. The second statement follows from Theorems 
3 and 16. The properties (1), (2), and (3) are established by reference to 
Theorems 14, 17, and 21. If § is a set of redundancy in the map m(, %, X), 
then §’ is a bicompact Boolean subspace of 8 in accordance with Theorem 3; 
it follows that the suppression of § yields a Boolean map. 

2. Construction of Boolean maps. In this section, we propose to show 
that the bicompact Boolean spaces are universal mapping spaces; in other 
words, that every To-space can be mapped in an appropriate bicompact 
Boolean space. The constructive method which we employ is naturally 


* Compare AH, p. 67, Satz VI. 
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algebraic in character. Once the problem of finding some special type of 
universal mapping space has been proposed, the bicompact Boolean spaces 
appear to be peculiarly fitted to provide a solution. Thus the property of 
total-disconnectedness seems to be desirable if we are to avoid the conse- 
quences of the theorem which states that every continuous image of a con- 
nected space is connected ;* and the property of bicompactness seems equally 
desirable if we are to recover from the theory of maps some of the known 
theorems concerning the representation of bicompact H-spaces.t Moreover, 
if we restrict attention for the moment to separable spaces, that is, to spaces 
of character not exceeding No, we have positive evidence in favor of our 
selection of Boolean spaces as universal mapping spaces. For it is known 
that every compact metric space or, equivalently, every bicompact separable 
H-space is a continuous image of the Cantor discontinuum D and hence of 
the equivalent Boolean space %,, c=No, of Theorems 9 and 13.f{ 

In order to give a reasonably complete analysis of the theory of Boolean 
maps, we shall have to proceed in a somewhat more complicated way than 
would be necessary if we were concerned merely with solving the problem of 
universality raised in the preceding paragraph. We begin therefore with some 
propositions about topological algebra. 


THEOREM 24. Let R be an arbitrary To-space, By the Boolean ring of all 
subsets of KR, ay the class of all nowhere dense subsets of R. Then ay is an ideal 
in By; and, if A is any subring of By, the class a of all elements common to ag 
and A is an ideal in A. The subclass Ay of By specified by any of the following 
equivalent conditions: 

(1) a-a’eny; (2) aa’-eag; (3) 

(4) a is congruent (mod ag) to an open subset of R; 

(5) a is congruent (mod ay) to a regular open subset of KR; 

(6) a is congruent (mod ag) to a closed subset of K; 

(7) ais congruent (mod ag) to its interior a’~’; 

(8) a is congruent (mod ay) to its closure a-; 

(9) a is congruent (mod ag) to the regular open set a~’~’; 
is a subring of By containing the set R as its unit and the class ay as an ideal. 
It is the subring of By generated by ay and the class of all open (regular open, 
closed) subsets of XR. 


By definition the members of ay are characterized by the identity 
a~’~ =. To prove that ay is an ideal, we combine this characteristic property 


* AH, p. 53, Corollary to Satz I. 
+ AH, pp. 96-98. 
t AH, pp. 85-88, 119-122. 
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with R Theorem 16. Thus if a and } are nowhere dense, we have 3 =a~’- 
= (a~’®)- = (a~’ (b- v = (a- a’) = (a~-)- < 
v (a~’b-’)- =b- v (a~b~’)-, > > = R, and (av b)~’- 
=(a~ vb-)’- =(a~b-’)- = ®, so that avb is also nowhere dense. Similarly, 
if a is nowhere dense and c <a, then a~>c~, c~’ >a~’, and c~’- >a~’- =, so 
that c is nowhere dense. The void set obviously belongs to ay. It is thus clear 
that ay is an ideal in By; and also that in any subring A of By the class a of 
elements common to ay and A is an ideal. 

We shall next consider the class Ay specified by the condition (3) above. 
First we observe that Ay contains ay: for, if a is nowhere dense, then a~ and 
a~a’~<a~ are nowhere dense. Then it is obvious from the symmetry of the 
condition (3) in a and a’ that Ay contains a if and only if it contains a’. 
Furthermore, Ag contains avd together with a and 0b: for the relations 
(avb)-=a-vb-, imply (avb)-(avb)’-<a-a’- 
v b-b’-eay, when a and b are in Ay. Hence we see that Ay is a subring of By, 
since it contains ab=(a’ vb’)’ and a+b=ab’ va'b=(a' vb)’ v (avb’)’ when- 
ever it contains a and b. The previous results show that ag is an ideal in Ay. 

Now if a is any open set in 9, we have (a-a’~)~’~ = (a-a’)~’- = (a-a’)'- 
so that a-a’-eny, aeAy; and, if 
a=b (mod ay) where b is an open set in 8, we have a=(a+b)+6 where 
at+beagn ¢ Ay, beAy and hence aeAg. Thus (4) implies (3). Since the relation 
a=b (mod ag) is equivalent to a’=b’ (mod ay), we see immediately that (6) 
also implies (3). It is trivial, from the preceding results, that (5) implies (3). 
Next we see by virtue of the relations a~a’ <a-a’-, aa’~ <a~a’~ that (3) im- 
plies both (1) and (2). Now (1) obviously implies a=a~ (mod ag) since 
a~+a=a-ad’' and (2) similarly implies a=a’~’ (mod ay). 
Thus (1) implies (8), (2) implies (7). It is evident that (8) implies (6) and 
that (7) implies (4). From the scheme of implications 

(3) — (8) > (6), 3) 
(2) (7) (4) 7 
we see that the conditions (1)—(4), (6)—(8) are equivalent. Since (3) implies 
a=a~ (mod ag), since a=a~ (mod ag) implies a~eAg, and since (3) then 
implies a~ =a~’~’ (mod ag), we conclude that (3) implies (9) a=a~’~’ (mod ag). 
It is obvious that (9) implies (5). Thus by fitting the scheme of implications 


(3) — (9) — (5) > (4) 


into the scheme given above, we see that the conditions (1)—(9) are equiva- 
lent. It is then obvious that Ay is the subring of By generated in the manner 
described above. 
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We may remark that some of the conditions (1)-(9) may be cast into 
more geometrical form. Thus (1), (2), (3) assert respectively that the border, 
the frontier, or the boundary of a is nowhere dense; (7) asserts that a differs 
from its interior by a nowhere dense set; and (8) asserts that a differs from 
its closure by a nowhere dense set. 

While the regular open sets have little interest for us in the present chap- 
ter, they will later play an important réle. Hence we shall enumerate some of 
their useful properties at this point. 


THEOREM 25. Between the residual classes (mod ay) in the Boolean ring Ag 
and the regular open sets in KR, there exists a biunivocal correspondence such 
that each residual class contains the corresponding regular open set. The inter- 
section of a finite number of regular open sets is a regular open set; but the union, 
in general, is not. If a=b (mod ag) where b is a regular open set, then the in- 
lerior of ais contained in b; and, if ais an arbitrary subset of a regular open set 
b, then a~’~’ is a regular open set contained in b. The regular open sets in R are 
characterized by the property that their borders coincide with the borders of their 
exteriors. 


From the preceding theorem, we know that each residual class (mod ag) 
contains at least one regular open set. Thus we have to prove that, if a and b 
are both regular open sets, then a=b (mod ag) implies a=). Instead of estab- 
lishing this result directly, we first show that, if @ and b are both regular 
open sets, then their intersection is also such a set. We have (ab)~<a-b-, 
(ab)-’ >a~’ v b-’, (ab)-’->a~’- v b-’-, <a~’~’b-’— = ab. On the other 
hand, if c is an arbitrary set we have c<c-, c’>c~’, c’—>c~’-, and c’~’ <c~’~’. 
In particular, since ab is open, we have ab=(ab)’~’ <(ab)~’~’. We therefore 
conclude that ab =(ab)~’~’, as we wished to do. It is easy to see by examples 
that the union of regular open sets need not be a regular open set. We can 
now return to the previous question. To begin with, let us assume that the 
regular open sets a and 0 satisfy the relation a>d in addition to the relation 
a=b (mod ag). Then we see that ab’ =a+beny, (ab’)-’- Hence we have 
(ab’)->ab’, (ab’)-’<a' vb, R=(ab’)-’-<a’-vb-=a' vb-, b- >a, <a’, 
b~’- <a’- =a’, b=b~’~’ >a, and a=5. Passing now to the general case, we see 
that ab is a regular open set satisfying the relations a=aa=ab=bb=b) 
(mod ay) and the relations a >ab, 6 >ab. Thus the result just obtained implies 
a=ab=b, as we wished to show. Now if a=b (mod ag) where d is a regular 
open set, we know from Theorem 24 that a=a’~’=a~’~’=b (mod ag); and 
from the results proved above we know that a’~’<a~’~’ and that the regular 
open set a~’~’ coincides with b. Hence we see that the interior of a is con- 
tained in b. We may state this result in the form: the modification of a regular 
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open set by the addition (mod 2) of a nowhere dense set may suppress interior 
points but cannot adjoin interior points. Next we consider the relations 
a<b, b=b~’~’: we then have a~<b-, a~’ >b~’, a~’- > b~’-, a~’~’ =, as 
stated above. Finally, we establish the characterization of the regular open 
sets given in the theorem. We have to prove that the relations a=a~’~’ and 
a-a’=a~’-a~ are equivalent. If a=a~’~’, we have a’=a~’~ and hence 
as asserted. If a-a’=a~’-a~, we have va=a~’~va~, 
a=a~(a~’ va) =a~-(a~’~’ va~’) =a-a~"~’,, where a~ >a~’~’ by virtue of the re- 
lation a~’ <a~’-; and we therefore conclude that a=a~’~’. 
We now proceed to the algebraic construction of Boolean maps. 


THEOREM 26. Let R be any non-void To-space, Ag the Boolean ring of 
Theorem 24, and A any subring of Ag with the properties 

(1) A contains the set R as its unit; 

(2) the interiors of sets in A constitute a basis for R. 
Then let 8 = (A) be the representative bicompact Boolean space for the ring A; 
let a(x) be the class of all those sets a in A such that a~ does not contain the point 
rin R; and let b(r) be the class of all those sets b in A such that t is interior to b. 
The class a(r) is an ideal in A; and the closed set ¥(r) =©'(a(r)) in €(A) has the 
property 


x) -( Dew) = Tew). 
aea(r) beb(t) 
If X is the family of all sets ¥(c) corresponding to points t in NR, the corres pond- 
ence t—X(r) defines a Boolean map m(R, B, X). In order that a Boolean ring A 
of subsets of R have the properties demanded here, it is sufficient that it be the 
ring with unit R generated by an arbitrary basis in R. 


We first prove that a(r) is an ideal. Since 0- =0, the void set 0 is in a(r). 
If a and b are in a(r), the relation (a vb)-=a~- v b- shows that avd is also 
in a(r); and if ¢<a, where a is in a(r), the relation c~ <a~ shows that c is also 
in a(r). Thus a(r) is an ideal in accordance with R Theorem 16. Next we 
consider the relation between the ideal a(r) and the class b(r). We see at once 
that a is in a(r) if and only if b=a’ is in b(r): for aea(r) implies rea~’ =b’~’ 
and beb(r) implies reb’~’ = a~’. It is therefore evident that 


X(t) = E(a(t)) = ( = [1 = Tee) = 


aeqct aeq(r) aea(r) beb(r) 


by virtue of R Theorem 67. It is therefore easy to determine the significance 
of the relation ¥(r) ¢ €(6) when d is an element of A. It is equivalent succes- 
sively to the relations G’(a(r)) ¢ €(6), E(a(r)) > E(b’) = E'(b), b’ea(r), and 


| 
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beb(r). Thus the relation X(r) ¢ €(b) holds if and only if r is interior to the 
set b. From this fact we can deduce that the sets ¥(r) and ¥(8) corresponding 
to distinct points r and 8 in ®t are necessarily distinct sets. Since the interiors 
of sets in A constitute a basis in 9, there exists a set b in A to which just one 
of the two points r and 8 is interior. If we suppose that the notation is chosen 
so that r is interior to b while 8 is not, we conclude that €(b) contains X(r) 
but not ¥(8). Hence we have X(r)#X(8) whenever r#8. 

We shall now interpret the foregoing algebraic facts topologically. In the 
bicompact Boolean space $= (A), defined as in Theorem 1, the sets E(a), 
aeA, are bicompact open sets constituting a basis; and the sets X(r) are closed 
subsets of 8 in accordance with Theorems 1 and 4. Since the closed sets 
X(r), reMt are distinct and obviously non-void, they constitute a family X to 
which Theorems 14 and 23 can be applied. The subfamilies of X specified by 
the relations X(r) ¢ €(b), beA, then constitute a basis in the To-space X, as 
asserted in Theorem 23. The correspondence r—X(r) carries into X in a 
biunivocal way. Since the sets b’~’, where b is in A, constitute a basis in R 
and since the relations reb’~’ and X(r) ¢ €(b) are equivalent, we now see that 
the correspondence sets up a topological equivalence between the spaces 
X and %. By Definition 7, this relation between 8, B, and X is a Boolean 
map m(R, B, X). The closing remark of the theorem is an obvious conse- 
quence of Theorem 24; it shows that the existence of a ring A of the required 
type offers no difficulty. 

For convenience of reference to this fundamental result we introduce the 
following terminology. 


DEFINITION 10. Jf MR is a To-space and Ay the Boolean ring described in 
Theorem 24, then any subring A of Ag with the properties (1) and (2) of Theo- 
rem 26 is called a basic ring of R; the ring Ay is called the complete basic ring 
of 


DEFINITION 11. Jf R is a To-space and A is a basic ring of KR, then the 
Boolean map m(R, B, X) defined by A in the manner described in Theorem 26 
is called an algebraic (Boolean) map of KR; and the map defined by the ring Ay 
is called the complete algebraic (Boolean) map of ®. 


Before proceeding to a more detailed analysis of the algebraic maps, we 
pause to consider the general significance of Theorems 23 and 26. It is clear 
that we can summarize the situation in the following terms. 


THEOREM 27. The algebraic theory of Boolean rings (with unit) is mathe- 
matically equivalent to the topological theory of T o-spaces. 


In the first place, Theorem 23 shows that any family X of distinct non- 
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void closed sets ¥ in a bicompact Boolean space 8 may be regarded, under a 
suitable topology, as a T»-space; but, since the open sets ¥’ in 8 correspond 
by Theorems 1 and 4 to ideals in a Boolean ring with unit which has 9 as its 
representative, we actually have a representation of certain ideals and their 
algebraic relations by means of the indicated 7 -space and its topological 
properties. On the other hand Theorem 26 shows that such representative 
To-spaces are entirely arbitrary and unrestricted. Thus the algebraic struc- 
ture of families of ideals in a Boolean ring with unit is exactly reflected in the 
topological structure of T>-spaces. It follows that the complete analysis of 
the ideal structure of Boolean rings is as complicated as the analysis of the 
structure of all To-spaces. In the second place, Theorems 23 and 26 may be 
viewed, from another angle, as placing the study of all To-spaces on a purely 
combinatorial basis: for any such space is completely described as a configura- 
tion of ideals in a Boolean ring; and, as we have remarked elsewhere, the 
postulates for Boolean rings are postulates for an abstract algebra of combi- 
nations. These theorems, furthermore, reduce the construction of 7-spaces 
to a kind of tactical game with the closed subsets of bicompact Boolean 
spaces.* We may remark that the requirement that the Boolean rings in the 
foregoing discussion should have units, does not affect the range of our com- 
ments in a serious way: for the adjunction of a unit to a Boolean ring is an 
essentially trivial operation, as we have already seen in R Theorem 1 and 
Theorem 8. 
We now return to the further discussion of algebraic Boolean maps. 


THEOREM 28. /f a is the ideal of all nowhere dense sets in a basic ring A of a 
Ty-space R, then the algebraic map m(R, B, X) defined by A has the following 
properties: 

(1) im order that E(a), aeA, contain no set X(r) in X, it is necessary and 

sufficient that aea; 

(2) the set S =€(a) is the maximal open subset of B which contains no set 

X(r) in X; 
(3) the points of R specified by the relations X(t) ¢ E(a), X(r)E(a) 0, where 
a is in A, constitute the open set a’~’ and the closed set a~ respectively. 
If Ris an H-space, then r#8 implies X(r)X(8)E' (a) =0; and, if in addition the 
basic ring A actually contains a basis for R, then r#~8 implies X¥(r)X¥(8) =0. The 
sufficient condition of Theorem 23 thus becomes necessary in the latter case. 


* The tactical method has been extensively used, for example, by Alexandroff and Urysohn, 
Mémoire sur les espaces topologiques compacts, Verhandelingen der Koninklijke Akademie van Weten- 
schappen te Amsterdam, Eerste Sectie, Deel XIV, No. 1 (1929). Their constructions are usually 
carried out in the Euclidean plane, however. 
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In particular, in order that R be an H-space, it is necessary and sufficient that 
in its complete map m(R, B, X) the sets in X be disjoint. 


In the proof of Theorem 26 we have already established the first part of 
(3): the relations rea’~’ and X(r) ¢ €(a) are equivalent. The second part can 
be proved from the first as follows: the relation ¥(r)€(a)0 holds if and only 
if ¥(r) is not contained in €(a’) = €’(a) and is therefore equivalent to the re- 
lation re((a’)’-’)’ =a-. It is now clear that (3) implies (1): for, in order that 
the set €(a) contain no set X(r) it is necessary and sufficient that a’~’ =0; but 
Theorem 24 permits us to use the relations az=a’~’ (mod ay), a’~’<a-’~’ 
to show that a’~’=0 implies a=0 (mod ag) or aea and that aea implies 
a’~’ <(a~’-)’ =’ =0. We now show that (1) implies (2). If ¥(r) is contained 
in €(a), the open sets E(a), aea, cover X(r); since X¥(r) is bicompact, there 
exist elements a:,---, a, such that €(a)=€(a,) u--- u E(a,) >X(r), 
where @:,---,d@, and a=a, v --- va, belong to the ideal a; and conse- 
quently we have.a contradiction. Thus &(a) contains no set ¥(r). Since every 
open set in 8 =€(A) is a union of sets E(a), aeA, an open set which contains 
no set X(r) must be a union of sets €(a), aea, and must therefore be contained 
in (a). Hence &(a) is the maximal open set which contains no set X(r) in X. 

We shall now prove that, if ® is an H-space, the relation r~8 implies 
X(r)¥(8)€’(a) =0. By hypothesis, the basic ring A contains elements a and b 
such that rea’~’, 8eb’-’, and a’~’b’-’=0. By Theorem 24, ab=a’~’b’-’=0 
(mod ay) so that abea. Hence we have X(r)¥(8) ¢ E(a)E(b) = E(ab) ¢ E(a) by 
(3); and we conclude that ¥(r)¥(8)€’(a) =0. In case A contains a basis for ®, 
we can select elements a and b which are open sets in St and which have the 
properties rea=a’~’, 8eb =b’—’, ab =0. We find that X(r)¥(8) =0. The proof of 
the theorem is thereby completed. 

It is of considerable interest to compare the different algebraic maps of a 
given Ty-space and to examine the effect of suppressing the set 5 = €(a) 
from a given algebraic map of #. We obtain the following result. 


THEOREM 29. Let m(R, E(Ag), X) be the complete algebraic map of a 
T o-space R; let m(R, E(A), XA) be an arbitrary algebraic map of R defined by a 
basic ring A; let ay and a be the ideals of nowhere dense sets in Ag and in A 
respectively; and let p=f(q) be the function defining the bicontinuous univocal 
correspondence of €(A) with €(Ag) in accordance with the fact that A is a sub- 
ring of Ag with the same unit R. Then the indicated correspondence has the 
properties: 

(1) f-(E(a)) E(ag), > (ay), = €'(a); 

(2) if then 34(t) > X(x), f(X(r)) = (x); 

(3) if =X(r)C'(ay) and then (ag) 

= B4(r) (ag) = X(r) (ay) =Y(r), =Y4 (x). 
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The sets 94(t) constitute a family Y4 of non-void closed subsets densely dis- 
tributed in the bicompact Boolean space &'(a). Under the topology of Theorem 
14, the To-spaces Y4 corresponding to different basic rings A are all topologically 
equivalent; in particular the space Y corresponding to the ring A =Ax and the 
space Y4 corresponding to an arbitrary basic ring A are topologically equivalent 
by virtue of the correspondence 9)(r)<—>9)4(r). If R* is any To-space topologi- 
cally equivalent to the spaces Y4, then R* is a continuous image of R. When R 
has infinite character, the character of R* does not exceed that of R. When KR is 
an H-space, R* is also an H-space; and KR* is a biunivocal continuous image 
of R. The suppression of the open set E(a) from the algebraic map m(R, E(A) ,XA) 
yields an irredundant Boolean map m(R*, G'(a), Y4). 


Since A is a subring of Ag by hypothesis, Theorem 7 establishes the 
existence of a continuous univocal correspondence from (Ay) to (A). 
Since €(Ag) is bicompact, the correspondence is necessarily bicontinuous.t 
The correspondence was so defined that, if the element a in A be considered 
as an element dg =a of Ay, then f-'(E(a)) =€(ay). Since aea if and only if 
and a=dageA, we have 


aea aea 


and hence also f-!(€’(a)) > ©’ (ay). The sets f-'(€(a)), are respec- 
tively open and closed because of the continuity of f. If we now make use 
of the bicontinuity of f, we see that f(€’(ag)) is a closed set contained in 
&’(a). If it does not coincide with &’(a), there exists an element a which be- 
longs to A but not to a and which has the property that €(a)f(€’(ay)) =0. 
By Theorem 28, the relation €(a)€’(a)#0 implies the existence of a point r 
in R such that ¥4(r) ¢ E(a) or, equivalently, rea’~’. Interpreting the latter 
relation in terms of the map m(R, €(Ag), X) we see that the element a=ay 
in Ag has the property €(agy)>X(r). Hence the set f-'(€(a)) =€(aq) has a 
point in common with G’(ay) in accordance with Theorem 28. Since 
f(E(an))f(C’ = E(a)f(E'(ax)), we reach the contradic- 
tion that €(a)f(€’(ay))~0. Hence we must have f(€’(ay))=€'(a). This 
completes the proof of (1) above. Since the relations reb’~’, ¥4(r) ¢ €(6), 
X(r) ¢ (by) for by =beA are equivalent, we have 


BA(t) = = = IT | 2 
RE 


beb(r) 


+ AH, p. 95, Satz II. 
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by virtue of Theorem 26. If we make use of the bicontinuity of the corre- 
spondence f, we see that f(X(r)) is a closed subset of ¥4(r). If it does not 
coincide with ¥4(r), then there exists a set b in A such that (6) contains 
but not ¥4(r). If we put b=byeA, we see that E(by) =f—'(E(b)) > X(r) 
and conclude that rebg~’ = b’~’. On the other hand, the fact that €(b) does not 
contain X¥4(r) leads to the contradiction that r does not belong to b’-’. We 
therefore conclude that f(¥(r)) = ¥4(r). By definition we have f(34(r)) = ¥4(r). 
This completes the proof of (2) above. From the previous results, we know 
that 


= BA(r)€’ (ay) > X(r)C'(ay) = 

= | f(X(r)) f(C'(ay)) = X4A(WE'(a) = YA(r), 

= Yr). 


If we can show that 34(r)€’(ay) =X(r)C’ (ay), we can then conclude that 
=f" (Y4 (r)) (aye), =Y4 (x), thus completing the proof of (3). Since 
X(r) GC’ (ay) is a closed subset of 34(r)€’ (ay), the assumption that it is a proper 
subset permits us to find an element dy in Ag such that (ay) contains 
X(r)€’ (ay) but not 34(r)E’ (ay). The closed set X(r)€’(ag) is then contained 
in €(ay). Hence there exists an element by in ay such that €(by) contains 
X(r)E’(ay). The element ay vby then has the property that v by) 
= E(ay) v E(by) contains X¥(r) and ¥(r)€’ (ay) but not 34(r)E’ (ay). Since r is 
interior to dy Vv by by virtue of Theorem 28, the basic ring A contains an 
element ¢=cy with the property that rec’~’ =cy’—’ <(ay v bg)’—’. We there- 
fore have X¥4(r) ¢ E(c), 34(r) =f" (#4 (r)) (E(c)) = E (cy). Now the rela- 
tions (ag v V by (mod ge) Coe =CR (mod agy),and (ag v by)’ 
imply the equivalent relations (ay Vv by)cy=cy (mod ag), (ag Vv 
(mod ag), v by) E(cy) ¢ E(ag), and E(cy) (ag) ¢ E(ay v by) (ag). 
Thus we obtain the contradiction 


B4(r) (ag) E (cy) (ag) ¢ v dy) E’ (ag) ¢ E(ag v dy). 


We conclude therefore that 34(r)G’ (ay) =¥4(r)€’ (ay), as we wished to do. 
Since no set ¥4(r) is contained in (a), as shown in Theorem 28, the closed 
sets ¥4(r)@’(a) =94(r) are non-void and constitute a family Y4 in G’(a) to 
which Theorem 14 is applicable. By Theorems 3 and 4 we know that @’(a) 
is a bicompact Boolean subspace of &(A), the sets E(a)G’(a) constituting a 
basis for it. If p is any point of this subspace and if a is an element of A such 
that pe€(a)G’(a), it is clear from Theorem 28 that there exists a set ¥4(r) 
contained in &(a). We therefore have 9)4(r) =X¥4(r)€’(a) ¢ E(a)E’(a). Hence 
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the family 9)4 is densely distributed in G’(a) in accordance with Definition 4. 
If we consider Y4 as a T)-space in accordance with Theorem 14, we wish to 
show that it is topologically independent of A. We therefore compare Y4 for 
arbitrary A with the particular space Y for A = Ay. From (3) above we see 
that the correspondence 9)(r)<—>)4(r) carries Y into Y4 in a biunivocal 
manner, even though we may have 9)(r) =9)(8) or 94(r) =94(8) when r#8. 
We observe next that the subfamilies of Y specified by the relations 
Y(r) ¢ E(ay)E’ (ag), ay =aeA, constitute a basis in Y. If G is any relatively 
open subset of &’(ag) and if 9)(r) is contained in G, we wish to establish the 
existence of such an element ay with the property that 9)(r) ¢ E(ag)E’ (ag) ¢ G. 
Since ¥4(r) is, by Theorem 26, the intersection of all the sets €(a) containing 
it, the set 34(r) =f-(X4(r)) is the intersection of all the corresponding sets 
f(E(a)) = E(ay); and Y(r) =34(r)E' (ay) is the intersection of all the corre- 
sponding sets €(ay)€’ (ay). Let us denote by § the closed set which is the 
complement of G in G’ (ag), and by 6 the class of all elements ay =aeA such 
that ¥4(r) ¢ €(a). If we had E(ay™ ) - - - E(ag” (ay) for every choice 
of ay, - - - , dy” in b, the bicompactness of ©’ (ay) would permit us to write 


= = [] ¥ 0, 


ageb 


contrary to hypothesis. Hence we have €(ay)€’(ay)F=C(ay™) - - - 


E(ag™ )E'(ay)F=O for agy=ag” ---ay™ and appropriate elements 
dy ,---, dy™ in b. Since we have €(a) =€(a™) - - - E(a™) > ¥4(r) where 
a=a.---a™ and a®,---, a™ are the elements aq, - - - , , consid- 
ered as elements of A, we see that ay =a is a member of b. The desired rela- 
tion ¢ E(ay)E’ (ay) is thereby established. Since the relations 
Y(r) ¢ E(ay)E’ (ay) and Y4(r) ¢ E(a)E'(a) are equivalent by (3) above when 
dy =aeA, we see that the basis just found for Y is carried by the biunivocal 
correspondence 9)(r)<—>9)4(r) into a class of subfamilies in Y4 which is 
known from Theorem 23 to be a basis for Y4. Hence the spaces Y and Y4 
are topologically equivalent; and Y4 is topologically independent of A. 

By reference to Theorem 18, we now see that the correspondence 
X(r)—Y(r) from X to Y is a univocal continuous correspondence. Thus the 
spaces R, R* equivalent to X and Y respectively have the property that R* 
is a continuous image of ft. By reference to Theorem 28, we see that, when R 
is an H-space and r and 8 are distinct, 9)(r) and 9)(8) are disjoint. Hence 
Y and &* are H-spaces in accordance with Theorem 23; and the corre- 
spondences between X and Y, and §* are biunivocal. To determine the 
relation of the character of R* to that of R, we proceed as follows. If # has 
infinite character c, then there exists a basis for # with cardinal number c. 


| 
q 
a 
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The Boolean ring A with unit ® generated by this basis is a basic ring for R 
with cardinal number c. The Boolean space &(A) then has character ¢ by 
virtue of Theorem 1. The character of the subspace €’(a) therefore does not 
exceed that of €(A) or that of R. The space Y4 has character not exceeding 
that of G’(a), as shown in Theorem 23. Since R* is equivalent to Y4, we con- 
clude that its character does not exceed the character c of 9. Finally the 
suppression of the open set €(a) from the map m(R, (A), X4) yields the 
map m(R*, G’(a), Y4) in accordance with Definition 7; and the latter map is 
irredundant in accordance with Definition 9 and Theorem 20. 

The preceding theorem raises several questions which we shall state and 
consider later, in Chapter ITI. 

3. Relations between algebraic and other maps. In various applications 
of the theory of maps, it is essential to have information about the relations 
of general Boolean maps to the algebraic Boolean maps of the preceding 
section. The analysis of such relations appears to be quite difficult. In any 
case we have not succeeded in outlining a comprehensive survey of the 
possible connections. We shall therefore confine ourselves in the present sec- 
tion to the consideration of a few special results which find immediate appli- 
cation in the sequel. These results are concerned with a new concept in the 
theory of maps, introduced now by the following definition. 


DEFINITION 12. Jf X is any non-void family of distinct non-void closed sets 
X wn a T,-space S, then a set § in S ts said to be an X-set when 

(1) § is closed and non-void; (2) every open set © in S which contains § 

also contains some member of the family X. 
An X-set is said to be minimal (with respect to the property P) if it is an X-set 
(with property P) and contains no proper X-subset (with property P). 

It is obvious that every member of the family X is an X-set; but the 
chief interest of the definition lies in the possibility that there exist X-sets 
not belonging to X. We may begin by considering the determination of 
X-sets when © is a bicompact Boolean space. 


THEOREM 30. If the space S of Definition 12 is a bicompact Boolean space 
(A) representing a Boolean ring A with unit, the open sets © of that definition 
may be restricted to be bicompact without modifying the content of the definition. 
If ¢ is the class of all elements a in A such that €(a) contains a given X-set §, 
then ¢ has the properties 

(1) if a1, ---, a, are inc, then a, is ine; 

(2) if a1,---, Gn are in c, then &(a), where a=a,-- dn, contains some 

member of X; 
and the relation § =| [u«c€(a) is valid. Conversely, if ¢ is any non-void subclass 
of A with the properties (1) and (2), then the set § =| [ux€(a) is an X-set. 
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If the open set & contains the closed set § in S = G(A), then there exists 
an element a in A such that § ¢ E(a) cG. In fact, if 8 is any point of §, 
there exists an element a(8) in A such that 8e€(a(8)) ¢ G; and the bicompact- 
ness of § permits us to take --- va(8,), E(a) u-- - 
u &(a(8,)) for a suitable choice of points 81, - - - , 8, in §. Hence the restric- 
tion imposed by requiring that ©=€(a) in Definition 12 does not modify 
the content of the definition. If ¢ is the class of all elements a@ such that 
(a) > §, then the properties (1) and (2) are easily established as follows: 
if a=a, --- @, where a:,---, are in c, then =€(a,) - - - E(a,) 
thus a is in c and (a) contains a member of X since it contains the X-set §. 
If 8 is any point which does not belong to §, the open set © =€(A)— {8} 
contains §; and there exists an element a, necessarily in c, such that 
§ ¢ E(a) ¢ E(A) — {8}. Hence we see that § =[].<€(a). We pass now to the 
converse. The properties (1) and (2) assumed for the class ¢ show immedi- 
ately that when ai, - -- , are in c the set E(a,) - - - E(a,) =E(a - - - a,) is 
non-void. Since (A) is bicompact and the sets €(a) are closed, the inter- 
section | Ja<€(a) is a non-void closed set §. If €(b) > §, where b is an arbitrary 
element in A, we must have G(a;) - - - E(a,)G’(b)=0 for some elements 
a,:--, 4a, inc: for otherwise we would have 


0 = = [] E(a)G'(b) ¥ O. 


aec 


Hence there exists an element a=q, - - - a, in ¢ such that § ¢ E(a) ¢ G(d). 
Property (2) shows that &(a), and hence also €(b), contains some member 
of X. Since 6 was subject only to the restriction €(b) > §, it follows that § 
is an X-set in accordance with Definition 12 and the first part of the present 
theorem. 

We next consider the existence of minimal X-sets. 


THEOREM 31. Let P be a property such that the members of any descending 
transfinite sequence of sets with the property P contain a common subset with the 
property P. Then every set with the property P contains a minimal set with the 
property P. 


Let © be the first ordinal number such that the class of ordinals a<Q 
has cardinal number exceeding that of the class of all sets with the property 
P. We then define a “minimizing” sequence §., a <Q, of sets with the prop- 
erty P such that: (1) a>8 implies §. ¢ %s; (2) if []s<a%s contains a set which 
has the property P but which is not minimal, then §, is a proper subset of 
one such set. We choose §: as an arbitrary set with the property P. Then if 
%s has been defined for B<a<Q, we form the intersection [s<as. By hy- 
pothesis there exists a set § which has the property P and is contained in this 
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intersection. Now if every such § is minimal, we put §.=%; and otherwise 
we choose §. as a proper subset of some § so that it has the property P. By 
the principle of transfinite induction §, is thereby defined for a<Q. Now the 
class of ordinals a such that §.=%, for some ordinal y in the range a<y <Q 
is a non-void class by virtue of our choice of 2. This class therefore has a 
first member 8. The relations 8<8+1<y, §s=8y, imply > > Fy Bs, 
= Since 


II = [] = %, 


ass 


the relation §= s+: implies in accordance with (2) that §s4: is minimal. 
Since it is evident that %s4: ¢ §, the theorem is established. 


THEOREM 32. If the space S of Definition 12 is a bicompact H-space, then 
each of the following properties: 

(1) the property of being an X-set; 

(2) the property of being an X-set containing a given point 8; 

(3) the property of being an X-set contained in a given set; 
is a property P of the kind described in the preceding theorem. Hence minimal 
sets with respect to each of them exist in accordance with that theorem. 


Let P be any one of the three properties. Then it is sufficient for us to 
show that if §., a<w, is a transfinite sequence such that (1) §. has the 
property P, and (2) §. ¢ §s when a>8, then [[.<.. also has the property P. 
Since §. is an X-set, it is closed and non-void. Hence, by the assumption 
concerning &, the intersection [] «<u is also closed and non-void. In order 
to show that this set has the required property, it is enough to prove that it 
is an X-set. If G is any open set containing it, we have 


= 6’ = 

a<w a<w 
where the sets §.’ are closed and satisfy the relation §.W’ ¢ §s@’ when 
a>. Our assumption concerning S now implies that there exists a first 
ordinal number a@ preceding w for which §.G’ =0 or, equivalently, §.¢G. 
The fact that §. is an X-set shows that @ contains some member of X. 
Since the open set © was subject only to the restriction that it contain 
J] e<o%a, the latter set is an X-set in accordance with Definition 12. This 
completes the proof. 

We may give without proof the following useful result. 


THEOREM 33. If the families X and Y in the space S satisfy the relation 
X2> Y, then every Y-set is an X-set; and, if S is a bicompact H-space, every 
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minimal Y-set contains a minimal X-set, every Y-set minimal with respect to 
the property of containing a given point 8 contains an X-set minimal with re- 
spect to the same property. 

Naturally, it is of considerable interest to determine the X-sets and 
minimal X-sets in the case of the family X in an algebraic map. We find the 
following situation. 


THEOREM 34. If m(R, B, X) is an algebraic Boolean map, then the X-sets 
are characterized as the closed subsets of 8 =€(A) which have at least one point 
in common with the set &'(a), where a is the ideal of nowhere dense sets in the 
basic ring A. The minimal X-sets are characterized as the one-element subsets 
of &'(a). The X-sets minimal with respect to the property of containing a given 
point p in E(a) ¢ B® =E(A) are characterized as the sets containing two points, 
the point » and a point of &'(a). 

First, let us show that every X-set § has at least one point in common 
with @’(a). By Theorem 30, we have § =] [a«<€(a) where c is the class of all 
ain A for which § ¢ G(a). By virtue of the bicompactness of 8 = (A), we 
see that 


= [] E(a)'(a) = 0 


aec 


if and only if €(a)G’(a) =0 for some a in c. By Theorem 28, we know that 
(a) contains a member of X if and only if €(a)€’(a) #0. Since § is an X-set, 
the relation § ¢ G(a) implies that €(a) contains some member of X. Hence 
we conclude that §G’(a)~0, as we wished to prove. If p is any point of 
&’(a), then pe€(a) implies that (a) contains some member of X; and the 
one-element set {p} is therefore an X-set. From these facts, the remaining 
statements of the theorem can be deduced in an obvious way. 

As a consequence of this theorem, we have the following comment on 
Theorem 29. 


THEOREM 35. In the notation of Theorem 29, every Z4-set in €(Ag) is an 
X-set. 


If § is a Z4-set and €(a) > § where aeAy, then E(a) contains some set 
34(r). Since 34(r) > X(r), it follows that § is an X-set. 

We now proceed to study a natural method for relating a general Boolean 
map to an algebraic map. 

THEOREM 36. Let m(R, B, X) be an arbitrary Boolean map where the bicom- 


pact Boolean space & is the representative of a Boolean ring A. Let a* = G(a) be 
the open subset of R determined from the given map through the relation 


416 M. H. STONE [May 


X(r) ¢ E(a), where a is an arbitrary element of A. Let A* be the basic ring gener- 
ated by the basis of all sets a* = @(a) in R; and let m(R, B*, X*) be the algebraic 
map defined by A* in 8*=€(A*). Let & be the class of all X-sets in B, 5* the 
class of all X*-sets in 8*. If & is an arbitrary X-set and ¢ is the class of all ain 
A such that &(a) > §, then the set {(%) =] Jac€(a*) is an X*-set. The corres pond- 
ence §—f(%) has the properties: 

(1) f carries $ univocally into a subclass 5** of *; 

(2) $1 > Ge implies > f(s); 

(3) the intersection of X-sets with the property f(§)=%*, where §* is a 
fixed member of &**, is an X-set with this property; and the intersection 
of all sets with the property is the unique X-set minimal with respect to 
this property; 

(4) ¥(r) is the minimal X-set with the property f(§) =X*(r); 

(5) f carries the minimal sets in § biunivocally into the minimal sets in $**. 

If the class §** contains the minimal sets in &* or, more generally, if each point 
of the set &'(a*), where a* is the ideal of nowhere dense sets in A*, belongs to 
exactly one minimal set in §**, the map m(R, B,X) has the following properties: 

(1) the union of all minimal X-sets is an X-set §(X); 

(2) every X-set has at least one point in common with the set §(X); 

(3) if E(a) < F(X), then E(a) contains no member of X. 

Since the set §(X) is closed, it is bicompact. 


The preliminary justification of the constructions leading to the algebraic 
map described here can be obtained by reference to Theorems 14, 23, and 25 
and to Definitions 7, 10, and 11. We begin our proof by a consideration of 
the definition of the correspondence f. By Theorem 30, we have ¥ =] J.<€(a), 
the notations being those introduced above. The elements a* = @(a) where 
aec constitute a class c* in A* which has properties (1) and (2) of Theo- 
rem 30. For a*=a* - - - a*=G(a) - - - G(a,) =G(q - - - dn) =G@(a) where 
--- da, isinc; and a*=@(a), aec, implies the existence of a point r in R 
satisfying the equivalent relations X(r)¢€(a), reG(a), re(a*)’-’=a*, 
X*(r) ¢ E(a*). Hence Theorem 30 shows that f(%) =] [e«c€(a*) is an X*-set. 
Properties (1) and (2) of the correspondence f are obvious from the definition. 
Next we consider property (3). If A is an abstract class of elements a to each 
of which corresponds a member §. of F such that f(§.) =§*es**, we wish 
first to prove that is an X-set with the property We 
again appeal to Theorem 30. We begin by writing §2=[]e«a)€(a), where 
c(q) is the class of all a in A such that &(a) > §.. We then define c as the class 
of all elements a=a,---a, where a,ec(a,) for k=1,---, m and n=1, 2, 
3,---.Itis then evident that c has property (1) of Theorem 30. In addition 
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we can prove that c has property (2). We first take the arbitrary element a 
in c and express it in the form a=a - - - dn, where a,ec(ax,), noted above. 
We then have a*=@(a) =G(a,) - - - G(a,) - - - a*, and E(a*) = €(a*) 

- + By hypothesis E(a*) > f(F.«,) = §* for k=1, - - - , m. Hence E(a*) 
also contains §*. Since §* is an X*-set, there exists a point r in R satisfying 
the equivalent relations ¥*(r) ¢ €(a*), re(a*)’—’ =a* = G(a), ¥(r) ¢ E(a). Since 
c thus has properties (1) and (2) of Theorem 30, we conclude that 


a= Ils. = II = &@ 


aeA aet(a) aec 


is an X-set. As we saw above, aec implies E(a*) > §*; and it follows that 
f(§) > §*. On the other hand the relation § ¢ aeA, implies ¢f(Fa) = F*. 
Hence we have {(%) = §*, as we wished to prove. It is now evident that the 
intersection of all sets § such that f(§) = }* is the unique X-set minimal with 
respect to this property. Part of the property (5) follows immediately from 
(2) and (3). If §* is minimal in the family ¥**, then the set § in ¥ which is 
minimal with respect to the property f(§) = §* exists by (3); and it must be 
minimal in the entire family $, since an X-set $1 contained in § has the 
properties ¢/(%) = = > F, and therefore coincides with §. 
The rest of property (4) is established by reasoning similar to that applied to 
prove (3). If § is minimal in $, and §i* is a member of $** contained in 
=f(§), then there exists a set in such that {(§:) = We let c be the 
class of all elements a in A such that a=bb, where &(b) > §, €(b:1) > hi. 
Then $$: =[]ec€(a). If a=bb, is any element in c, we have a*=b*b¥, 
€(a*) = €(b*)E(b*). By hypothesis E(a*) > F*. Since F* is an X*-set, there 
exists a point r in ® satisfying the equivalent relations ¥*(r) ¢ €(a*), 
re(a*)’~’ =a* =@(a), ¥(r) ¢ E(a). Since ¢ thus has properties (1) and (2) of 
Theorem 30, we conclude that §%: is an X-set. By virtue of the fact that § 
is a minimal X-set, we must have > and 
$i Thus §*=/(§) is minimal in as we wished to prove. If and 
$2 are minimal X-sets such that f($:) =/(%), then by (3) Fife is an X-set. 
Consequently 02 and Thus f defines a biunivocal 
correspondence between the minimal sets in § and those in $**. This com- 
pletes the proof of property (5). To prove property (4) we use Theorem 30 
once again. We have X(t) =] Ja«€(a), where c is the class of all a in A such 
that ¥(r) ¢ E(a). Since ¥(r) ¢ E(a), reG(a) =a* =(a*)’—’, and ¥*(r) E(a*) 
are equivalent relations, we see that 


= IT E(a*) = X*(r), 
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with appropriate reference to Theorem 26. On the other hand, if*§ is any 
X-set with the property /(§) =%*(r), we express § as an intersection of sets 
(a) containing §. We then have a* = @(a), €(a*) > ¥*(r) for such elements a, 
in accordance with the definition of the correspondence f. The second of these 
relations implies re(a*)’~’ = a* = G(a), ¥(r) ¢ E(a). Hence § contains X(r) ; and 
X(r) is the unique X-set minimal with respect to the property f(§) =%X*(r). 

Finally, we come to the special property described in the last part of the 
theorem. We begin by considering the class c of all elements a in A such that 
€(a*), where a* = G(a), contains a given point p in G’(a*). If - - - , a, are in 
c, then the element a =a, - - - a, has the properties a* = G(a) = G(a,) - - - G(a,) 
---a*, €(a*) =€(a*) - - - E(a*), peE(a*), and therefore belongs to c. 
If a is any element in c, then the relation pe€(a*) implies the existence of a 
point r in ® such that ¥*(r) ¢ €(a*), by virtue of the fact that {p} is 
an X*-set in accordance with Theorem 34. Since ¥*(r) ¢ €(a*) implies 
re(a*)’~’ =a* =@(a) and X(r) ¢ E(a), we conclude that ¢ has properties (1) 
and (2) of Theorem 30. Hence the set § =] [.<€(a) is an X-set, and its corre- 
spondent §*=f(%) =[].«€(a*) contains the point p. If §: is any X-set such 
that = we have 

Ta), W= =H, 
~deci deci 

where ¢; is the class of all a in A such that §, ¢ €(a). Hence we see that the 
set §* is the unique set in $** minimal with respect to the property of con- 
taining the given point p. Thus if a minimal set in ** contains the point p, 
it must coincide with §*. We now assume that each point p in &’(a*) belongs 
to exactly one minimal set in $**. Let us consider the union §(X) of all 
minimal sets in §. If 8 is any point in §’(X), a familiar argument shows that 
every minimal X-set § determines an element a in A such that § ¢ G(a), 
se€’(a). The corresponding element a*=@(a) then has the property 
€(a*) > f(§) =§*. By property (5) above, §* is a minimal set in $**. By our 
assumption concerning the minimal sets in $**, and by further reference to 
property (5), we see that the sets €(a*) thus obtained cover &’(a*). Because 
&’(a*) is bicompact, there exist elements a, --~-, @, such that the corre- 
sponding sets G(a*), - - - , E(a,*) cover G’(a*). If §* is any minimal set in 
§** it contains a point p in G’(a*); and this point belongs to no other minimal 
set in &**. If pe€(a*), a relation which must be satisfied for some index k, 
k=1,---,m, we see that §* ¢ E(a**) in accordance with the results proved 
above. Furthermore, there exists a unique minimal X-set § such that 
f(&)=3*. As we saw above, it is necessary that § ¢ G(a,): for the set 
[].«€(a), where pe€(a*) characterizes the class c, has §* as its correspondent 
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and is contained in €(a,). Now this result shows that every minimal X-set 
is contained in some of the sets G(a,), k=1,---, m. Hence, if we put 
a(8)=a,V --- Van, we have §(X) E(a(8)), (a(8)). The set F(X) there- 
fore coincides with the intersection of the closed sets €(a(8)) where 8%’ (X); 
accordingly it must be closed and bicompact. Since §(X) contains X-sets, 
namely, the minimal X-sets, it is obviously itself an X-set. Since every X-set 
contains a minimal X-set, the remaining properties stated in the theorem 
are obvious. 

In order to apply the preceding theorem, we shall appeal to the following 
result. 


THEOREM 37. Let S be any non-void subspace of a To-space R; let m(R, B,X) 
be the complete algebraic map of R in B® =E(Ay); and let B(S) be the closure of 
the union of all sets (8) where eS. Then the Boolean map defined by the family 
X(S) of all ¥(8), where 8S is a map m(S, B(S), X(S)) with the special prop- 
erty described in Theorem 36. 


If © is an arbitrary open subset of S, there exists an open set a in Ag 
such that a =G. It is then clear that, for 8 in S, we have X¥(8) ¢ G(a) if and 
only if 8e@. The set €(a)B(S) is a bicompact open subset of B(S) and there- 
fore represents an element } of the Boolean ring A which has $(S) as its 
representative. The correspondent b* of b in the basic ring A*, constructed 


for S as described in Theorem 36, is seen to coincide with the given set G. 
Hence the basic ring A* contains every open set in S as an element. If a* is 
the ideal of nowhere dense sets in A* and if » and q are distinct points in 
&’(a*), there exists an element a* in A* such that &(a*) contains p but not q. 
If b* is the interior of a* relative to S, then b* is also in A*. Furthermore, the 
relation a*=6* (mod a*) implies the relation €(a*)G’(a*) = €(b*)€'(a*). 
Hence &(b*) contains p but not q. By the previous remarks, the open set b* 
in S corresponds to an element 6 in A through the relation b* =G(d) of 
Theorem 36. We can now conclude that the intersection of all sets €(b*) 
which contain peG’(a*) and which correspond to sets } in A has no point in 
common with G’(a*) other than the given point. As we saw in the last part 
of the proof of Theorem 36, this intersection is a set §* belonging to $**. 
To complete the proof of the present theorem we need only show that §* 
is a minimal set in $**. We know that §* contains a minimal set §* in $**: 
for, if § is an X(S)-set in the map m(S, B(S), X(S)), it contains a minimal 
set §1; and its correspondent §i* =/(§:) is a minimal set belonging to ** and 
contained in §*. Since the set §* is an X*-set it must contain a point of 
&’(a*) by Theorem 34. Since §* has only the point p in common with @’(a*), 
we see that §,* also contains p. Now §* is by construction the set in $** mini- 
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mal with respect to the property of containing p. Hence §* coincides with 
and is minimal in 

4. Applications to the theory of extensions. One of the interesting and 
difficult problems of general set-theoretic topology is the study of the exten- 
sions of a given space. The term “extension” is used here in the sense indi- 
cated by the following definition. 


DEFINITION 13. If a To-space Q contains a subspace Rg equivalent to a 
given Ty-space R, then Q is said to be an extension of R; and KR is said to be 
imbedded in Q as the subspace Ra. If Ro is a proper subset of OD, then DQ is 
said to be a proper extension of R; and if RS =Q, the space Q is said to be an 
immediate extention of NR. 


The problem of extensions falls naturally into two distinct parts. If ® is 
imbedded in © as the subspace Ro, then the subspace Rs is evidently an 
immediate extension of # and a closed subset of Q. Thus the determination 
of possible extensions of a given T»-space # involves, first, the determination 
of an immediate extension of Rt, and, secondly, the determination of a space 
in which this immediate extension can be imbedded as a closed subset. The 
second step is one which is obviously more arbitrary than the first, since the 
local structure of Q at points “remote” from 9g can in general be modified 
in a quite essential way without regard to the properties of R or of Mo. 
Thus the second step becomes most interesting when some additional re- 
quirement, say, of connectivity or dimensionality, is laid upon the space Q. 
The first step, on the other hand, appeals to the intuition as one which is 
intimately linked with the structure of the given space #. Here we shall con- 
fine our attention to the first step. As we proceed, we shall see in greater 
detail how the structure of 9 determines that of its immediate extensions 
and how the theory of Boolean maps gives us a real insight into the problem 
under consideration. 

In the course of our investigations we shall find it desirable to classify 
the immediate extensions of a given space. For convenience, we collect the 
appropriate definitions here. 


DEFINITION 14. An immediate extension DQ of a To-space R is said to be a 
strict extension of KR, if, when KR is imbedded in Q as the subspace Rg, the 
following property is verified: if © is any open set in Q and q is any point in G, 
there exists an open set S$ in Q such that geS ¢ G and such that, whenever H* 
differs from $ by a nowhere dense set contained in Rg, the interior of H* is 
contained in &. 


DEFINITION 15. An extension 2D of a Ty-space R is said to be a T,-extension 
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of Rif, when KR is imbedded in DQ as the subspace Rg, the relations geQ, reRQ, 
and qx imply re{q}—, g¢{t}-; in other words, that each of the points q, tv is 
contained in an open subset of 2 which does not contain the other. 


DEFINITION 16. An extension Q of a To-space R is said to be an H-extension 
of R if, when KR is imbedded in DQ as the subspace Rg, the relations qeQ, reRQ, 
and qt imply the existence of two disjoint open subsets of 2 which contain 
q and t respectively. 


While the significance of Definitions 15 and 16 is evident, we may com- 
ment briefly on Definition 14. The property on which the latter definition is 
based means roughly that the points of #4 are no more “densely” distributed 
in Q than are those of Rg. A strict extension of ® is therefore one in which 
the “new” points are not adjoined in too lavish a manner. The technical 
reasons for introducing the particular form of definition which has just been 
set forth, will be developed below. 

An obvious method for constructing immediate extensions of a given 
To-space ® is based on the use of Boolean maps together with the concept 
of X-sets introduced in Definition 12. We obtain the following theorem. 


THEOREM 38. Let m(R, B,X) be an arbitrary Boolean map of a To-space 
R in a bicompact Boolean space B; and let Z be any family of X-sets in B con- 
taining the family X. Then under the topology of Theorems 14 and 23, Z is a 


To-space which is an immediate extension of R. In order that Z be a T,-extension 
of KR, it is necessary and sufficient that no set in Z—X contain or be contained 
in any distinct set belonging to Z. In order that Z be an H-extension of NR, it ts 
sufficient that no set in Z—X have a point in common with any distinct set le- 
longing to Z. 

If we consider Z and X as topological spaces, it is evident that X is a 
subspace everywhere dense in 2: for, if 39 is any element of Z and © is any 
open subset of $ containing 30, the neighborhood of 3» specified by the rela- 
tion 3 ¢ G contains some element ¥ of the subspace X, by virtue of the fact 
that 3o is an X-set. Since ®t is equivalent to X, by the definition of a map, 
the space Z is an immediate extension of ®. The conditions for Z to be a 
T,- or an H-extension of ® are obtained automatically when one adjusts 
the argument used in Theorem 23 to the requirements of Definitions 15 
and 16. 

In order to show that in Theorem 38 we may restrict attention to the 
algebraic Boolean maps without any loss of generality, we must establish 
some algebraic preliminaries. 


THEOREM 39. If R is a subspace of the To-space Q such that R-=Q and 
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if A is any subring of the complete basic ring Ag, then the correspondence 
a—aM® carries A homomorphically into a subring B of the complete basic ring 
Ay. If 6 is the ideal in A defined by the relation aR =0, then 6 consists of all 
nowhere dense sets which belong to A and are contained in §’; and B is an 
isomorph of A/b. The sets aR in B which are nowhere dense relative to R are 
precisely those for which a is nowhere dense relative to QD. 


It is evident that the correspondence a—at carries A homomorphically 
into a ring B of subsets of ®; and that B is an isomorph of A/6 in accordance 
with R Theorem 43. If a does not belong to the ideal a of nowhere dense sets 
in A, its interior a’~’ is a non-void open subset of a. Since #-=Q implies 
a’~’®R #0, the set a® contains a non-void subset, a’~’M, which is open relative 
to ®. Thus a has interior points relative to Rt and cannot be a nowhere 
dense subset of #. On the other hand, if @ is nowhere dense relative to Q, 
we can show that a is nowhere dense relative to 3. The closure of a¥ rela- 
tive to R is (aR)-R, the complement of this set relative to M is (aN)-’R, 
and the closure of the latter set relative to ® is [(aM)-’M |-R. We therefore 
have to prove that [(a®)~’R = MR. In view of the relations (aM)-R ca-R, 
(a®)~’R > a~’M, it is evidently sufficient to prove that (a~’R)- = Q. Now our 
assumption that a is nowhere dense means that a~’~ = Q. If we denote by @ 
the open set a~’ in OQ, we can complete our demonstration by deducing 
(G@R)-=Q from the known relations G-=R-=Q, G/-=G’. Since 
GRe(GR)-, we have (GR)(GR)-’=0, Re [G(GR)-’ |’ u (GR)-, 
(GR)- =G' u (GR)-, G ¢ (GR)-, Q=G- ¢ (GR)— = (GR)-, 
and hence (G@®)- = Q, as we desired to show. Thus we see that, when aeA, 
the set a} is nowhere dense relative to 9 if and only if aea. It follows that the 
relation a=a’~’ (mod a) in A implies the relation a =a’~’R (mod ay), where 
ag is the ideal of all nowhere dense sets in Ag. Since a’~’® is open relative 
to ®, it is clear that, by definition, a belongs to Ay. The various further 
properties of B and 6 are now evident. 


THEOREM 40. Let R, OQ, A, B, and b have the same meanings as in the 
preceding theorem; let B have the property that it is a basic ring for R; let 
m(Q, E(A), Z) and m(R, E(B), Y) be the algebraic maps determined by A and B 
respectively; and let m(R, E(A), X) be the map obtained by suppressing from the 
family Z in m(Q, &(A), Z) those members which correspond to points of R’. 
Then a set in &(A) is a Z-set if and only if it is an X-set. If A contains a basis 
for DQ, then B contains a basis for R and is a basic ring for R; and the map 
m(R, E(B), Y) is equivalent to the map obtained from m(R, E(A), X) by the 
suppression of the open set (6). Under the same condition on A, the set &(b) 
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is a set of redundancy in the map m(Q, (A), Z) if and only if R, Q, and b 
are related in the following manner: 
(P) if Gis any open set in Q and q is any point in G, there exists an open 

set S in Q such that qgeH ¢ © and such that, whenever $* =H (mod b), 
the interior of S* is contained in ©. 

The property (P) holds whenever Q is a strict extension of R; and Q is a strict 

extension of R whenever the property (P) holds for the case where A is the com- 

plete basic ring for Q. When &(b) is a set of redundancy in accordance with the 

foregoing conditions, its suppression from the map m(Q, E(A), Z) yields a map 

equivalent to m(Q, &(B), W), where W is a family of Y-sets containing Y as 

a subfamily in the map m(®, E(B), Y). 


If § is any Z-set in €(A) and (a) > F, then there exists a set 3 in Z such 
that €(a) >3. If q is the correspondent of this set in Q, then qea’~’ in accord- 
ance with Theorem 28. Since a’~’ is open in Q, the fact that #- = Q implies 
the existence of a point r in ® which belongs to a’~’. If ¥ is the set inX ¢Z 
corresponding to the point r, then €(a@) >X¥. Hence the set § is an X-set in 
accordance with Definition 12. Since X ¢ Z, Theorem 30 shows that every 
X-set is a Z-set. Thus the X-sets are identical with the Z-sets. 

If A contains a basis in O, then B contains a basis in %: for the sets in 
any basis in © intersect 9 in a basis for R. Thus, in this case, B is a basic 
ring for #. In view of the isomorphism between B and the quotient-ring 
A/b, the closed set &’(b) in €(A) is a Boolean space representing B in accord- 
ance with Theorem 4; and @’(6) and &(B) are topologically equivalent in 
such a manner that the relation =a implies the correspondence of the sets 
&’(b)€(a) and &(5) under the equivalence. In order that 9)(r) ¢ €(b), where 
re® and eB, it is necessary and sufficient that r be an interior point of } re- 
lative to In order that &’(b)X(r) ¢ G’(b)E(a), where and aeA, it is 
necessary and sufficient that X(r) ¢€(b) u E(a) or, equivalently, that 
X(r) ¢ E(c), where c is an element of A such that c=a (mod 5). A proof 
of this assertion runs as follows: the relations ¥(r) ¢ €(b) u E(a) and 
X(r)€’(a) ¢ E(b) are equivalent; since X¥(r)€’(a) is a closed set in the bicom- 
pact space (A), a familiar argument shows that the second of these relations 
can hold if and only if there exists an element d in 6 such that ¥(r)€’(a) ¢ €(d); 
if we take c=a vd=a (mod b), we have X(r) ¢ E(a) u E(d) = E(c); and, on the 
other hand, if c=a (mod 6) and X(r) ¢ G(c), we have d=a’'ceb, X(r)€'(a) 
&(c)G’ (a) = E(a’c) = E(d). With the help of the indicated characterizations 
of the relations 9)(r) €(b), €’(b)X(r) ¢ we shall now show that 
the equivalence between &’(6) and carries &’(b)X(r) into Y(r). First, 
if we have G’(b)X(r) ¢ G’(b)€(a), we find an element c of the kind described 
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above, noting that c=a (mod 6) implies b=aR=c by the definition of the 
ideal b, and that ¥(r) ¢ (c) implies rec’~’. Since r is in the set c’—’R which is 
contained in the interior of b=c® relative to R, we see that 9(r) ¢ E(d). 
Now @’(6)X(r) is the intersection of all the sets &’(b)€(a) containing it; its 
image is therefore the intersection of all the corresponding sets €(d) in E(B), 
where b=a%; and hence its image contains 9(r). Secondly, if we have 
9(r) ¢ E(b) or, equivalently, if r is in the interior of 6 relative to R, our 
assumption that A contains a basis for Q leads to the result that there exists 
a set d=c, where c is an open set belonging to A and d is therefore open 
relative to 9, with the properties red<b. Hence the relations rec=c’~’, 
€(d) imply the relations X(r) ¢ E(c), €’(b)E(c) E'(b)E(a), where 
and b=a®. We conclude that &’(6)X(r) ¢ E’(6)E(a). Now since 9)(r) is 
the intersection of all the sets €(b) containing it, where beB, its image in 
&’(b) is the intersection of all the corresponding sets &’(b)€(a), where b =a; 
and its image therefore contains the set &’(b)X(r). Combining these results, 
we see that the sets G’(b)X(r) and 9)(r) are images of one another, as we wished 
to prove. Accordingly, the suppression of the open set €(6) from the map 
m(R, E(A), X) yields a map equivalent to m(R, E(B), Y). It follows that 
(6) is a set of redundancy in harmony with Definitions 8 and 9. 

It is now possible to analyze the removal of the set €(6) from the map 
m(Q, €(A), Z). Applying the criterion given in Theorem 18, we see that €(6) 
is a set of redundancy if and only if, whenever €(a) > 30, there exists a set do 
in A such that €(6) u E(ao) > while €(6) u E(ao) implies E(a) 33. Let us 
consider the sets in A which are congruent (mod 6) to such a set ap. If c is any 
such set, we have €(b)u €(ao) = E(b) u E(c) since E(ap)AE(c) = E(ao+c) 
As we proved in the preceding paragraph, the relation €(b)u (ao) >3 is 
equivalent to the relation €(c) >3 for some such set c. Hence it is possible to 
choose dy so that €(a9) 33 while €(6)u E(ao) 23 implies E(a) >3: for if ao 
does not have the first property we can replace it by a congruent set which 
does, and this substitution does not affect the significance of the inclusion 
€(b)u E(ao) >3. The point q corresponding to 3» is then interior to ad» as well 
as to a. In order that the inclusion (6) u €(ao) 23 imply E(a) > 3, it is neces- 
sary and sufficient that c=a» (mod b) imply c’~’<a’~’. We begin with the 
necessity of this condition. The sets c’~’, a’~’ are the subsets of © specified by 
the relations €(c) €(a) >3. Hence, from the assumptions (mod 6), 
€(c) >3, we can deduce the relations €(6) u E(ao) = E(b) u E(c) 33, E(a) 23, 
and c’~’<a’~’. We pass then to the sufficiency. If €(6)u €(a) 33, there 
exists a set cin A congruent to a» (mod b) such that €(c) > 3; and the assump- 
tion that c=d» (mod b) implies c’~’<a’~’ then leads to the relation €(a) >3. 
In view of the preceding discussion, we see that &(b) is a set of redundancy 
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if and only if, whenever a is a set in A and q an interior point of a, there 
exists a set d) in A which contains q as an interior point and which has the 
property that, for c in A, the relation c=a (mod 6) implies c’~’<a’~’. It is 
evident that if A contains a basis this condition can be replaced by the re- 
quirement that ©, 9, and b have the property (P) stated in the theorem. 
First, let us deduce (P) from the condition just given. If G is any open set in 
© and q any point of G, we choose a in A so that gea’~’c G; we may, of 
course, take a as an open set if we wish. We then determine a» and choose 5 
as an open set in A so that qeS cap-’. Then, if 5*= (mod b), we see that 
§* belongs to A and is contained in the set c=ay) u H’H* =ay (mod b), where 
c also is in A. Hence we have (§*)’~’ cc’—’ ca’~’ c G. Thus (P) is verified. 
On the other hand, if (P) holds, we apply it, taking G=a’~’ with a in A and 
qea’~’, so as to determine an open set § containing q and possessing the 
other indicated properties. We then choose a» as an open set in A so that 
qed) ¢ . If c=ao (mod b), we see that c belongs to A and is contained in 
$*=GHuasc=H (mod Hence we have c’~’<(§*)’-’ cG=a'—’, as we 
wished to prove. 

On comparison with Definition 14, it is evident that the property (P) 
holds whenever © is a strict extension of 9. On the other hand, if A is the 
complete basic ring of ©, the ideal 6 consists of all the nowhere dense subsets 
of ®’; and, if the property (P) holds in this case, OQ must therefore be a 


strict extension of #. The remaining statements of the theorem are obvious 
consequences of the results already obtained. 

On combining Theorems 39 and 40, we see that the construction of ex- 
tensions of a given space ¥ can be carried out in the following way: 


THEOREM 41. Jf R is an arbitrary To-space and Ay is the complete basic 
ring of R, then every immediate extension of KR can be found by the following 
construction: the algebraic map m(R, E(Ag), Y) is constructed, the space €(Ax) 
is then imbedded in any suitable bicompact Boolean space 8, and each set 9) is 
enlarged by the adjunction of points in ®—€(Ay) to form a set ¥ in such a way 
that the resulting family X in B provides a map m(R, B, X); and then the con- 
struction of Theorem 39 is applied to the latter map. In this procedure the 
following specializations are possible: 

(1) every strict extension of KR can be obtained under the conditions 

B=C€(Ag), 

(2) there is no loss of generality in supposing that the enlarged sets X corre- 

sponding to sets Y) are disjoint whenever the latter are disjoint; 

(3) every immediate H-extension can be obtained under the restriction de- 

scribed in (2) and the further restriction that no set 3 in the family 
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Z—X have a point in common with any distinct set in the family Z, the 
notations being those of Theorem 39; 
(4) every strict H-extension can be obtained under the conditions described 
in (1) and (3), that in (2) being trivial. 
The foregoing construction can be applied to any algebraic map m(R, E(A), Y), 
but does not necessarily provide all extensions of R when AX Ag. 


If Q is any immediate extension of R, we can apply Theorem 40 using 
the complete basic ring Ag of Q. The corresponding basic ring B then 
coincides with the complete basic ring Ag for , as we see by reference to 
Theorem 39. Indeed, it is evident that B contains every subset of 9 which is 
open relative to , since Ag contains every open subset of Q. Furthermore, 
if § is a subset of R nowhere dense relative to R, we see that § is in Ag 
and hence also in Ag: for the assumed relation (§-’R)-“R=R implies 
Q=R- ¢ (F-’R)- ¢ F-’-R- = F-"-,, so that F is nowhere dense relative to Q. 
According to Theorem 24, it follows that B contains Ay; but, as a subring of 
Ay, B coincides with Ag. Hence the map m(Q, &(Ag), Z) is related to the 
map m(R, €(Ag), Y) in the manner indicated in Theorem 40 and described 
from another point of view in the constructive program stated above. Thus 
our construction is capable of providing all possible immediate extensions 
of ®. If Q is a strict extension of , we know from Theorem 40 that the set 
€(b) = €(Ag)—€(Ag) can be suppressed from the map m(Q, E(Ag), Z) so 
as to yield a map m(Q, €(Agx), W) with W> Y. Thus we obtain all strict 
extensions of 9 under the special conditions stated in (1). If we now refer to 
the proof of Theorem 28, we see that two distinct points in R (or in Q) have 
the H-separation property, namely, the property of belonging respectively 
to two disjoint open sets, if and only if their representative sets 9) (or 3) are 
disjoint. We observe that two distinct points in have the H-separation 
property relative to Rt if and only if they have that property also relative 
to Q: for the open sets in are precisely the sets GR where G is open in QO; 
and the relations (G,G.)R = (G:N)(G2R) =0 and G,G.=0 are equivalent by 
virtue of the fact that 9%-=Q. Hence the sets ¥ in m(Q, E(Ag), Z) or 
m(R, €(Ag), X) corresponding to two points in ® are disjoint if and only if 
these points have the H-separation property relative to 2; that is, if and 
only if the corresponding sets 9) in m(R, E(Ag), Y) are disjoint. Thus we 
conclude that (2) and (3) are valid, the latter in accordance with Defini- 
tion 16. Reviewing the preceding discussion, we see also that (4) is valid. 

There are two general comments to be made on the construction de- 
scribed above. First, the imbedding of a Boolean space in another offers no 
difficulty: for, by reference to Chapter I, §3, we see that this can be accom- 
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plished, in all possible ways, by imbedding the given Boolean space as a 
set § in one of the universal Boolean spaces %, of sufficiently great character 
c, and then retaining some Boolean subspace of 8, which contains §. The 
whole process can, of course, be expressed in purely algebraic terms. Secondly, 
the construction of the family X from the family Y has not been analyzed 
in a precise way. We see in fact that there is a significant distinction between 
the concepts of immediate and of strict extensions. The strict extensions of a 
To-space ® are obviously quite closely bound by the topological structure 
of ®, while the immediate extensions are related to R in a somewhat vague 
manner. 

The final statement of the theorem does not require elaboration. 

As an immediate corollary of Theorem 41, we have the following result: 


THEOREM 42. Every immediate T,-extension of a T,-space is a T\-space; 
and every immediate H-extension of an H-space is an H-space. 


We discuss only the second statement of the theorem, leaving the quite 
similar proof of the first part to the reader. If the T)-space Q is an H-exten- 
sion of the H-space ®, then we see, as in the proof of Theorem 41, that no 
set in the family Z—X has a point in common with any distinct set in 7; 
and that the sets in X, like those in Y, are mutually disjoint. Hence the sets 
belonging to Z are all disjoint; and Q is therefore an H-space. 

We shall now proceed to consider, with the help of the preceding general 


theory, several more specific problems concerning extensions. These problems 
all cluster about the following general definition: 


DEFINITION 17. A To-space % is said to be absolutely closed with respect to a 
particular type of extension if it has no proper extension of that type. 


The first results which we report are well known and almost trivial. 


THEOREM 43. The only To-space which is absolutely closed with respect to 
immediate extension 1s the void space. 


Using the construction of Theorem 41, we map a non-void T)-space ® 
in the space €(Ag), imbed €(Ag) as a proper subset in a bicompact Boolean 
space $, take X=Y, and obtain Z by adjoining to X a single X-set which 
has at least one point in common with 8—€(Ag). The determination of 
such an X-set is easily carried out with the help of Theorem 34. Under the 
usual topology, Z is an immediate 7 o-extension of In any the 
void set is closed, 0-=0. Hence the void T»-space can be imbedded in any 
T,-space and is closed therein. We see therefore that it has no proper im- 
mediate 7 o-extension. 

We can, however, obtain a stronger result than this. 
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THEOREM 44. The only T,-space which is absolutely closed with respect to 
strict T >-extension is the void space. Indeed, every non-void To-space R becomes, 
by suitable adjunction of a single point, a bicompact T-space which is a strict 
To-extension of 


Let © be the class obtained by adjoining a single point & to the space ®. 
In Q, let & be the class comprising the following subsets of Q: (1) the void 
set; (2) the sets § u{£}, where § is closed in R. Then the class F has the 
following properties: (1) the finite union and the arbitrary intersection of 
sets in § are in $; (2) the void set and the set O are both in $. Hence we can 
introduce in Q a closure operation such that the closed sets are precisely the 
sets belonging to s.* Since this closure operation has the properties that 
0-=0 and {p}-={q}- implies p=q, the space Q is a Ty-space. In fact, 
0-=0 is trivial, and the second property is established as follows: if p~q 
and pe®, geM, then {p}~ and {q}~ are obtained by adjoining £ to the corre- 
sponding closures, relative to R, of {p} and {q}, so that {p}-~{q}-; and, 
if pe, then {p}- contains {f}-={£} as a proper subset, the set 
{€} =0 u{£} being closed by definition. Moreover, the space © is bicom- 
pact. Indeed, if an open set G in Q contains ~, then W’ is closed and does not 
contain £, so that G’=0 and G@=Q. Hence any family of open sets which 
covers Q must contain a subfamily consisting of OQ alone, which already 
covers Q. 

It remains for us to prove that © is a strict extension of 3. The closed 
sets in Rt are precisely the sets §R where § is closed in Q, so that Q contains 
R as a relative subspace. The closure of 9% in O is the intersection of all closed 
subsets of Q which contain Rt; but, since the only such set is © itself, we 
have #- = Q. Hence © is an immediate extension of R. The only subsets of 
are 0 and {£}. Since 0-’- =0’-=Q-=Q, {£}-’-={£}/-=R- both 
sets are nowhere dense in Q. Thus the only way of modifying an open subset 
@ of Q by operating with the nowhere dense subsets of St’ is to suppress or 
adjoin £. Hence we have to consider two cases under Definition 16: first, the 
case where contains £ and this point is suppressed; and, second, the case 
where & does not contain ~ and this point is adjoined. If @ contains &, 
then G©=Q and the open set G—{£} is contained in G. If © does not con- 
tain the interior of u{£} coincides with G: for (G u{£é})’’ 
=(@’R uf{é})’=(Gu R)R=G since G’R is closed in R and obviously has 
G’R u{£}, a closed set in Q, as its closure relative to OQ. Thus we see that Q 
is a strict extension of in harmony with Definition 16. 

We have also the following fact. 


* AH, p. 41, Satz VI. 
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THEOREM 45. The only To-spaces which are absolutely closed with respect 
to immediate T,-extension are the finite T o-spaces. 


While it would no doubt be instructive to discuss this assertion by means 
of the general mapping theory, the argument is quite involved. It is therefore 
simpler to appeal to results given by Alexandroff and Hopf.t Their construc- 
tion shows how to adjoin a single point to an infinite T»-space so as to obtain 
an extension. It is easily verified that this extension is actually an immediate 
T,-extension. On the other hand, if © is a 7;-extension of a finite T»-space ®, 
we can show that #-=® in O and can then conclude that # has no proper 
immediate 7)-extension. In fact if peR and geM’, we see that there exists an 
open set & such that pe@’, qeG. Hence {p}- ¢ G’-=G’ in OQ; and we must 
have {p}-¢§®, since q is arbitrary in ®’. If the points of ® are pu, - - - , Pr, 
we therefore have R-={pi}-u--- u{p,}-eR, R-=M, as we wished to 
prove. 

In contrast with the foregoing results we shall now establish the existence 
of less trivial T>-spaces which are absolutely closed with respect to strict 
T,-extension. 


THEOREM 46. Jn an arbitrary infinite class R, let a closure operation be 
defined as follows: (1) if § is a finite subset of R, then ¥-=§; (2) if F is an 
infinite subset of R, then §F-=R. Then R is a bicompact T;-space which is 
absolutely closed with respect to strict T,-extension. 

It is easily verified that the indicated closure operation has the properties 
§-25, (hu 0-=0, {r}-={r}, so that M is a 
T,-space. Moreover, ®t is not an H-space. Indeed the only closed sets in 
R are R and its finite subsets, the only open sets in ft are the void set and the 
subsets differing from ® by finite sets, and any two non-void open sets must 
therefore have points in common. The nowhere dense sets in t are precisely 
the finite subsets of R: for §-’-=NR if and only if §-’ is infinite, §- finite, 
and § finite and equal to §-. The complete basic ring Ay for Rt is thus seen 
to consist of the finite subsets of # and their complements. In order to de- 
termine the Boolean space (Ag), we first introduce a new topology in the 
class #, obtaining a space #*. The closure operation is defined for this pur- 
pose by setting §- = § for every subset § of R. In K* every set is both closed 
and open; in particular, the one-element sets constitute a basis in R*. It is 
therefore evident that * is a non-bicompact Boolean space in which the 
bicompact subspaces are precisely the finite subsets. Thus )t* is a representa- 
tive of the Boolean ring without unit consisting of the finite subsets of * 
or of #. Since the ring Ag is obtained from the one just described by the 


ft AH, p. 26, Beispiel 3, and p. 90, footnote. 
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adjunction of ® as unit, we conclude that €(Ay) is obtained from the space 
R* by the suitable adjunction of a single point p in accordance with Theo- 
rem 8. Since the ideal ag of all nowhere dense sets in Ay coincides with the 
class of all finite subsets of 9%, we see further that the set €’(ay) consists of 
the point p alone. It is now evident that in the map m(R, €(Ax), Y) the sets 
Y) are precisely the two-element sets containing the point p: if r is any point 
of ® the sets in Ag which contain it as an interior point are precisely the 
infinite sets in Ag which contain it; and the representatives of these sets in 
(Ag) have as their intersection the set ¥(r) consisting of the point 
r*=r in R* c E(Ag) and the adjoined point p. If we now apply the construc- 
tion of Theorem 41 to find the strict 7\-extensions of Rt, we find that we 
must take Z=X=T: for the only Y-sets in €(Ag) are those which contain 
the point p, by virtue of Theorem 34; and every Y-set therefore either con- 
tains a set 9) or is contained in a set 9). Thus ® is absolutely closed with re- 
spect to strict 7\-extension, as we wished to prove. To show that ® is bi- 
compact, we recall that any non-void open set in ®t differs from R by a 
finite set; and it is evident that any family of open sets which covers ®t con- 
tains a finite covering subfamily, one member of this subfamily being chosen 
arbitrarily and the others then being chosen so as to cover the complementary 
finite set. 

If we consider the map described in the preceding proof, we see that it is 
possible to state the following result. 


THEOREM 47. The space KR of Theorem 46 has a bicompact strict extension 
which is a To-space absolutely closed with respect to strict T,-extension. 


Following the construction of Theorem 41, we take 8 = €(Ag) andX=YT, 
and determine Z as the family consisting of the sets in X together with the 
set {p}. We thus obtain a Ty-space Q which is an immediate extension of R 
arising from ® by the adjunction of a single point — corresponding to the 
set {p}. From the fact that every set in X=Y contains p, we see that 
{¢}-=Q. In consequence the only nowhere dense subset of #’ is the void 
set. Therefore the complete basic rings Ag and Ay are isomorphic under the 
correspondence a—at, as we see by reference to Theorem 39 and the proof 
of Theorem 41. The map m(Q, (Ag), Z) which was constructed above is 
therefore equivalent to the complete algebraic map of Q. As in the preceding 
theorem, we infer that Q is absolutely closed with respect to strict 7;-exten- 
sion. Moreover, we see that Q is not merely an immediate extension of ® 
but also a strict extension. Finally we show that © is bicompact. Any family 
of open sets which covers Q intersects ® in a family of open sets which covers 
®; and therefore contains a fir.ite subfamily which covers ®, by virtue of the 
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bicompactness of #. To this subfamily, we can adjoin a member of the given 
family which contains the point £, thereby obtaining a finite subfamily which 
covers the entire space Q. 


THEOREM 48. Jn order that a To-space R be absolutely closed with respect to 
strict T,-extension, it is necessary that R be bicompact. Any non-bicompact 
To-space R becomes, by the suitable adjunction of a single point, a bicompact 
To-space Q; and Q is a strict T,-extension of R. 


If R is a non-bicompact JT >-space, we define a topology in the class 
Q=R u{é} by specifying that the closed subsets of O be (1) the bicompact 
subspaces of # and (2) the sets § u{£} where § is closed in . The indicated 
subsets clearly have the properties which characterize them as the closed sets 
under a suitable closure operation.* Since {£}-= {£} on account of the fact 
that {¢} ={£}u0 is closed in Q, and since R-=Q on account of the fact 
that © is the only closed subset of 2 which contains ®, we see that © is an 
immediate 7;-extension of ® containing ® as an open subset. It is easily 
verified that © is a To-space, of course. That © is bicompact, we see as 
follows: if a family of open sets covers 2, we choose an arbitrary member © 
such that eG, observing that G’ must be bicompact since it is closed in QO 
and does not contain £; and we can then determine a finite covering sub- 
family by selecting from the given family a finite number of further sets 
which cover the bicompact set @’. Finally we show that © is a strict exten- 
sion of %. Obviously the nowhere dense subsets of 9’ are 0 and {£}. Thus if 
® is any open set containing £, the modified set G©— {£} =GR is open and 
is contained in G. If G is an open set containing a point r in R ¢ Q, there 
exists an open set § with the properties reH ¢ G, fH’ and the special prop- 
erty that 5’% is closed but not bicompact relative to R. We find © as follows. 
First, in the space 9, there must exist an open set @» which contains r and 
which has a non-bicompact complement relative to : for otherwise R would 
be bicompact, contrary to hypothesis; indeed, any covering family of open 
sets would contain a set covering r and a finite number of further sets covering 
the bicompact complement of the first. Now Go, being open relative to the 
open subset # of Q, is open in O and does not contain &. If we put H= GG, 
we see at once that qaeHcG, tH’, H'R=G’Ru GJ RK. Since Gs R is not bi- 
compact, §’% cannot be bicompact. Thus the construction of § is completed. 
We now see that the interior of the modified set  u{£} coincides with § and 
is therefore contained in @: we have (© u{£})’-=(9’R)- = since 
is closed in R but not bicompact; and thus u{é})/-’=(G'R u{E})’ 


* See AH, p. 41, Satz VI, and pp. 93-94. 
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=( u{é})R=H. Consequently, O is a strict extension of R in accordance 
with Definition 14. 

From the preceding construction, it is apparent that a T7»-space absolutely 
closed with respect to strict 7,-extension is necessarily bicompact. The con- 
verse proposition seems not to be true. Examples might be developed on the 
basis of Theorem 41 to show that such is the case; but we shall not continue 
the discussion here. 

The study of H-extensions is somewhat easier because of the special con- 
ditions noted in Theorem 41. We first have a general characterization. 


THEOREM 49. Jn order that a To-space N be closed with respect to immediate 
or with respect to strict H-extension, it is necessary that in every algebraic map 
m(R, B,X) the family X cover the closed set €'(a), where a is the ideal of nowhere 
dense sets in the basic ring A defining the map; and it is sufficient that in a single 
algebraic map the family X have this property. 


First, let Q be an immediate H-extension of R; and consider the maps 
m(2Q, E(Ag), Z), m(R, E(Aw), Y) as described in Theorem 41. Since OQ is an 
H-extension of ®, the sets in Z—X, where X is the family arising from the 
map m(R, €(Ag), X), are disjoint from the sets of Z. Since any set 3 is an 
X-set, it must have points in common with the set €’ (ay) ¢ E(Agx) ¢ E(Ag), 
if we regard €(Ag) for convenience as a subset of €(Ag) in accordance with 


the analysis of Theorem 41. Indeed, we know from Theorem 34 that every 
set 9) in €(Ag) has a point in common with ©’ (ag); and from Theorem 41 that 
every set ¥ is obtained from a corresponding set 9) by the adjunction of points 
in €(Ag)—€(Ag). Thus, if § is any X-set in €(Ag) and G any open set 
containing §, then & contains some set ¥, hence contains a set 9) which is a 
subset of X¥, and hence contains some point of G’(ay). It follows that 
§G&’ (ag) ~0, as we wished to show. Thus, if © is a proper extension of ®, 
the family Z—X contains a set 3 which is disjoint from every set ¥ and thus 
contains a point in &’(ay) which belongs to no set 9); in other words, Y does 
not cover &’ (ay). 

Next, let the map m(®, €(Ag), Y) be such that Y does not cover &’ (ag); 
in particular, let p be a point of ©’(ay) which belongs to no set 9). We then 
carry out the construction of Theorem 41, taking 8 = (Ag), X= TY and de- 
termining Z by adjoining {p} to the family X. By Theorem 34, {p} is an 
X-set. We therefore obtain an immediate H-extension Q of # which arises 
from ® by the adjunction of a single point £ corresponding to the set {p} 
in Z. It is evident that {£} is closed but not open in Q, and that ® is open 
but not closed in Q. Now we can prove that © is a strict extension of §. 
Clearly the nowhere dense subsets of ®’ are 0 and {£}. If G is any open set 
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containing £, then the modified set G — { £} = GM is open and contained in G. 
If @ is any open set containing a point r in WR, then the fact that r and & 
have the H-separation property implies the existence of an open set © such 
that reH G, teH~’ H’. The modified set cannot contain as an 
interior point since, if it did, the set (6 u{£})©~’ = {£} would have interior 
points. Hence the interior of § u {¢} coincides with § and is contained in @. 
It follows that © is a strict extension of §t in accordance with Definition 14. 

If we change our notation slightly to conform with that of Theorem 29, 
we can therefore assert that the To-space ® is absolutely closed with respect 
to immediate or strict H-extension if and only if in the complete algebraic 
map m(R, (Ag), X) the family X covers the set G’(ay). The relation be- 
tween the complete map and an arbitrary algebraic map m(R, €(A), Y) de- 
scribed in Theorem 29 now shows that X covers &’(ay) if and only if Y covers 
&’(a) in €(A): for the univocal correspondence set up there between G’ (ag) 
and @’(a) carries ¥(r)€’(ag) into 9)(r)€’(a) and, conversely, carries 9)(r)€’ (a) 
back into X(r)G’ (ay). The present theorem is thus completely proved. 

The criterion for absolute closure with respect to H-extension which has 
just been established can now be replaced by a more familiar criterion, which 
we give in a somewhat generalized form. 


THEOREM 50. A To-space ® is absolutely closed with res pect to immediate or 


with respect to strict H-extension if and only if every covering family of open 
sets in R contains a finite subfamily of open sets with closures which cover R. 
In this criterion, the sufficiency is maintained even if the covering families con- 
sidered be restricied to be subfamilies of an arbitrary basis for R. 


We establish this theorem by consideration of the map m(R, €(Ag), X), 
recalling that every open set in # is a member of Ag. The open sets in any 
family G' which covers ®t are represented in €(Ag) by sets E(a), aeAg, with 
the property that every set X(r) is contained in at least one of them. If X 
covers &’(ag), the family of sets E(a) also covers &’(ay). Thus the bicom- 
pactness.of &’(ay) establishes the existence of open sets ai, - - - , in G such 
that ©’ (ay) ¢ E(a:) u - - - u E(a,). The relation ¥(r)€’ (ay) ~0 implies the rela- 
tion ¥(r)€(a,) #0 for at least one index k corresponding to the point r in ®R. 
According to Theorem 28, the relations ¥(r)€(a,) ~0 and rea are equivalent. 
Hence we obtain the desired relation ag v --- var aieG,---, aneG. 
On the other hand, if X does not cover &’ (ag), let p be a point of &’ (ay) which 
belongs to no set ¥. Then if r is any point of ®, there exists an element 6(r) 
in Ag such that X(r) ¢ E(d(r)), peE’(b(r)). If a(r) =b(r)’~’ is the interior of 
b(r), the relation a(r) =b(r) (mod ay) shows that E(a(r)) (ax) = E(b(r)) (aw) 
and hence that peG’(a(r)); and the relation reb(r)’~’ =a(r) shows in accord- 
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ance with Theorem 28 that X(r) ¢ €(a(r)). Thus the sets a(r), reR, constitute 
a family G’'of open sets covering ®. If a, - - - , a, is any finite subfamily of G, 
we have pe@’(a;) - - - = €(a), where a=a/ - - - a,/. Since {p} is an X-set 
in accordance with Theorem 34, there exists a point r such that X¥(r) ¢ E(a). 
By virtue of Theorem 28, we conclude that rea’~’=(a,v --- va,)~’ 
--- va)’. Hence no finite subfamily of has the property that 
the closures of its members cover . On comparing these results with those 
established in Theorem 49, we see that the first part of the present theorem 
is proved. 

We still wish to show that, if the indicated property holds merely for 
covering families chosen from an arbitrary fixed basis in R, then # is abso- 
lutely closed with respect to immediate or strict H-extension. We obtain this 
result by showing that we can pass from such restricted covering families to 
quite general families. Thus let G be an arbitrary covering family of open 
sets. If r is any point of ®t, there exists at least one set G(r) in G which 
contains r; and hence there exists in the given fixed basis a set $(r) such that 
reO(r) ¢ G(r). The family 3 of all sets H(r) is then a subfamily of the given 
basis which covers %. By hypothesis, therefore, there exist sets 1, ---, Dn 
in such that Hf u--- vu =R. The corresponding sets G,, - - - , G, in 
G then have the property GF u---u Gr vH-=R. This com- 
pletes the proof. 

Having examined the extension problem in a general way, we shall now 
proceed to consider specific imbedding and extension theorems, some of 
which, long formulated, have hitherto remained unproved. Our first result 
does not concern immediate extensions, but is conveniently stated at this 
point. 

THEOREM 51. Let O, be the To-space obtained by topologizing the family Z 
of all closed sets in the Boolean space 8, in the usual way, ¢ being any infinite 
cardinal number. Then 2, is a universal To-space of character ¢; in other words, 
every To-space R of character not exceeding ¢ is topologically equivalent to a 
subspace of 


From Theorem 23, we know that Q, is a To-space of character not ex- 
ceeding that of %,. On the other hand, Q, contains %, as a subspace, since 
the one-element subsets of 8, are members of Z; and its character is there- 
fore not less than that of %,. Hence the character of Q,, like that of %,, is 
equal to c. 

Now if ® is an arbitrary To-space of character not exceeding c, it has 
a basis of cardinal number not exceeding c; and the basic ring A gener- 
ated by such a basis has cardinal number not exceeding c. We consider the 
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map m(R, (A), X). Since the character of €(A) does not exceed c, we may 
regard it as a closed subset of the Boolean space %, in accordance with the 
results of Chapter I, §3. Thereby we obtain a map m(R, %,., Y) where TY is 
the subfamily of Z consisting of the sets of X, now regarded as closed subsets 
of %,. It follows immediately that Z is an extension of Y, Q, of R, in accord- 
ance with Definition 13. 

The discussion of universal finite To-spaces is omitted here. Some re- 
marks on this subject will be found in the following section. 


THEOREM 52. Every To-space R has a strict H-extension 2Q which has the 
same character as R and which is absolutely closed with respect to immediate or 
with respect to strict H-extension. The space R’ of points adjoined to KR in this 
extension may be taken as a totally-disconnected H-space.* 


As in the preceding theorem, we consider a map m(, (A), X) deter- 
mined by a basic ring A generated by a basis for 8 with minimal cardinal 
number c. The character of €(A) is then equal to c, if we exclude the trivial 
case of finite spaces #. We obtain the desired space 0 by adjoining to the 
family X all the one-element sets {p} where p is a point of &’(a) which belongs 
to no set X. It is then evident that Q is an immediate H-extension of ® in 
accordance with Theorems 38 and 41. The character of Q is not less than 
that of its subspace c; and is not greater than c because of Theorem 23. 
Hence the character of Q, like that of ®, is equal to c. Moreover, the topology 
of the set of points adjoined to ® in the construction of © is equivalent to 
that of a subset of &’(a); it is therefore a totally-disconnected H-space. 

We prove next that © is actually a strict extension of #. Let us consider 
an open set specified in Q by the relations 3(q) ¢ €(a), aeA, aea, where 3(q) 
is either a set in X or one of the adjoined sets {py}. To this set we adjoin an 
arbitrary subset of #’, thus obtaining a set § in O and a corresponding family 
of sets 3(q), qe}. We determine §’~’, the interior of §. The sets 3(q) corre- 


sponding to §’ are all the sets 3(q) such that 3(q)€’(a) <0, with the exception. 


of the one-element sets which were involved in the adjunction described 
above. The sets 3(q) corresponding to §’~ are precisely the sets 3(q) such 
that 3(q)G@’(a) +0, as we see by examining the situation in detail. First, if 
3(q) ¢ E(a), the point q cannot belong to §’~ since the assumed relation 
means that the open set specified in Q by 3 ¢ E(a) contains q but does not 
contain any point of §’. Secondly, if 3(q)={p} is in €’(a), then the fact 

* The problem of the existence of an immediate H-extension of an H-space ®t under the require- 
ments that the extension shall have the same character as t and shall be absolutely closed with re- 
spect to immediate H-extension, was proposed by Alexandroff and Urysohn, Mémoire sur les 


espaces topologiques compacts, Verhandelingen der Koninklijke Akademie van Wetenschappen te 
Amsterdam, Deel XIV, No. 1 (1929), p. 52. 
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that {p} is an X-set shows that, whenever €(b) contains p, then €(a’b) 
= €’(a)E(b) contains {p} and also a set X(r), re®; since the point r thus 
belongs to §’ in accordance with the fact that ¥(r) ¢ G’(a), we conclude 
that q belongs to §’~. In view of this characterization of the set §’-, we see 
that §’~’ consists of those points q for which 3(q) ¢ €(a). Now let G be any 
non-void open set in O and let q beany point of &. Since the sets G (a) specified 
in Q by the relations 3(q) ¢ €(a), aeA, constitute a basis in OQ, we can find 
an element a in A and such a corresponding set G(a) in OQ that qeG(a) c G. 
Obviously, the relation 3(q) ¢ €(a) shows that a¢a. Then, if S is any subset of 
we have G(a)AHcF, (G(a)AGH)’—’ where F=G(a)u H. As we 
showed above, ’~’ = G(a). Hence we see that (G(a)AS)’~’ ¢ G. By reference 
to Definition 14, we conclude that © is a strict extension of 9. 

Finally, we prove that Q is closed with respect to immediate or strict 
H-extension, appealing for this purpose to the criterion stated in Theorem 50. 
If a family of the basis sets G(a), specified by 3(q) ¢ E(a), covers Q, then the 
corresponding sets €(a) contain every set 3(q) and therefore cover G’(a). 
Hence there exist elements a, --- , @, associated with the given covering 
family and having the property G@’(a) ¢ €(a,) u--- u &(a,). Now we can 
show that 3(q)G’(a)€(a) #0 implies qeG~(a). In order to do so it is sufficient 
to prove that 3(q)G’(a)€(a) #0 and geG(b) imply G(a)G(b) #0. From the 
assumed relations 3(q)G’(a)€(a) #0, 3(q) ¢ €(b), we obtain the relations 
€(ab)G’ (a) = E(b) E(a) 23 (a) ~0 and thus conclude that abea. 
Hence the interior of ad relative to R contains at least one point r, and 
X(r) ¢ E(ab), ¥(r) ¢ E(a), X(r) ¢ E(d), reG(a)G(). If now q is any point in 
£., we have 3(q)€'(a)E(a) u - - - u 3(q)E'(a)E(an) =3B(q)E'(a) [E(a) v - - - 
u &(a,) | =3(q)G' (a) so that 3(q)G’ (a)E(a,) ~0, for some index 
k. Thus we find that @-(a;) u - - - u G-(a,) = Q. By the criterion of Theorem 
50, it results that © is absolutely closed with respect to immediate or strict 
H-extension. 

Finally we shall establish an important characterization of the bicompact 
H-spaces. 

THEOREM 53. In order that an H-space R be bicompact, it is necessary and 
sufficient that every closed subset of R be absolutely closed with respect to immedi- 
ate or with respect to strict H-extension.* 


The necessity of the condition is trivial: every closed subset of a bicom- 
pact space is bicompact and thus satisfies the criterion given in Theorem 50. 


* This theorem was proposed by Alexandroff and Urysohn, Mémoire sur les espaces topologiques 
compacts, Verhandelingen der Koninklijke Akademie van Wetenschappen te Amsterdam, Deel XIV, 
No. 1 (1929), p. 50; but was proved ony in case ®t is separable. 
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The sufficiency of the condition is more difficult to establish. In our 
demonstration we appeal to the following criterion for bicompactness: in 
order that an H-space be bicompact, it is necessary and sufficient that every 
transfinite descending sequence of non-void closed subsets have a non-void 
intersection.* In the given space ®, let {a} be such a sequence, defined 
for all ordinals a preceding a given ordinal w: we have §.#0, §2 =a, and 
> %s for We consider the complete algebraic map m(R, E(Ax), X) 
and the subfamilies X, of X specified by the relation re§.. If €.(Ag) is the 
closure of the union of the sets ¥(r) in X., the map m(¥a, Ea(Ax), Xa) then 
has the properties described in Theorems 36 and 37. In particular the union 
$(X.) of the minimal X,-sets is closed and bicompact in €(Ag). If a1, - - - , 
are ordinals preceding w such that a,<ay4: for k=1,---, —1, then the 
relation §a,> implies X2,>Xa,,,. Hence each minimal X,,,,-set is an 
Xa,-set and contains a minimal X,,-set, for k=1, - - - , m. Hence we see that 
&(Xa,) - #0. Since no finite intersection of the closed sets ¥(X.), 
a<w, is void, we conclude that there exists at least one point p common to 
them all. By combining results of Theorems 28, 34, 36, 37 and 49, we can 
now show that this point p determines a point r in 9 such that ref. fora<w. 
Theorems 36 and 37 permit us to correlate the map m(¥.a, €a(Ag), Xa) with 
an algebraic map m(§a, Ba, Ya) in such a way that the Y,-sets are put in 
correspondence with the X,-sets, inclusion relations being preserved, the sets 
in Y. corresponding biunivocally with the sets in X,, and the minimal Y,-sets 
corresponding biunivocally with the minimal X,-sets. By Theorem 28, our 
hypothesis that ®t is an H-space implies that the distinct sets in X, and also 
those in Y, are disjoint. By Theorems 34 and 49, our hypothesis that §. is 
absolutely closed with respect to immediate or strict extension implies that 
each minimal Y,-set is contained in at least one set belonging to Y,. Con- 
sequently, we see that each minimal X,-set is contained in exactly one set 
belonging to X,. Thus the relation pe (X.) implies the existence of a minimal 
X.-set 3. such that pe3.. This minimal X,-set is contained in a set X¥(r) where 
X(r)eX, or, equivalently, reF.. Since the sets ¥ are disjoint, the relation 
peX(r) implies that r is independent of a for all a<w. We conclude that r is 
common to the sets §., a<w. It follows, in accordance with the criterion 
cited above, that ® is a bicompact space. The proof of the theorem is thus 
complete. 

5. Totally-disconnected and discrete spaces. In concluding the present 


* See Alexandroff and Urysohn, Mathematische Annalen, vol. 92 (1924), pp. 258-266; especially 
pp. 259-261; or Alexandroff and Urysohn, Mémoire sur les espaces topologiques compacts, Verhande- 
lingen der Koninklijke Akademie van Wetenschappen te Amsterdam, Deel XIV, No. 1 (1929), pp. 
8-12. 
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chapter, we shall discuss briefly two special kinds of space: totally-discon- 
nected spaces, as defined in Chapter I, §1, and discrete spaces, as defined 
below. We first have the following theorem. 


THEOREM 54. A To-space KR is totally-disconnected if and only if it has a 
biunivocal continuous image S which is a subspace of a Boolean space. 


We begin by proving the sufficiency of the stated condition. Let f be a 
biunivocal continuous correspondence from §t to S where © is a subspace of 
a Boolean space %. Let r; and rz be distinct points in ®, let 8:=f(r.) and 
%.=f(r2) be their correspondents in S. By hypothesis 8,82, so that there 
exist closed-and-open sets and §2 in with the properties 
u F2=B. The sets and §2S are closed-and-open relative to S, 
so that their antecedents (FS) in R are closed-and- 
open. Since GiHe=0, and H2=R, we conclude that is 
totally-disconnected. 

We pass now to the necessity of the indicated condition. If 9% is totally- 
disconnected, the subsets of 3t which are both open and closed constitute a 
Boolean ring A: for, if a and } are both open and closed, so also are ab, av 6, 
a’, b’', and a+b=ab’ va’b. The ring A must further be a reduced algebra of 
classes in ® in accordance with R Definition 10, since, whenever 1 and te 
are distinct points in ®, there exists an element a in A such that rea, reea’. 
Hence the subclass of A specified by rea is a prime ideal p(r) in accordance 
with R Theorem 58. The non-void sets in A can now be used to define a new 
neighborhood topology over the class #: to each point of Rt we assign as 
neighborhoods the members of A which contain it. The resulting topological 
space, we designate as ©. It is evident that the identical correspondence r—r 
carries {t into S biunivocally and continuously. Thus, to complete our proof, 
we have to show that © is topologically equivalent to a subspace of a Boolean 
space. The Boolean ring A is evidently a basic ring for S. If we construct the 
algebraic map m(S, (A), X), we find that the set X¥(r) corresponding to a 
point r of S consists of a single point in €(A), namely, the point p(r) defined 
above as a prime ideal. For, whenever a is A, we have a=a~ =a’~’ so that 
X(r) ¢ E(a) is equivalent to rea in accordance with Theorem 28. Thus © is 
topologically equivalent to the subspace of €(A) consisting of the points 
p(r), reS. 

We may complete the preceding theorem by the following result. 

THEOREM 55. A T\-space ® is topologically equivalent to a subspace of a 
Boolean space if and only if, whenever § is a closed set in R and tr is a point in 
there exist closed sets and in R such that ¢ F:, vreFe, and 
Ho=R. 
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If 2 is a subspace of a Boolean space 8=€(A), then ref’, where § is 
closed in ®, implies the existence of a set €(a)R, where a is in the Boolean 
ring A, which is open relative to 9% and which has the property that 
=0. Hence we can take Fi=C'(a)R, Fo=E(a)R. 

If R has the property indicated in the theorem, the closed-and-open sub- 
sets of R constitute a basis in ®: for if r is any point of R and G any open set 
containing r, the application of this property to r and the closed set § =’ 
yields a closed-and-open set §2 such that re§2¢ G = §’. The assumption that 
® is a 7;-space implies that any one-element subset of 9 is closed and hence 
that ® is totally-disconnected. Accordingly, the associated space © con- 
structed from 8 in the manner described in the proof of Theorem 54 is 
topologically equivalent to ® and the ring A is a basic ring for 2%. We con- 
clude that ® is equivalent to a subspace of €(A). 

We pass now to the consideration of discrete spaces, defined as follows: 


DEFINITION 18. A To-space R is said to be discrete if the closure operation 
has the property 


for any family -A of subsets X of R. 


The topology of discrete spaces is described in the following statement, 
which we give without proof. 


THEOREM 56. The following properties of a To-space are equivalent: 

(1) MR is a discrete space; 

(2) every union of closed sets is closed; 

(3) every intersection of open sets is open. 
If the intersection of all open sets containing a fixed point r in a discrete T o-space 
be denoted by G(r), then 

(4) the sets G(r), reR, constitute a minimal basis for R—that is, a basis con- 

tained in every basis for R; 

(5) G(t1) = G(te) implies 

(6) if G(t1)G(r2) £0, then implies G(rs) ¢ G(t1)G( te). 
The relation defined by t2, G(t1) ¢ G(t2) has the properties of a partial 
order in KR. In terms of this relation, the closure of an arbitrary subset A of R 
is the set A- consisting of all points v such that r=» for some to in A. Every 
finite To-space is discrete.* 


We may give a converse of part of this theorem, also without detailed 
proof. 


* See Alexandroff, Comptes Rendus (Paris), vol. 200 (1935), pp. 1649-1651. 
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THEOREM 57. Jf R is any partially-ordered class, the introduction of the 
closure operation defined by 
a=) 2d ir; 


converts KR into a discrete To-space; in this space the ordering relation provided 
by Theorem 56 coincides with the one given originally in R.* 


With the aid of the mapping theory, we can now represent a discrete 
space in terms of Boolean spaces or, equivalently, a partially ordered set in 
terms of Boolean rings. 


THEOREM 58. Let A be the topological ring for a discrete To-space generated 
by the basis of all sets G(r), described in Theorem 56. In the map m(R, E(A),X), 
the relation ¥(r) =€(G@(r)) is valid. Hence the points rt of R and the ordering 
relation between them are represented by elements of the ring A and the relation 
of proper inclusion between them. Conversely, any subclass of a Boolean ring A 
can be regarded as a discrete To-space by virtue of the fact that it is partially 
ordered in terms of the relation of proper inclusion defined in A. 


The theorem is obvious, once we prove that ¥(r) =€(G(r)). Since r is 
interior to G(r), we have X(r) ¢ €(G(r)) by virtue of Theorem 28. On the 
other hand, if €(a) > X(r) for aeA, we have rea’~’ in accordance with Theorem 
28; and we conclude that G(r) ca’~’ ca, ¥(r) ¢ E(G(r)) ¢ E(a). Hence we 


must have X¥(r)=€(G(r)) in accordance with Theorem 26, as we wished 
to prove. We may note that, by virtue of Theorem 56 (6) the relation 
X(r1)¥(r2) #0 implies the existence of a point rz such that X(r3) ¢ ¥(t1)X (ve): 
for €(G(r:)G(r2)) = E(G(r1)) E(G(r2)) = ¥O implies G(r1)G(re) ~0. 
The interpretation of this theorem which states that any partially ordered 
set can be imbedded in a Boolean ring with unit has been established ab- 
stractly by MacNeille.t 
From Theorem 58, we obtain the following special result. 


THEOREM 59. Let OQ, be the finite To-space obtained by the application of 
Theorem 57 to the partially-ordered class of all non-zero elements in a finite 
Boolean ring of 2"*' elements, n=0, 1, 2,---. Then Q, is an abstract n-sim- 
plex, under a suitable topology. The spaces Q,, are universal spaces for all finite 
To-spaces; in other words, a finite Ty-space R is topologically equivalent to a 
subspace of 2, for sufficiently great n. 


* See Alexandroff, Comptes Rendus (Paris), vol. 200 (1935), pp. 1649-1651. 

t+ H. M. MacNeille, The theory of partially ordered sets, Harvard doctoral dissertation (1935), 
not yet published. A summary is given in Proceedings of the National Academy of Sciences, vol. 22 
(1936), pp. 45-50. 
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We can exclude the trivial case where § is void. If 9 is a finite non-void 
To-space, it is discrete and can be studied by means of Theorem 58. The 
ring A evidently is finite, the number of its elements being 2"*', n2=0; and 
the Boolean space &(A) consists of m+1 isolated points. The family Z of all 
sets €(a), where aeA and a0, evidently consists of all non-void subsets of 
(A). If Z is topologized in the usual way, the resulting T5-space is equivalent 
to the space ©,,: for it is evidently equivalent to the space obtained by re- 
garding the non-zero elements of the ring A as a partially ordered set and 
introducing the topology described in Theorem 57. In the map m(®, €(A),X), 
the family X is contained in Z. Hence ® is topologically equivalent to a 
subspace of Q,, as we wished to prove. 

As we have just seen, the space ©, is equivalent to the T»-space con- 
structed by consideration of all the non-void subsets of a Boolean space con- 
sisting of m+1 isolated points. If we term these subsets “cells,” referring to a 
subset with k+1 elements, k=0, in particular as a “k-cell,” we can easily 
make the desired connection with an m-simplex. If one cell is contained in a 
second, we call it an “edge” of the latter. It is now clear that, as our termi- 
nology suggests, the “cells” and the relation of being an “edge” can be exactly 
represented by the k-dimensional “edges” of an n-dimensional Euclidean cell, 
for k=0, 1, - - - ,m, and the relation of inclusion between them. The topology 
of the abstract “cell” space, as we have already seen, can be described by the 
statement that the closure of any given set of “cells” is the class of all “cells” 
having at least one of the given “cells” as an “edge.” Thus we may regard the 
To-space ©, as an abstract -simplex, the topology of the latter being de- 
scribed in the manner just indicated. 

By dualization, it is possible to pass to the more familiar abstract ”-sim- 
plex in which the closure of any given set of “cells” is the class of all “cells” 
which are “edges” of at least one of the given “cells.” We shall not consider 
this question further.* 

Theorem 59 shows that the finite T-spaces are the subspaces of abstract 
n-simplexes, that is, are abstract complexes. In addition, it completes the 
results obtained in Theorem 51 for infinite T-spaces. From the present point 
of view, therefore, the spaces O, may be regarded as abstract simplexes of 
infinite dimensionality. 


CHAPTER III. STRONGER SEPARATION CONDITIONS 


1. Semi-regular spaces. In the general theory of Boolean maps as de- 
veloped in Chapter II, we have considered T)-, T;-, and H-spaces on an equal 


* For further analysis, see AH, pp. 132-133. 


4 
{ 
ae 
} 
t 
| 
| 
| 
| 
4 
q 
| 
4 


442 M. H. STONE [May 


footing. Our results show that the imposition of the 7,- or the H-separation 
property yields no essential simplification of the theory; in other words, the 
Boolean maps of 7\-spaces and H-spaces are quite as complicated as those 
of To-spaces. The search for types of space which may admit simplification 
of the general mapping theory directs our attention to the various stronger 
separation properties, such as regularity and normality. Upon examination, 
we discover that the general theory is already in such a form as to suggest 
the procedure for its own simplification: it is obvious that one should examine 
first of all the conditions under which the ideal a of nowhere dense sets in a 
basic ring A for a space ® determines a set of redundancy (a) in the algebraic 
map m(R, E(A), X). The investigation of this aspect of the mapping theory 
leads to the introduction of a new type of topological space which proves to 
occupy a place intermediate between those already considered and the regular 
spaces. It is these new spaces which we propose to investigate systematically 
in the present section. We pass later to the study of more special types of 
space, including the regular spaces. 
The formal definition of the spaces to be considered reads as follows: 


DEFINITION 19. A To-space RK is said to be a semi-regular or to be an 
SR-space if the regular open sets constitute a basis for NR. 


The essential reason that the SR-spaces lead to simplification of the 


mapping theory is that the nowhere dense sets play a less important rdéle 
than they do in other spaces. This fact is already emphasized in Theorems 
24 and 25, and is brought out yet more clearly in the following algebraic 
theorem. 


THEOREM 60. If A is a basic ring in an SR-space N, if a is the ideal of all 
nowhere dense sets in A, and if ay is the class of all nowhere dense sets, then 
there exists a basic ring A* which is an isomorph of A/a and a homomorph of A, 
the homomorphism A—A* being defined by a correspondence a—a* such that 
a~’~’ <a* <a’~’-, a=a* (mod ag). 


This theorem reposes essentially upon results given elsewhere by v. Neu- 
mann and the writer.f If B is the basic ring generated by A and ag, it is 
easily seen that the quotient-rings A/a and B/ay are isomorphic: for each 
residual class (mod ay) in B intersects A in a corresponding residual class 
(mod a). The construction of the desired ring A* is therefore equivalent to the 
selection, from each residual class (mod ag) in B, of a representative element 
a* in such a manner that the representative elements constitute a subring 


+ v. Neumann and Stone, Fundamenta Mathematicae, vol. 25 (1935), pp. 353-378, especially 
Theorem 18. 
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of B. If ais any element of A the correspondence a—a*, where a* is the repre- 
sentative of that residual class (mod ag) in B which contains a, obviously 
defines a homomorphism A—A*; and it is evident that A* and A/a are 
isomorphic. Thus we have to solve the (B, ay.) representation problem, which 
was studied in general terms in the paper cited. A solution can be obtained 
by application of Theorem 18 of that paper. First, let us consider the func- 
tions F(b) =b’~’-, G(b) =b-’~’ defined for all elements } in B. They are con- 
nected by the relation F(b) =G’(b’). From Theorems 24 and 25 we find that 
G(b) has the following properties: G(b)eB, G(b) =b (mod ag), G(b) =G(c) if 
and only if b=c (mod ag), G(bc) =G(b)G(c). Accordingly, F(b) has the prop- 
erties: F(b)eB, F(b)=b (mod ay), F(b) =F (c) if and only if b=c (mod ag), 
F(b vc) =F(b) v F(c). Secondly, let us consider arbitrary non-void subclasses 
Y and D in ay with the property that c<d or, equivalently, c’d=0 for all c 
in 2 and all d in D. If we denote by a» the union of all sets c in &, it is evident 
that c<ay<d or, equivalently, c’aj>=ajd=0 for all c in 2 and all d in D. 
Since a)<d for every d in the non-void class D and since D contains only 
nowhere dense sets, do is also nowhere dense, belonging therefore to ay and 
to B. Thus the hypotheses of the theorem on which we wish to rely are seen 
to be satisfied, and the (B, ag) representation problem has a solution. Fur- 
thermore, the actual construction of this solution shows that the representa- 
tive a* assigned to the residual class (mod ag) containing a given element a in 
A satisfies the relations F’(a’) <a* <F(a) or, equivalently, a~’~’<a* <a’~’-. 
The relation a* =a (mod ay) is evident. We may note that the elements 0 and 
e= in A have the correspondents 0* =0, e* =e respectively, by virtue of 
these relations. 

It remains for us to prove that A* is a basic ring for ®, in other words, 
that the interiors of the sets in A* constitute a basis for R. If G is any open 
set in the SR-space ® and r any point of G, then there exists a regular open 
set 5 such that reS ¢ G. Since A is a basic ring for Rt, it contains an element 
a such that rea’~’ ¢ §. We shall show that the corresponding element a* satis- 
fies the relations re(a*)’~’ ¢ G. Using the relations a<a-, a~’~’ <a*, we see 
that a’~’ <(a-)'~’ <a*, a’~’ =(a’~’)'~’ < (a*)’~’, and re(a*)’~’. Using similarly 
the relation a*<a’~’-, we see that 
=§c¢@. Hence re(a*)’~’ ¢ G, and A* is a basic ring for ®. 

We are now prepared to study the Boolean maps of SR-spaces, beginning 
with the following fundamental result. 


THEOREM 61. Jf R is an SR-space, if A is a basic ring for R, if m(R, B, X) 
where 8 =€(A) is the algebraic map defined by A, and if a is the ideal of all 
nowhere dense sets in A, then (a) is a set of redundancy for the given map. 
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If A* is the basic ring constructed in Theorem 60, the suppression of &(a) from 
m(R, B,X) yields a map equivalent to m(R, E(A*), X*); the latter map has the 
property that the family X* is densely distributed in €(A*). 


The proof that (a) is a set of redundancy rests upon Theorem 18 above 
and is similar to the proof of a like result in Theorem 40. In fact, if we put 
OQ =R and replace the ideal 6 by the ideal a in Theorem 40, we see that 
€(a) is a set of redundancy if % has the following property: (P) if @ is any 
open set in # and r any point in G, then there exists an open set § such that 
re ¢ G@ and such that any set differing from § by a nowhere dense set has 
interior contained in @. Evidently, an SR-space has the property (P): we first 
choose § as a regular open set such that re ¢ G; and, if § is any nowhere 
dense set, we use the relations HAF ¢ H uF ¢ (Gus)~ and Su F=SH (mod ay) 
to show that ¢ (Gu (Gu =H G in accord- 
ance with Theorem 25. It follows that €(a) is a set of redundancy for the 
given map. 

The proof that the suppression of €(a) yields a map equivalent to 
m(R, €(A*), X*) is also similar to part of the proof of Theorem 40. Since 
A-—A/a-—+A*, Theorem 4 shows that the Boolean spaces @’(a) and €(A*) 
are topologically equivalent in such a way that a—a* implies the corre- 
spondence of the sets €(a)€’(a) and €(a*) under this equivalence. If r is any 
point in ® and if a—a*, we shall show that the relations X¥(r)€’(a) ¢ €(a)€’ (a) 
and ¥*(r) ¢ €(a*) are equivalent; and we can then infer that the topological 
equivalence between @’(a) and €(A*) places X(r)G’(a) and ¥*(r) in corre- 
spondence. First, let ¥(r)€’(a) ¢ €(a)E’(a). Then A contains an element b 
such that b=a (mod a), reb’~’. By Theorems 24 and 25, we must have 
b~’~’ =a~’~’. The elements a and b have a common correspondent a* under 
the homomorphism A-—A*. In view of the relation a~’~’<a*, we have 
teb’~’ <b-’~’ <a*, re(a*)’—’, and ¥*(r) ¢ E(a*). On the other hand, let 
a—a*, ¥*(r) ¢ E(a*). If we use the relation a’~’=a (mod ay) in conjunction 
with Theorems 24 and 25, we find that (a’~’-)’~’=(a’~’)~’~’ =a~’~’.. Since 
a*<a’~’-, we see or, equivalently, 
t¢((a’)’~’)-. The basic ring A therefore contains an element 6 such that 
reb’~’ and (a’)’-’b’-’=0. Using Theorem 24, we infer from the relations 
a’ =(a’)’~’ (mod ag), b=b’~’ (mod ay) that a’b=0 (mod ay). Since a’b is an 
element of A, the last relation assumes the form a’b=0 (mod a). Hence we 
have €(a’b) ¢ E(a) or, equivalently, €(b) ¢ E(a) u E(a). Since reb’~’ implies 
X(r) ¢ E(b) c E(a) vu E(a), we conclude that (a) ¢ E(a)E’(a). In this way 
we complete the proof that the suppression of (a) yields a map equivalent 
to m(R, E(A*), X*). 
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Finally we show that, in the terminology of Definition 4, the family X* 
is densely distributed in €(A*). Since the ideal a* of nowhere dense sets in 
A* consists of the void set alone, we have ©’ (a*) = €(A*). If p* is any point 
in €(A*), Theorem 34 therefore shows that {p*} is an X*-set. Consequently, 
if @* is any non-void open subset of €(A*), it contains not only a set {p*} 
but also a set ¥* belonging to the family X*. This is what we wished to prove. 
We now establish a converse of Theorem 61. 


THEOREM 62. If Ris a To-space and if m(R, B, Y) is any Boolean map with 
the property that Y is densely distributed in B, then R is an SR-space; and the 
given map is equivalent to an algebraic map m(R, E(A*), X*) of the kind de- 
scribed in Theorem 61. 


We may regard % as the representative of an abstract Boolean ring B, 
and may even take 8=(€(B) without loss of generality. The relations 
Y(r) ¢ E(b), beB, define an open subset G(d) in R. We shall show that G(d) 
is even a regular open set. To this end, we prove first that G~’(b) = G(0’). 
If re@~—’(b), there exists an element c in B such that reG(c) and G(6)G(c) =0: 
for the sets G() constitute a basis in R. We know that G(bc) = G(b)G(c) =0. 
If bc#0, the fact that Y is densely distributed in €(B) would imply that 
the open set (bc), being non-void, contains some set 9); and we could 
then infer that G(bc)~0. Thus (bc) =0 implies bc =0. Hence we see that 
¢ E(c) ¢ E(b’), reG(b’). On the other hand, if reG(d’), the relations 
G(b)G(b’) = G(bd’) = GO) =0 imply reG-’(b). Thus the equation G~’(d) 
= ((d’) is valid. It follows immediately that @(d) is a regular open set in ac- 
cordance with the equations @~-’~’(b) = G~’(b’) = G(b’’) = G(d). Since the sets 
@(b), beB, constitute a basis for #, this space must be an SR-space by 
Definition 19. 

The Boolean ring A generated by the sets G(6), beB, is obviously a basic 
ring for 9. If a is the ideal of nowhere dense sets in A, we can show that 
A/ais isomorphic to the abstract ring B. The proof is based upon the relations 
G(bc) =G(b)G(c) (mod a), G(b’)=G'(b) (mod a), G(bvc)=G(d) u G(c) 
(mod a), and G(6+c) =G(b)AG(c) (mod a). Since G(bc) = G(b)G(c), the first 
of these congruences is trivial. The second is established as follows: Theo- 
rem 24 shows that ©’(b)=(G’(d))’-’ (mod ay) and the result noted above 
shows that G~’(b) =G@(b’) (mod ay); combining these congruences we see that 
G@’(b) =G(b’) (mod ay); and, observing that &’(b) and G(b’) are both in A, 
we can rewrite the last congruence in the form @(b’)= G’(b) (mod a). The re- 
maining congruences then follow algebraically from the first two. Any ele- 
ment a in A is expressible as a polynomial in terms of the sets @(b), beB, and 
the operations - and A, since the unit e in B has the property that G(e) =. 
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Consequently the congruences established above enable us to write 
a=(©(6) (mod ay) for a suitable element 6 in B. Moreover, this congruence 
becomes a=@(b) (mod a) by virtue of the fact that a and (6) both be- 
long to A. In this congruence the element 0 is uniquely determined: for 
(5(6) =@(c) (mod a) implies G(6+c) =0 (mod a); the fact that G(b+c) is a 
regular open set then implies G(b+c)=0; and it follows, as we observed 
above, that 6+c=0 or, equivalently, )=c. The correspondence from A to 
B defined by putting a—b whenever a=G(b) (mod a) is now seen to be a 
homomorphism: it is univocal; and the correspondences a,—;, d2—b: evi- 
dently imply (mod a), a:+a2=G(bi: +2) (mod a), or 
a, +42—b; +e. Since the relations a—0 and a=G(0) =0 (mod a) are equiva- 
lent, the ideal defined in A by the homomorphism A-—B coincides with a; 
and the rings A/a and B are therefore isomorphic. 

By applying Theorem 36 we shall next prove that the map m(R, 8, Y) 
is equivalent to that obtained from m(R, €(A), X) by the suppression of the 
set €(a); and Theorem 61 then justifies the assertion that m(R, B, Y) is 
equivalent to an algebraic map m(R, €(A*), X*). First we recall that the 
isomorphism A /a+—>B defines a topological equivalence between G’(a) and 
% = €(B) which places the sets €(a)€’(a) and €(d) in correspondence when- 
ever the homomorphism A-—B carries a into b. Thus the topological equiva- 
lence may be described in the following explicit terms: if p is any point in 
&’(a), its image in €(B) is the unique point q which is common to all sets 
&(b) where pe€(a) and a—b; and, conversely, if q is any point in &(B), its 
image in G’(a) is the unique point p common to all sets €(a) where a—b and 
qe€(b). We now compare this correspondence between 8 =€(B) and G’(a) 
with the correspondence from Y-sets to X-sets constructed in Theorem 36. 
By Theorem 34, the minimal X-sets in (A) are precisely the one-element 
subsets of G’(a); and, by virtue of the fact that Y is densely distributed in %, 
the minimal Y-sets in $ = €(B) are precisely the one-element subsets of €(B). 
From the preceding description of the topological equivalence between @’ (a) 
and &(B), and from the information obtained in Theorem 36, we therefore 
see that the two correspondences under discussion have the same effect upon 
the minimal sets: the topological equivalence places the minimal X-sets in 
biunivocal correspondence with the minimal Y-sets in a way which coincides 
with that described in Theorem 36. Since the correspondence of Theorem 36 
carries 9)(r) into ¥(r) and preserves inclusion-relations, we infer that the 
topological equivalence places 9)(r) in correspondence with X(r)G’(a): for the 
minimal Y-sets contained in 9)(r) are in correspondence with the minimal 
X-sets contained in X(r); and these two families of minimal sets have 9)(r) 
and X(r)G’(a) as their respective unions. We have thereby proved that 
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m(R, B, Y) is equivalent to the map obtained from m(R, G(A), X) by the 
suppression of the set (a). 

It is useful to summarize the results of Theorems 61 and 62 in the follow- 
ing terms: 


THEOREM 63. The following properties of a To-space ® are equivalent: 

(1) Ris an SR-space; 

(2) R has a Boolean map m(R, B, Y), where Y is densely distributed in B; 

(3) R has an algebraic map m(R, E(A), X) in which E(a) is a set of re- 

dundancy. 

If a space R has any of these equivalent properties, then those of its Boolean maps 
m(R, B, Y) which have the property of being densely distributed in B are char- 
acterized as the irredundant algebraic maps of KR; each such map can be con- 
structed from a suitable algebraic map m(R, E(A), X) by suppression of the 
corresponding set (a); and this construction, applied to an arbitrary algebraic 
map, yields a map of the indicated type. 


With Theorem 63, the theory of maps for semi-regular spaces is brought 
to a satisfactory conclusion. That this development of the theory corre- 
sponds to a real rather than an apparent specialization is shown by the 
following result. 


THEOREM 64. There exist To-, T,- and H-spaces which are not SR-spaces. 


The TJ -space discussed in Theorem 47 is neither a 7\-space nor an 
SR-space: we have already seen that it is not a 7,-space; and by reference 
to Theorem 61 we now see that it cannot be an SR-space. Similarly, the 
T\-space discussed in Theorem 46 is neither an H-space nor an SR-space. 
A space described in AH provides an example of an /-space which is not an 
SR-space.* The points of this space # are the real numbers 7, 0<r<1. 
A neighborhood system is introduced in as follows: if 0<r )<1, the neigh- 
borhoods of ro are the sets a<r<b where 0<a<7r)<b<1; if r=1, the 
neighborhoods of r are the sets a<r <1 where 0 <a; and if r, =0, the neighbor- 
hoods of ro are the sets G(a) consisting of all points 7 such that 0<r<a, 
r~1/n where a<1 and n=2, 3, 4,---. It is easily verified that 9 is an 
H-space. If & is a regular open set containing the point 0, then G contains 
some neighborhood (a) of 0. Since G-(a) obviously consists of all points r 
such that 0<r<a, we see that @~’-’(a) consists of all points r such that 
0<r<a. The relations G(a) ¢ G, G-(a) ¢ show that G = G~’~’ 3 
Hence © is contained in no neighborhood of the point 0. Thus ® is not an 
SR-space. We can show in addition that ® is absolutely closed with respect 


* AH, p. 31, Beispiel 1. 
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to immediate or strict H-extension. Indeed, if an infinite family of distinct 
open sets covers #, at least one of them contains a neighborhood (a) of 0; 
and the remaining sets cover the set a<r<1. Since the topology of the sub- 
space a<r<1 is the usual topology, we see that the given family contains 
sets G,,---, G,, where G, > G(a) and G2, ---, G, cover the set a<rS1. 
Thus the sets Gr, - -- , G> cover R; and MR is absolutely closed with respect 
to immediate or strict H/-extension in accordance with Theorem 50. 

The simplification of the mapping theory in the case of SR-spaces leads 
to a corresponding simplification of the theory of extensions. The chief result 
assumes the following form. 


THEOREM 65. If a To-space R has an immediate extension Q which is an 
SR-space, then K is itself an SR-space and Q is a strict extension of R. All 
SR-spaces Q which are strict extensions of an SR-space R can be obtained by 
the following construction: in a Boolean map m(R, B, Y) where Y is densely 
distributed in B, the family Y is augmented by the adjunction of Y-sets to provide 
a family Z; and the familiar topology is then imposed upon Z. Conversely, this 
construction always yields an SR-space Q which is a strict extension of R. The 
space Q is a T,-extension of KR if and only if no set in Z—Y contains or is con- 
tained in any distinct set in Z; and Q is an H-extension of KR if and only if no 
setin Z—Y has points in common with any distinct set in Z. 


If 9t has an immediate extension Q which is an SR-space, we consider the 
maps described in Theorem 40. If a is the ideal of all nowhere dense sets in A, 
then the suppression of the set €(a) from m(Q, G(A), Z) yields a map 
m(Q, &’(a), Z*) in accordance with Theorem 61. If we consider only those 
members of the families Z and Z* which represent points of the subspace %, 
we obtain maps m(R, E(A), X) and m(R, E’(a), X*). It is evident that the 
second of these maps can be constructed from the first by the suppression of 
the set €(a). We now show that X* is densely distributed in G’(a). If p is 
any point in @’(a), then {p} is a Z-set in accordance with Theorem 34; but 
Theorem 40 shows that {p} is also an X-set. Hence pe€(a) implies the ex- 
istence of a set X¥(r) in X such that X(r) ¢ E(a). Consequently peG’ (a)E(a) 
implies the existence of a corresponding set ¥*(r) = ¥(r)’(a) in X* such that 
X*(r) ¢ G’(a)€(a), as we wished to prove. Since X* is densely distributed in 
&’(a), the existence of the map m(®, (a), X*) implies that R is an SR-space 
in accordance with Theorem 62. Furthermore the given extension 0 can 
evidently be obtained from the map m(R, &’(a), X*) by the construction de- 
scribed in the statement of the theorem. We can easily verify that © is a 
strict extension of # in accordance with Definition 14: if q is any point of 
the SR-space Q and @ any open set containing q, there exists a regular open 
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set § such that qeH ¢ G; and if § is any nowhere dense set, not merely one 
which is contained in ®’, we have ¢ =H’ =HeG. 

The construction described in the statement of the theorem yields an im- 
mediate extension Q of St in accordance with Theorem 38. Since the family 
Y is assumed to be densely distributed in %, the family Z is also densely 
distributed in 8; and the space © must therefore be an SR-space in ac- 
cordance with Theorem 62. It follows that © is a strict extension of Rt. The 
condition that © be a 7\-extension of Rt has already been established in 
Theorem 38. So also has the sufficiency of the condition that Q be an H-exten- 
sion of ®. We shall now prove that this condition is necessary: if 3(q)eZ—X and 
3(r)eZ have the property 3(q)3(r) #0, then any two open sets @(q) and G(r) 
in $ with the properties 3(q) ¢ G(q), 3(r) ¢ G(r) necessarily have the prop- 
erty (q)@(r) #0; and since Z is densely distributed in %, there exists a set 
3 in Z such that 3 ¢ G(q)G(r). Accordingly the open sets 5(q), S(r) specified 
in Q by the respective relations 3 ¢ @(q), 3¢@(r) have the properties 
geH(q), reS(r), H(q)H(r) #0, where geR’ and reQ. Since the sets specified 
by 3 ¢@ constitute a basis for Q, the points q and r obviously do not have 
the H-separation property; and Q is not an H-extension of . This completes 
the proof. 

It is also easy to specialize Theorem 52 for the case of SR-spaces. We 
obtain the following result. 


THEOREM 66. Every SR-space KR of infinite character ¢ has a strict H-exten- 
sion 2 which has character ¢, which is absolutely closed with respect to immediate 
or strict H-extension, and which is an SR-space. The points adjoined to R in 
this extension may be assumed to constitute a totally-disconnected H-space. 


We first construct a Boolean map m(R, 8, Y) where B has character 
cand Y is densely distributed in 8. We start this construction by selecting a 
basis of cardinal number c for #. The basic ring A generated by this basis 
evidently has cardinal number c; and the representative Boolean space €(A) 
has character c. The suppression of the set €(a) from (A) therefore leaves a 
Boolean space @’(a) of character not exceeding c. Theorem 61 then shows 
that we can obtain the desired map m(%, 8, Y) by taking 8 = G’(a). Accord- 
ing to Theorem 23, the character of # cannot exceed that of G’(a). Hence 
the character of (a) must be equal to c. Now we apply the construction of 
Theorem 65 to obtain the desired extension Q by means of the map 
m(Q, B, Z). The family Z is formed by adjoining to Y all one-element subsets 
{p} in %, where p belongs to none of the sets in Y. Theorems 62 and 63 show 
that m(Q, %, Z) is an algebraic map; by construction, the family Z covers B; 
and hence Theorem 49 shows that Q is absolutely closed with respect to 
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immediate or strict H-extension. By the reasoning given in the proof of 
Theorem 52, the points adjoined to ®t in this extension constitute a totally- 
disconnected H-space. 

In conclusion, we remark upon the connections between the results of the 
present section and those given in Theorem 29. By comparing Theorems 29, 
61, 62, and 63, we are able to state the following result. 


THEOREM 67. Jf R is a To-space and R* the associated continuous image 
constructed in Theorem 29, then R* is an SR-space. If R is itself an SR-space, 
then R and R* are topologically equivalent. 


2. Regular spaces. We pass now to the consideration of a stronger sepa- 
ration property which has long played an important rdéle in general topology. 
We introduce it through one of the standard definitions. 


DEFINITION 20. A To-space is said to be regular or to be an S-space if, 
whenever is an open set in KR and vis a point in there exists an open set 
such that reH, G. 


The relative strength of this separation property is disclosed by the 
following theorem. 


THEOREM 68. An R-space is both an SR-space and an H-space. 


That an R-space is an SR-space is evident: for, if $ is the open set of 
Definition 20, the regular open set S~’~’ has the properties reH = H’~’ ¢ H~’~’, 
§~’~’ ¢ @’~’ =G. In order to prove that an R-space is an H-space, we proceed 
as follows: if p and q are distinct points in 8, the assumption that ® is a To- 
space implies that, the notation being properly chosen, p is contained in an 
open set to which q does not belong or, equivalently, that pe{q}~’; hence there 
exists an open set § such that pe, S~ ¢ {q}~’; and the points p and q there- 
fore have the H-separation property in accordance with the relations pe, 
geH~’, HH~’=0. 

In view of Theorem 68, the simplified form of the mapping theory de- 
veloped for SR-spaces applies in particular to R-spaces. It is possible, how- 
ever, to carry the study of R-spaces somewhat further than this. 


THEOREM 69. If a To-space R has a continuous Boolean map m(NR, B, Y), 
then R is an R-space. Conversely, if R is an R-space, its irredundant algebraic 
maps m(R, E(A), X), and likewise its general algebraic maps m(R, E(A), X) 
where A contains a basis for N, are all continuous maps. 

Let m(R, B, Y) be a continuous Boolean map of a To-space MR. If G is an 
open set in ® and r is any point in G, then there exists a set @,; which has the 
properties reG, ¢ G and which is specified by a bicompact open set §: in B 
through the relations 9) ¢ §:, Y(t) ¢ F:: for the sets so specified constitute a 
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basis for ® in accordance with Theorem 23. Since the given map is con- 
tinuous, there exists an open set §o, which we may assume also to be bicom- 
pact, such that 9)(r) ¢ § and such that 9%. +0 implies 9) ¢ $1. We denote by 
© the open set in ® specified by the relation 9) ¢ §o. It is obvious that 
G, The set is also a bicompact open set in B. The open set 
specified in R by the relation 9)¢ §/ has as its complement a closed set § 
which is described by the relation Hence we have Hc FcG,cG. 
Since ¢ §- =§, the open set satisfies the relations reH, H- ¢ G. The 
space 9 is therefore an R-space. 

If m(R, E(A), X) is an algebraic map of an R-space ®, let X¥(r) be an 
arbitrary member of the family X and let & be an open subset of €(A) which 
contains X(r). Then there exists an element a in A such that X(r) ¢ E(a) ¢ G, 
rea’~’. By hypothesis # contains an open set § such that reH, H-ca’~’. 
The basic ring A then contains an element 6 such that reb’~’ ¢ §. If we could 
use the equation b’~’- =b-, we could conclude that b- =b’~’- ¢ §- ca’~’; and, 
by virtue of Theorem 28, that ¥€(b) ~0 implies ¥ ¢ (a). Since reb’~’ implies 
X(r) ¢ (6) we could then show that the element c=ab has the following 
properties: is contained in &(c) =€(a)E(b) ¢ G; and XE(c) ~0 implies 
X€(b) ~0 and hence ¥ ¢ E(a) ¢ G. The family X would thus be continuous in 
accordance with Definition 5, the map m(R, (A), X) continuous in ac- 
cordance with Definition 7. We therefore consider the conditions under which 
we can assert that b’-’-=b-. If A contains a basis for Jt, we may take b as 
an open set; and we then have b’-’=b, b’-’-=6-. Again, if the map 
m(R, E(A), X) is irredundant, Theorems 63 and 68 show that X is densely 
distributed; and the proof of Theorem 62 then shows that the equation 
b’~’ = &(b), which is valid because both members are specified by the relation 
¢ G(b), implies b’~’- = G-(b) = (G~’(b))’ = G'(b’) = ((0’)’-’)’ =b-. Thus the 
map m(R, &(A), X) is continuous under either of the conditions stated in the 
theorem. 

By combining Theorem 69 with Theorem 22, we obtain the following 
result. 


THEOREM 70. In order that the algebraic map m(R, €(A), X) define a con- 
tinuous univocal correspondence X(R)—t from the subspace S(X) =>-..5%(r) 
of (A) to the To-space R, it is necessary and sufficient that R be an R-space 
and m(R, &(A), X) a continuous map. All R-spaces are thus found among the 
continuous images of subspaces of bicompact Boolean spaces. 


It is now possible to recover from the mapping theory a well-known 
elementary criterion for bicompactness.* 


* AH, pp. 91-92. 
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THEOREM 71. /n order that an H-space be bicompact, it is necessary and 
sufficient that it be an R-space absolutely closed with respect to immediate or 
strict H-extension. 


We have already noted in Theorem 53 that a bicompact H-space is 
absolutely closed with respect to immediate or strict H-extension. We can 
now show that a bicompact H-space 9 is an R-space. If G is any open set in 
® and ris any point in G, there exist open sets G(p), H(p) corresponding to an 
arbitrary point p in G’ such that peG@(p), reS(p), G(p)H(p) =0. Since GW’ is 
closed, it is bicompact; and there exist points p;,---, p, in @’ such that 
G(p,)u---u G(p,) 2G’, reS(p.) - - - ¢ - - - G’(p,) G. If we de- 
fine § as the open set 5 = H(p:) - - - H(p,), we find that reH, H- ¢ (G'(p:) - - - 
(S’(p,))~ ¢ On the other hand, if is an R-space absolutely closed with 
respect to immediate or strict H-extension, we construct an irredundant 
algebraic map m(%, €(A), X) in accordance with Theorem 61. Since % is 
absolutely closed in the indicated sense, the family X covers (A) in ac- 
cordance with Theorem 49. Since ®t is an R-space, Theorems 69 and 70 show 
that 2 is a continuous image of the space €(A) = S(X). It follows from the 
bicompactness of €(A) that 9 is bicompact. In fact, any family of open sets 
which covers %t has a family of antecedents which are open and cover &(A); 
and, since a finite number of these antecedents suffices to cover (A), a finite 
number of sets in the given family likewise suffices to cover Nt. 

The proof just given for Theorem 71 can evidently be rearranged in such 
a way as to establish the following result, which we give without further 
formal discussion. 


THEOREM 72. Among all H-spaces, the bicompact spaces are characterized 
topologically as the continuous images of bicompact Boolean spaces.* 


As a consequence of Theorem 71 we can now show that the SR-separation 
property is essentially weaker than the R-separation property. 


THEOREM 73. There exists an SR-space which is an H-space but not an 
R-space. Such a space may be constructed so as to be absolutely closed with 
respect to immediate or strict H-extension. 


Let us suppose, on the contrary, that every space which is both an 
SR-space and an H-space is necessarily an R-space. If ®t is an arbitrary 
R-space, we apply Theorem 66 to construct an immediate H-extension Q of 
® which is an SR-space absolutely closed with respect to immediate or strict 
H-extension. Theorem 42 shows that the extension Q so constructed is an 


* See the material related to this result in AH, pp. 95-98. 
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H-space. By hypothesis, © is therefore an R-space. Theorem 71 therefore 
implies that Q is bicompact. Thus our initial assumption leads to the 
following proposition: every R-space can be imbedded as a subspace in a 
bicompact H-space. Now an example due to Tychonoff* shows that this 
proposition is false. Whenever §t is restricted to have character No, how- 
ever, the proposition is known to be true. Hence, if we start our construction 
with the R-space 8 given by Tychonoff, we obtain a space © of the type 
described in the theorem. The character of the space 2, being equal to that 
of 9, must exceed No. 

We can rid ourselves of this restriction on the character of © by following 
a different process of construction. The Cantor discontinuum D is a bicom- 
pact Boolean space of character No. In D we introduce a family X of disjoint 
closed sets as follows: first we form the two-element sets %, consisting of the 
points 3, for n=1, 2, 3,---, re- 


a=n+1 


spectively; and then we form all the one-element sets {x} where x belongs to 
no set X,,. We see at once that the family X is densely distributed in D but is 
not continuous. On topologizing the family X in the usual way, we obtain a 
space Q anda Boolean map m(Q, D, X). The character of Q is No. Theorem 
63 shows that Q is an SR-space and that the map m(Q, D, X) is an irredun- 
dant algebraic map. Since X covers D, Theorem 49 shows that © is absolutely 
closed with respect to immediate or strict H-extension. Since the sets in X 


are disjoint, the space © is an H-space. Theorem 69 shows finally that Q is 
not an R-space. A similar construction could evidently be carried out in an 
arbitrary bicompact Boolean space of infinite character. 

In conclusion we may pose the problem of discovering what restrictions 
upon SR-spaces imply regularity. We have seen above that certain obvious 
restrictions are not sufficient. In this connection, it is natural to consider the 
following question: what SR-spaces have the property that every subspace 
is also an SR-space; and, in particular, what H-spaces have this property? 
From Theorem 65, we know that all everywhere dense subspaces of an 
SR-space are SR-spaces. The problem therefore reduces to the restricted 
problem concerning closed subspaces alone. 

3. Completely regular spaces. As we recalled at the close of the preceding 
section, there exist regular spaces which cannot be imbedded in bicompact 
H-spaces. Consequently any separation property which characterizes the 
subspaces of bicompact H-spaces must be stronger than the property of 
regularity. Such a stronger property was discovered by Tychonoff, who 
termed it “complete regularity.”* We propose to investigate the influence of 


* Tychonoff, Mathematische Annalen, vol. 102 (1930), pp. 544-561. 
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this property upon the mapping theory. First, let us state the fundamental 
definition and some of its elementary consequences. 


DEFINITION 21. A Ty -space NR is said to be completely regular or to be a 
CR-space if it has any one of the three equivalent properties: 

(1) if § is any closed set in KR and ro is any point in §’, then there exists a 
continuous real function f defined in KR such that f(t») =0, f(t) =1 when 
re§, O<f(r) <1; 

(2) the open sets R(a<f<B), where a and B are arbitrary real numbers and 
f is an arbitrary bounded continuous real function in KR, constitute a 
basis for K;* 

(3) if G is any open set in KR and ro is any point in G, then there exists a 
family of open sets @, defined for all rational numbers r, 0<17 <1, such 
that roeG,, G> ¢ G, o <7 implies ¢ G,. 


The equivalence of these three conditions is proved by well-known argu- 
ments, which we sketch briefly. First, (1) implies (2): if roeG, we take the 
function f corresponding to the closed set § =’ and the point rp as described 
in (1) and observe that Gp =8(—1/2<f<1/2) has the properties ¢ G. 
Similarly, (1) implies (3): if roe, we again take f as the function corre- 
sponding to § =’ and ro, and put G,=R(f<r), 0<7<1. Next (2) implies 
(1): if roe’, there exists an open set N(a<g<Q) as described in (2) such 
that rmeR(a<g<8) and, if we put y=min (g(to)—a, B—g(to)) <0, 
f(t) =min (1, | g(t) —g(ro)| /y), we find that f has the properties demanded in 
(1). Finally (3) implies (1). Taking G = 3%’, we form the family ©,, 0<7<1, 
corresponding to and rp in accordance with (3); and we define G,=0 for 
rational numbers 7, r <0, and G,=% for rational numbers 7, r>1. We then 
define f(r) as the greatest lower bound of the numbers 7 such that reG,. It is 
evident that f(ro) =0, O<f(r) <1, f(r) =1 in G’ =§. To prove that f is con- 
tinuous, we must show that 9t(a<f <Q) is an open set. If r is any point in this 
set, there exist rational numbers p, such that 8. We 
then have G, ¢ G7’G,. On the other hand, if reG>’G, where a <a <7 <8, 
we see that reG,, re,, hence that o <f(r) Sr, and hence that a <f(r) <8. Thus 
R(a<f<) is the union of the open sets G>’G, where a<a<r<f; and 
R(a<f <Q) is also open, as we wished to prove. 

We remark that the condition (3) can be expressed, without reference to 
the rational numbers, in terms of order alone. For this purpose, we introduce 
the concept of strong inclusion: the set §; is said to be strongly included in 
the set §2, if }i ¢ Fe. Then we may replace (3) by the equivalent (3’): if roeG, 


* By R(P) we mean the set of all points in 9 which have the property P, here the property 
a<f<p. 
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there exists a countable family of open sets which contain to, which are con- 
tained in G, and which are simply ordered by the relation of strong inclusion 
in such a way that there is no first, no last, and no pair without an inter- 
mediate third. The property (3’) may therefore be taken as characterizing 
the completely regular spaces in a purely topological manner. In practice, 
the properties (1) and (2) are the ones which are technically useful. 

The relation of CR-spaces to other types of space is indicated in the 
following theorem. 


THEOREM 74. A CR-space is an R-space, and hence both an SR- and an 
H-space; every normal space is a CR-space. Every subspace of a CR-space is a 
CR-space. There exist R-spaces which are not CR-spaces, and CR-spaces which 
are not normal spaces. 


From Definition 21 (3), it is evident that every CR-space is an R-space 
in accordance with Definition 20. Theorem 68 then shows that a CR-space 
is both an SR-space and an H-space. The proof that every normal space is a 
CR-space is given by establishing property (3) of Definition 21; the explicit 
construction of the family G, is a familiar one.* By use of Definition 21 
(1), it is easily seen that every subspace of a CR-space is also a CR-space. 
Examples given by Tychonoff justify the final statement of the theorem.f 

Since the definition of CR-spaces involves, directly or indirectly, the 
topological relations between general topological spaces and the real number 
system, it is clear that we cannot investigate them without injecting new 
methods into the discussion. In order to continue the algebraic tendencies of 
the present paper and also in order to obtain the maximum of new informa- 
tion, we propose to study the topological ring of all bounded continuous real 
functions in an arbitrary 7 -space 8. We shall find that the mapping theory 
for CR-spaces is closely connected with the theory of the corresponding 
function-rings. Moreover, we shall find that this connection enables us to 
give a full account of the problem of imbedding CR-spaces as everywhere 
dense subspaces in bicompact H-spaces. In the subsequent discussion we 
shall denote the real number field by the letter R; and we shall not distinguish 
between this field and its isomorphs. 


THEOREM 75. Jf M is the class of all bounded continuous real functions 
defined in a To-space NR, if the sum and product of such functions are defined 
in the usual way, and if the norm ||f\| of a function f is defined as the least upper 
bound of the numbers |f(t)|, reR, then M is a topological ring in the following 
sense: 


* See AH, p. 74. 
+ Tychonoff, Mathematische Annalen, vol. 102 (1930), pp. 544-561. 
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(1) under the operations of addition and multiplication, M is a commutative 
ring containing R as a subring; 
(2) if \|f—g|| is introduced as the distance between f and g, then M is a 
complete metric space; 
(3) in the metric topology of (2), the ring operations are continuous, the 
polynomials f+g, fg being continuous functions of their arguments 
f and g. 
If multiplication by f be restricted to the case where feR, then IN is a Banach 
space. The operation of forming the absolute value |f\ of a function f in M is 
continuous in the metric topology of I. Any subring of WM which contains af 
together with f whenever aeR and which is a closed subset of M has the property 
that it contains | f| together with f. 


The verification of the statements made in this theorem may be left to 
the reader, as the detailed proofs are all familiar from elementary analysis. 
We may point out that metric convergence of a sequence in 9 is equivalent 
to uniform pointwise convergence of the function-sequence in 9. The final 
statement of the theorem involves an application of the Weierstrass approxi- 
mation theorem: if a=||f||, there exists a polynomial p,(x) such that 
| |x| — p,(x)| <1/n for —a<x<a and p,(0)=0; and it follows that 
—pa(f)|| <1/n, = For general discussions of the sub- 
ject matter of the present theorem, the reader is referred to the literature. 

We shall find it convenient to introduce a few special descriptive terms 
for later use. 


DEFINITION 22. The ring I of Theorem 75 is called the function-ring of the 
space NR. A closed subring of M which contains the subfield R is called an analyti- 
cal subring of M. If N and N* are homomorphic subrings of function-rings 
M and M* respectively with the property that f—f* implies |f|—|f*| and 
fil =||f*||, then the homomorphism N—N* is necessarily an isomorphism and 
is called an analytical isomorphism; and N and N* are said to be analytically 
isomorphic. 


There are several elementary theorems which we may mention informally 
at this point. Thus, we see that the analytical subring generated by a non- 
void subclass 2 of M is the closure of the subring generated by R and Meo. 
It is obvious from Theorem 75 that an analytical subring contains |f| 
together with f. If 2* is analytically isomorphic to a closed subring N, then 
N* is closed. If N* is analytically isomorphic to an analytical subring M, 
then there exist an analytical subring %** containing N* and a function 


ft See, for instance, Banach, Théori.. des Opérations Linéaires, Warsaw, 1932, especially pp. 11, 
53; Chittenden, these Transactions, vol. 31 (1929), pp. 290-321. 
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6* in N* which assumes only the values 0 and 1 and does not vanish identi- 
cally, such that is the class of all functions =6*f** where f**eN*™*. 
To prove this assertion, we first consider the image R* in N* of the real field 
R in ®. If aeR and a=0, then a—f* implies f*=>0: for a=|a| implies 
f*=|f*|. If 6* is the correspondent of 1, then 6* =(6*)? so that 6* assumes 
only the values 0 and 1. If f is any element in N, then f—/* implies 1 -f—0*/* 
and hence f* =0*f*. Since % and N* are isomorphic it is therefore evident 
that 6* does not vanish identically. If a is the rational number m/n and a—f*, 
the relation n-a=m-1 ora+--- +a=1+--- +1 implies nf* =mé6*, and 
hence {*=m/n6*=a0*. If @ is arbitrary and a; and az are rational 
approximants to satisfying the inequalities a; <a then a—f* implies 
a,0* <f* <a.$*; and we can therefore conclude that f* =a6*. We now form 
the class ** of all functions f** =f*+a(1—6*) where f*eM* and aeR. Since 
M* is closed and since f* =6*f* isin N*, it is evident that N** is a closed sub- 
ring of I¢*. Moreover, Mt** contains R: for, if a is any real number, aé* is in 
N* and a=6*+a(1—6*) is in N**. Thus N** is an analytical subring of M*; 
and 9* is obtained from ¥** in the manner described above. In the space 
R* in which M* is defined, the equation 6* =1 defines a closed subspace K**. 
Obviously, %* is an analytical subring of the function-ring for #**. In order 
that 6* be identically equal to 1 or, equivalently, that 9* be an analytical 
subring of I*, it is necessary and sufficient that N* contain 1; and sufficient 
that 2* be connected. 

We now establish a fundamental theorem concerning ideals in function- 
rings. 

THEOREM 76. A necessary and sufficient condition that an ideal X in the 
function-ring M be divisorless is that the quotient-ring N/A be isomorphic to R. 
Such an ideal is necessarily closed and prime in IN; and the homomorphism 
M—R determined by it has the property that fa implies |f|—|a| and 
g.l.b. fsSa<l.u.b. f. 


If $/A is isomorphic to R, the fact that R is a field shows that R has no 
ideals other than R and {0}; and it follows that % has no ideal divisors other 
than St and A, in other words, that Y% is divisorless. Since the quotient-ring 
is a field, 9% is also prime. It is evident that % does not contain the unit 1 in M. 

If %& is a divisorless ideal in M, the inequality AM shows that 1 does 
not belong to %. Since the closure A- is also an ideal, the relation % ¢ YU- 
implies that %=%- or M=A-. The equation Mt=Y%A- holds if and only if 1 
is in %-. Now if 1 were an element of %-, there would exist in YU a uniformly 
convergent sequence of functions with 1 as limit. Hence %{ would contain a 
function f such that g.l.b. f>0. Since we would then have 1/feM and fe%, we 
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could conclude that 1=/-(1/f)e%, contrary to fact. The equation %=Y%A- is 
therefore valid; and % is closed in I2. We can next show that Y/Y is a field. 
If f is any element in IM, then the ideal generated by f and % coincides with M. 
Hence there exist functions g and / in Yt and in A respectively such that 
fg+h=1. Thus the relation f#0 (mod %) implies the existence of a function 
g in 9 such that fg=1 (mod Y%), as we wished to prove. It is clear that A 
contains no member of R other than 0; and it follows that two members of R 
are congruent (mod 9%) if and only if they are identical. Hence the field N/A 
contains R as a subfield. 

In order to prove that I2/% coincides with its subfield R, we shall apply 
the theory of ordered fields.* The first step is to classify the elements of 
N/A as positive, negative, or zero in such a way that f+g and fg are positive, 
—f negative, when f and g are positive. In this classification we wish to 
maintain the natural classification of the subfield R. For convenience we shall 
define a similar classification of 2% in such a way that functions con- 
gruent (mod Y%) are assigned to the same class. We say that f is positive if 
t=l|f| (mod %), 40 (mod %), and that f is negative if —f is positive; and 
denote the class of positive elements in M by 8, the class of negative ele- 
ments by Xt. In order to justify this classification, we prove the following 
propositions: (1) if fet, then one and only one of the three relations fef, 
feM, is valid; (2) if feM, gM, OS fg, and geA, then (3) if feP, geM 
and f=g (mod %), then ge; (4) if feB and then f+ge¥ and 

To prove (1) we proceed as follows. Since (—f+|f|)(f+|f|)=—-f? 
+|f|?=0, the fact that N/Y% is a field implies that at least one of the rela- 
tions —f+|f| =0 (mod %) and +f+|f| =0 (mod %) is valid. If both hold, 
then 2f=(f+|/|)—(—f+|/|)=0 (mod %) and therefore f=0 (mod %). We 
see therefore that one and only one of the three sets of relations f=|f| 40 
(mod %), —f=| —f| 40 (mod %), f=0 (mod Y%) is valid, as we wished to show. 

We establish (2) by contradiction. Let us suppose that f4#0 (mod %). 
Then there exists an element / in 9 such that fh=1 (mod %). By (1) at least 
one of the relations —h=|h| (mod %) and h=|h| (mod %) is valid. If the 
first should hold, we would have 1+/|| =1—fh=0 (mod %), and also 
1+/|h|=1 on account of the inequality f20. Here we have a contra- 
diction: it is obvious that 1/(1+/|/|) is in 9M; and it follows that 
1=(1+/|h|)[1/(1+f|%|)]=0 (mod %), 1€%. If the second should hold, we 
would have 1—/|h| =1—fh=0 (mod %), g|h| +(1—f|4|)=0 (mod %), and 
also g|h| +(1—f|4|)=1 on account of the inequality f<g. Again we have a 
contradiction. Thus our initial assumption is false, as we wished to prove. 


* See van der Waerden, Moderne Algebra, I, Leipzig, 1930, Chapter X. 
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We now consider (3). Since f=g (mod %) and {#0 (mod Y), it is obvious 
that g40(mod %). If the relation —g=| g| (mod %) held, we could combine it 
with f=|f| (mod %) to obtain the relations | f| +|g| =f—g=0 (mod %). We 
could then conclude by virtue of (2) that |g|=0 (mod %) and hence that 
g=g+|g|=0 (mod &%). This contradiction shows that we must have 
g=|g| 40 (mod %), or ge®, in accordance with (1). 

The proof of (4) is similar to that of (3). The relations f=|f| 40 (mod %) 
and g=|g| 40 (mod &%) imply fg=|fg| 40 (mod %); in other words, fe® and 
gef imply fgeB. These relations also imply that f+g #4 —|f+g]| (mod %): for 
otherwise we would have |f| +|g|+|f+g| =ft+g—(f+g)=0 (mod %) and 
hence, by virtue of (2), |f| =|g| =0 (mod %), contrary to hypothesis. Fur- 
thermore, these relations show that f+g #0 (mod Y%): for otherwise we would 
have |f| +|g| =f+g=0 (mod %) and hence, by virtue of (2), |f| =|g| =0 
(mod 9%), contrary to hypothesis. It now follows that f+g=|f+g| 40 (mod %) 
or, equivalently, that f+ge$, as we wished to prove. 

If we remark that the relations a=|a| 40 (mod %) and a=|a| 0 are 
equivalent whenever aeR, we see that the partition of Mt into the disjoint 
classes f, N, and % has all the properties required above. It defines a corre- 
sponding partition of the field N/M; and this partition of M/A in turn de- 
fines a simple ordering of the field, in a familiar way.* We can now prove 
that the order so introduced is an archimedean order; in other words, that 
fe¥ implies that nf —1¢$ for some integer . If the element f—1/n should be- 
long to § for no integer », we would have —(f—1/n)=|f—1/n| (mod %) or, 
equivalently, (f—1/n)+|f—1/n| €& for every n. On passing to the limit, we 
would then obtain f+|f|«%-=% or, equivalently, f¢%. This contradic- 
tion shows that f—1/ne$ for some integer n. By (4), we conclude that 
nf —1=n(f—1/n)e$ for that integer, as we wished. Since the field I/% has 
an archimedean ordering which is an extension of the natural ordering of its 
subfield R, it must coincide with R. 

Finally we consider the special properties of the homomorphism J”—R 
stated in the theorem. In order that this homomorphism take f into a it is 
obviously necessary and sufficient that f=a (mod %). If f=a (mod %), 
the relation |f—a|=e>0 is impossible: for f=a (mod %) implies f—a=0 
(mod %), |f—a| =0 (mod %); and |f—a| =e>0 implies |f—a| 40 (mod %) 
in accordance with (2) above. It follows that g.l.b. fSa<l.u.b. f; or, more 
precisely, that a is a limit point of the range of f. The proof that f=a (mod %) 
implies |f|=|a| (mod 9%) is simple and will be omitted. 

We pass now to the investigation of the connections between CR-spaces 
and T>-spaces. The fundamental theorem reads as follows. 


* See van der Waerden, Moderne Algebra, I, Leipzig, 1930, p. 209. 


460 M. H. STONE [May 


THEOREM 77. Jn a To-space N, let G be the family of all open sets 
G=NR(a<f<B) where feM and aeR, BER; let X(r) be the intersection of all those 
sets in G which contain the point v in R; let X be the family of all sets X(x); 
and let R* be the space obtained by assigning each subset of X specified by the 
relations X(r) ¢ @, WeG as a neighborhood of every X(t) which it contains. Then 
M* is a CR-space which is a continuous image of R under the correspondence 
r—X(r); and the function-rings M and M* for R and R* respectively are analyti- 
cally isomorphic under the correspondence f—f* defined by setting f*(X(t)) =f(r) 
for each point rin N. In case VR is itself a CR-space, R* is topologically equiva- 
lent to 


If r is an arbitrary point and f an arbitrary function in M, the set 
R(a<f<) contains r if a and 6 are so chosen that a</f(r) <8. Hence every 
point r determines a set X(r). It is easily seen that every function in M is 
constant on each set X(r). In fact, if f(s) f(r), a and 6 could be chosen 
so that R(a<f<) contains r and X(r) but not 8. It is therefore clear that 
X(r)X¥(8) #0 implies X¥(r)=X(8): for every function in 9 must be con- 
stant on X(r) u X(8); and every set R(a<f<), feM, must contain both or 
neither of the sets ¥(r) and X¥(8). From these results it is obvious that every 
set in G is the union of all the sets ¥(r) which it contains. Hence the assign- 
ment of neighborhoods described in the statement of the theorem can be 
justified through the properties which follow: (1) every X(r) has at least one 
neighborhood; (2) the intersection of two neighborhoods of X(r) is a neighbor- 
hood of X(r); (3) any neighborhood which contains X(r) is a neighborhood of 
X(r); (4) if X(v) *#X(8), there is a neighborhood of ¥(r) which does not contain 
X(8). The properties (1), (3), (4) are obvious from preceding remarks, while 
(2) follows at once from the observation that N(a<f<B8)R(y<g<65) 
=2(0<h<d) where h=min [(f—a)(8—f), (g—y)(6—g)], Accord- 
ingly the introduction of the indicated neighborhood-system yields a 7\-space 
R*. Since the sets X(r) are disjoint, the correspondence r—X(r) from Rt to R* 
is univocal. The open sets specified in %* by the relations X(r) ¢@, GeG 
constitute a basis for R* and have as antecedents in % the corresponding 
sets @ in G’. The correspondence r—X(r) is therefore continuous. Further- 
more, if It is a CR-space, the family G is a basis for 2, so that X(r) = {r} and 
the correspondence r—X(r) is biunivocal and bicontinuous. Thus X* is a con- 
tinuous image of %, and is topologically equivalent to % when MR is a CR-space. 
If feM, the function f/* defined in R* by putting f*(X(r)) =f(r) is bounded, 
single-valued, and real. We see also that f* is continuous since the set 


We use the relations 2 max (f, g)=|f—g|+f+g, 2 min (f, g)s=—|f—g|+f+g here and 
elsewhere in this section, when properties of max (f, g) or min (f, g) are needed. 
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R*(a <f* <B) is the open set of all X¥(r) such that X(r) ¢ R(a<f<f). Thus f* 
is in §¢*. On the other hand if f* is any function in M*, the function 
f(t) =f*(X(r)) is a bounded real function; and f(r) is also continuous since it 
defines a correspondence r—/(r) from 9 to R which is obtained by eliminating 
X(r) from the continuous correspondences r—X(r), ¥(r)—f*(X(r)) carrying 
R into R* and KR* into R respectively. Thus the correspondence f—/* takes 
M univocally into M*. It is easily verified that this correspondence is an 
analytical isomorphism in accordance with Definition 22. Finally, it is evi- 
dent that 9* is a CR-space, since the sets R*(a <f* <8) constitute a basis for 
®* by virtue of the characterization given for them above. We may note in 
passing that ¥(r) can obviously be obtained as the intersection of the closed 
sets R(f=f(r)), feM, and is therefore closed. 

The immediate significance of Theorem 77 is seen to be that in studying 
function-rings we may restrict attention to the case of CR-spaces without any 
loss of generality. 

We shall now obtain some information concerning the connections be- 
tween function-rings and algebraic maps for CR-spaces. 


THEOREM 78. In a CR-space R, let G be the basis of all sets R(a<f<B) 
where f is in the function-ring I; let A be the basic ring generated by G’; let U be a 
divisorless ideal in IN; and let a(X) be the ideal in A determined as the class of 
all sets a in A such that, for at least one choice of f, a, and B, the relations 


a<R(a<f<B), f=vy (mod A), and either y<a or y>B are valid. Then in the 
bicompact Boolean space &(A), the closed sets 3(X) =€'(a(M)) are disjoint and 
constitute a continuous covering family Z. Under the usual topology, Z defines a 
bicompact H-space Q. 


We must first show that a(%) is an ideal in A. It is evident that Oea(%M) and 
that aea(M) and a>c imply cea(%). Hence we have only to prove that aea(Q) 
and dea(%) imply v dea(%M). By hypothesis, we have a<R(a<f<) and 
b<R(y <g <5) where f=o (mod %), g=7 (mod Y%), and o and 7 lie respectively 
outside the closed intervals [a, 8] and [y, 6]. If we put h=|f—o| +|g—7|, 
e>0, n>|lAll, and choose « sufficiently small, it is seen that a vb <R(h>e) 
=R(e<h<n), h=0 (mod %) and hence that a v bea(%M), as we wished to 
prove. 

Next we show that implies a(%1) v a(%2) =e and hence 3(%1)3 (Me) 
= (a(M1)) (a(Me)) = v a(Az)) = C’(e) =O. If We, the ideal gener- 
ated in M by %, and %, coincides with M; in other words, there exist functions 
f and g such that f+g=1, fe%,, ge%. The relations |f|=0 (mod %), 
| g| =0 (mod %2) show that the sets a=9(|/| >1/3) and b=9(|g| >1/3) be- 
long to a(%,) and to a(%2) respectively. Since 1=f+g<|f|+|g|, we must 
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have a’b’ =R(|f| $1/3)-R(| g| <1/3) =0 or, equivalently, a v b=e. It follows 
that a(%,) va(%.) =e, as we wished to prove. 

We must also show that, if p is any prime ideal in A, there exists a divisor- 
less ideal &% in M for which the equivalent relations pe3(A), peE(a(A)), 
a(%) cp are valid. By Theorem 76, the construction of a divisorless ideal is 
equivalent to the construction of a homomorphism Yt—R. Now, if f is a fixed 
function in I, we may classify the open intervals (a, 8), —» <a<B<+~, 
according to the relation of the set 2(a<f <) to the given prime ideal p in A; 
in particular, we consider the intervals (a, 8) for which R(a<f<)ep. We 
prove that there is exactly one real number which belongs to none of the 
latter intervals. First let us show that there is at least one. If there were not, 
the open intervals (a, 8) under consideration would cover the closed interval 
[a’, 8’ | where a’ and are bounds for f. By the Heine-Borel-Lebesgue cover- 
ing property, a finite number of the intervals (a, 8) would suffice to cover 
8’ |; and in consequence a finite number of the sets R(a <f <8) in p would 
suffice to cover Rt. Here we have a contradiction, since no finite union of sets 
belonging to p can coincide with the unit ® in A. Thus there exists at least 
one real number y of the desired kind; and it is evident that any such num- 
ber y must satisfy the inequality g.l.b. f<y<]l.u.b. f or, more precisely, must 
belong to the closure of the range of f. Now let us prove that, if y: and y2 are 
such numbers, then 7:=‘72. By hypothesis, the sets R(yi1—¢€<f<~yite) and 
R(y2-€<f<~vy2+e) belong to p for no positive e. It follows that these sets 
must have non-void intersection for every positive « and hence that the open 
intervals (yi—€, yi te) and (y2—€, y2+e¢) must have points in common for 
every positive e. Thus we conclude that y;=72. In view of the preceding con- 
struction, we see that the prime ideal p assigns to each f in Yt a unique corre- 
sponding real number y. We wish now to prove that the correspondence f—y 
defines a homomorphism 9—R. By construction, it is evident that f—y im- 
plies f—y—0. It is also evident that, if f is constant, then f—y if and only if 
f=vy. If we can establish the propositions (1) f-0, g-0 imply f+g-—0, 
and (2) f—0 implies fg—-0, we can then show that f—-y, g—6 imply 
or, equivalently, f+g—-y+6 and 
or, equivalently, fg—yé. If f-0 and g—0, the sets ®(|f| <«/2) and 
R(| g| <e/2) belong to p for no positive €; and their intersection likewise be- 
longs to p for no positive e. Since R(|f+g| <e) > R(|f| <€/2)R(| g| <€/2), the 
set R(|f+g| <e) belongs to p for no positive e. It follows that f+g—0. Simi- 
larly if f—0, the set ®(|fg| <e) contains the set R(|f| <e/||g||) which does 
not belong to p for any positive e«; and we conclude that fg—0. Thus the 
correspondence f—y is a homomorphism. 

If % is the ideal determined by this homomorphism, we must show that 


1937] BOOLEAN RINGS 463 


a(%) cp. If aea(A), there exists a function f and real numbers a and 8 such that 
a<R(a<f<) and f—y, where is outside the closed interval [a, 8]. For suf- 
ficiently small positive « we have R(y—e<f<y+e)R(a<f<f) =0. Since, 
by our construction of y, the set R(y—e<f<y-+e) does not belong to p, we 
must therefore have R(a<f<)ep. It follows that aep and that a(%) cp. 

The family Z is now seen to cover €(A); but we wish to show further that 
Z is continuous. If a is any element in A such that €(a) > 3(%), we have to find 
an element } in A such that 3(%) ¢ €(b) and such that 3(%)€’(a)~0 implies 
3(B)€E(b)=0. The relations €(a)>3(A), E(a’) ¢ E(a(A)), and a’ea(W) are 
equivalent. Hence we can find f, a, and 6 so that a’ <R(a<f<) where fy 
and ¥ is outside the closed interval [a, 8]; and we then see that a>R(|g| Se) 
where g=f—v and e is a sufficiently small positive number. We now choose } 
as the set R(|g| <€/3). Since b’ = (| g| >«/3) where | g| =0 (mod we see 
that b’ea(%) and hence that €(b) >3(%). If B is a divisorless ideal in I such 
that 3(%)€(a’) =3(B)E'(a)¥0 and if the homomorphism carries 
g into 6, we introduce the set c=R(|g—6| <€/3) in A. Since c’=R(|g—5| 
>e/3) where | g—5| =0 (mod &), we have c’ea($), €(c) 33 (B). The relations 
E(a’c) =€'(a)€(c) > E'(a)3(B) show that a’c¥0. From the relations 
R(| g| >€)R(|g—45] <e/3) > a’cX0, we infer that | 5| >2¢/3. We then con- 
clude that bc=(|g| <e/3)R(|g—4| Se/3)=0 and hence that €(b)3(%) 
c &(b)E(c) = E(bc) = E(0) =0, E(b)3(B) =0, as we wished to prove. 

If we now impose the usual topology upon the family Z, we obtain an 
H-space Q and a map m(Q, G(A), Z) in accordance with Theorem 23. Since 
Z is a continuous covering family, Theorem 22 shows that © is a continuous 
image of €(A). It follows that Q is a bicompact H-space. 


THEOREM 79. The space Q of Theorem 78 is an immediate, and hence strict, 
H-extension of the given CR-space R. Every function in M can be extended from 
RM to Q so as to be continuous, and hence bounded, in Q. If feM and f* is its 
extension to Q, then the correspondence f—f* is an analytical isomorphism be- 
tween the function-rings for R and Q. In case R is a bicompact H-space, OD 
coincides with R. 


Considering the algebraic map m(R, €(A), X), where A is the basic ring 
described in Theorem 78, we show that each set ¥(r) coincides with a suitable 
member of the family Z of that theorem. If r is an arbitrary point in W, the 
correspondence f—/(r) defines a homomorphism §2—R. The associated 
divisorless ideal 2% = %(r) then has the property that X(r) =3(%(r)). We prove 
this statement as follows. If aeA and (a) > X(r), then the basis G contains a 
set b=%(|f| <e), f(t) =0, which contains r and is contained in a: for Theorem 
28 shows that r is interior to a. The relations b’ = R(|f| =) ¢ R(|f| >«/2) and 
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f=0 (mod %(r)) show that b’ea(%(r)) or, equivalently, that E(b) >3(A(r)). 
Since €(a) > E(b), we conclude that €(a) also contains 3(%(r)). On the other 
hand, if aeA and G(a)>3(A(r)), we know that a’ea(A(r)). Hence there 
exist a function f and a positive number ¢ such that a’<(|f| >«) where 
f=0 (mod Y%(r)) or, equivalently, f(r)=0. Consequently the open set 
b=(|f| <e) belongs to A, contains r, and is contained in a. Since r is thus 
interior to a, we conclude that €(a) > X(r). The equivalence of the relations 
E(a) >X(r), E(@) 93 (A(r)) implies that ¥(r) =3(A(r)), as we wished to show. 
Theorem 41 now shows that © is.an immediate H-extension of %#; and 
Theorems 64 and 75 show that Q must be a strict extension of 2. 

In discussing the extension of functions from ® to Q we may regard ® 
as a subspace of Q and we may even identify # and OQ with the topologized 
families X and Z respectively. If feM, we define the extended function f* by 
putting /*(3(4%))=y where f—y under the homomorphism M—M/%. 
That f* is actually an extension of f appears at once from the relations 
f*(X(v)) =f* (3 (A(e))) =f(r). We see also that f* =g* if and only if f=g, and 
that (f+g)* =/*+g*, (fg)*=f*g*, |f|*=|f*|. It is evident that || 
and we know that f—y implies |y| <||f||. Hence we see that || f|| =|] f*||. To 
show that {* is continuous, we have to prove that O(a </f* <£) is an open set. 
If 3(%o) represents a point qo in this set, then f*(3(%o))=yo where f—vyo 
under the homomorphism I—M/°Ao and Yo satisfies the inequality a<~yo <8. 
Putting 0 <e<min(yo—a, we consider the set a= R(yo—€<f <Yote) 
=%(|f—~yo| <e) in A. We shall show that the open set specified in Q by the 
relation 3(%) ¢ €(a) contains qo and is contained in O(a <f* <8); and we can 
then infer that Q(a <f* <8) is open. First we prove that 3(%) ¢ €(a). The set 
b=R(|f—vo| >€/2) is in A and obviously contains a’ = R(|f—vo| Since 
(mod Mo), we see that bea(Mo) and hence that a’ea(Mo). It follows that 
€(a) >3(%o), as we wished to show. Secondly, we prove that 3() ¢ E(a) 
implies f*(3(%))=y where a<y<; and we can then infer that the point 
q represented by 3(%) is in Q(a<f*<). Now 3(%) ¢ (a) implies that 
R(|f—vo| =a’ea(M). Hence, if f—y under the homomorphism M—M/A, 
we must have |y—~o| Se: for the relations a va’ =e, a’ea(%), and 
show that a is not in a(%{) and hence that y—vypo is not outside the closed 
interval [—e, Since f—y implies f*(3(%))=y and since a<yo—eSv 
<yo+e<£, our proof is brought to the desired conclusion. 

If an arbitrary bounded continuous real function f* in Q is restricted to 
the subspace 9%, the restricted or partial function f obviously belongs to M. 
Since ® is everywhere dense in Q, the extension of f to must be the original 
function {*. We conclude therefore that the correspondence f—/* defines an 
analytical isomorphism of the iunction-rings I and M* for R and Q re- 
spectively. 
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If the space 9 is a bicompact H-space, it is normal and hence completely 
regular. The corresponding space Q must then coincide with 9, since a 
bicompact H-space is absolutely closed with respect to immediate or strict 
H-extension. 

Obviously Theorem 79 provides a further reduction of the theory of 
function-rings: it enables us to restrict attention to the case where the under- 
lying T-space R is a bicompact H-space. We shall continue the analysis of 
function-rings under this assumption. First we state a result which is a direct 
corollary of Theorem 79. 


THEOREM 80. Jf % zs a divisorless ideal in the function-ring for a bicompact 
H-space R, then there exists a point r in R such that fe if and only if f(r) =0; 
the homomorphism M—M/A carries f into f(r). 


The proof of Theorem 79 shows that the families X and Z coincide when 
® is a bicompact H-space; and the result stated here then follows from the 
relation X(r) =3(A(r)) previously noted. A direct proof can also be given. 
Since ® is bicompact, the range of any function f in Jt is a bounded closed 
set of real numbers. Hence fe%l implies that f—0 under the homomorphism 
M—M/A and that the set R(f=0) is non-void. Iff,, - - - ,f, are in Wf we there- 
fore have R(fi:=0) - - - =O) - - - fn] =O) = (MN fal + - - - 
+|f.| =0)#0, since |fi| ++ --- We see therefore that, because of 
the bicompactness of §t, the intersection of all the closed sets R(f=0), where 
feX, is non-void. It is now evident that the divisorless ideal U(r) defined by 
the homomorphic correspondence f—/(r), where r is a point of this inter- 
section, contains %. Hence %=%(r), as we wished to show. 

We pass now to a study of subrings of M. 


THEOREM 81. If Mis the function-ring for a bicompact H-space R; if Nis an 
arbitrary non-void subclass of M; if Gy is the family of open sets R(a<f <B), 
SEN; if Xv) is the intersection of all sets Gy in Gy which contain the point t in 
MR; if Xq is the family of all sets Xy(r), reR; and if Ry is the space ob- 
tained by assigning each subset of Xp specified by a relation Xy(r) ¢ Hy, where 
Hy = Gy and Gy eGy for k=1,---, n, as a neighborhood of 
every Xy(r) which it contains ;—then Ry is a bicompact H-space which is a con- 
tinuous image of R. If Ni > Ne, then Ry, is a continuous image of Ry,; and Ry 
is topologically equivalent to R. If N* is the analytical subring of IM generated 
by N, then Ry» is topologically equivalent to Ry. 


The argument developed in the proof of Theorem 77 can be applied here 
without essential modifications. Thus we find that the sets ¥(r) are disjoint 
and cover 8; that every function in M is constant on each set X(r); that 
every set in Gy is the union of the sets ¥»(r) which it contains; and that 
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X»(r), as the intersection of all the closed sets R(f=f(r)) where fe, is itself 
a closed set. Moreover, we see that, if Gy =R(ar<fi<Bx), freM, for 
k=1,---,m, then the intersection Hy=Gy™ - - - is the union of all 
the sets Xy(r) which it contains: for reSy implies a, <f.(r) <6, fork=1,--- ,” 
and hence Xy(r) ¢ Gy for k=1, - - - , m. Thus the neighborhood-system de- 
scribed in the theorem can be imposed upon the family Xy; and the resulting 
space Ny is a T,-space. As in the proof of Theorem 77, we see next that the 
correspondence r—Xy(r) from 9 to Ry is univocal and continuous; and that 
it carries each function f in N into a bounded continuous function f* in Ry 
given by f*(X»(r)) =f(r). It is now easily seen that Ry is a CR-space: for the 
open set in Ry specified by the relation Xy(r) ¢ Hy, where Hy = R(ar<fi <B:) 
+ Ran<fn<B,) and freM for k=1, - - - , m, coincides with the set 


Ny (ar < fi B1) Rylan < fx < Bn) = Ry (O < gn < 7) 


where gy is the bounded continuous real function in My defined by the 
formula 


gn = min — ax)(Bx — fi*)] 


and y>||gy||. As an H-space which is a continuous image of the bicompact 
H-space ft, the space Ry must also be bicompact. In case R= M, the con- 
struction of Ry, is identical with that described in Theorem 77, so that Ng 
coincides with 9* and is topologically equivalent to KR. If 91> Ns, the rela- 
tions Gy, > Gx., Xn,(t) ¢ Xm,(r) are obviously valid. It follows immediately 
that the correspondence Xy,(r)—X~y,(r) from Ry, to Ry, is univocal and con- 
tinuous; and that My, is a continuous image of Ry,. By inspection of the 
construction of the analytical subring N* generated by M, it is evident 
that every function in M* is constant on each set ¥y(r) and hence that 
Xy-(r) >Xy(r). The relation N* > R implies that Ry is a continuous image of 
Ry» under the correspondence where Xy.(r) ¢Xy(r). We see 
therefore that Xy-(r)=X»(r) and that the indicated correspondence is bi- 
univocal. An elementary proposition now shows that the bicompact H-spaces 
Ry and are topologically equivalent. 

In order to obtain a deeper insight into the subject matter of Theorem 81, 
we shall next prove a generalization of the Weierstrass approximation 
theorem. 


THEOREM 82. In order that Ry be topologically equivalent to Ry, and to R 
by virtue of the correspondences r—Xy(r)—Xy(r), it is necessary and suf- 
ficient that N* =M. 


+ AH, p. 95, Satz III. 
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The usual statement of the Weierstrass approximation theorem can be 
broken down into two propositions: (1) every function continuous in a closed 
interval of R can be uniformly approximated by a “polynomial” constructed 
from the function f(a) =a@ and the real numbers by the algebraic operations 
and the formation of absolute values; (2) the function f(a)=|a| can be 
uniformly approximated by a polynomial p(a) where p(0) =0. It is obvious 
that M* can be constructed from N by taking the uniform limits of “poly- 
nomials” constructed from Jt and R by the application of the algebraic 
operations and the formation of absolute values. Hence, if we restrict our- 
selves to this characterization of the equation = IM may be regarded 
as a generalization of part (1) of the Weierstrass approximation theorem. 
The proof which we shall give below will be a proof of this partial generaliza- 
tion; it will be in particular a proof of (1). In order to have a proof of a com- 
plete generalization of the Weierstrass approximation theorem, we must 
eliminate the use of absolute values from the construction of 2*. We can do 
this, as we have already seen in the discussion of Theorem 75, if and only if 
we use part (2) of the Weierstrass approximation theorem. Since our proof 
of the generalization of part (1) will be an algebraico-topological proof, we 
may regard (2) as the “analytical kernel” of the Weierstrass approximation 
theorem for general topological spaces. 

From Theorem 81 we already know that Ry and Ry. are topologically 
equivalent. Hence there is no loss of generality in assuming that N2=M*, 
in other words, that Jt is an analytical subring. From Theorem 81 it is then 
known that the relation Jt = M implies the topological equivalence of Ry, Rm, 
and §. Hence we have only to prove that the topological equivalence of 
Ry and Ry implies R= M when MN is an analytical subring of M. 

If f is an arbitrary function in M and ¢ is an arbitrary positive number, 
we shall construct a function g in Jt with the properties f<g<f+e. Since N 
is closed in M, the resulting inequality || f—g|| <« leads to the conclusion that 
N= M. 

As a first step in this construction we show that, if a and @ are real num- 
bers satisfying the inequality a <8, then there exists a function gag in 2t which 
satisfies the inequality f < gag in ® and the inequality gas $8+¢/2 in the closed 
set F=R(a<f<B). If B+e/2=|\f|| or if F is void, we may obviously take gas 
as the constant ||f||; and if G=R(a—«/2<f<@+</2) coincides with R, we 
may take g.s as the constant 6+¢«/2. Hence we may confine our attention to 
the case where B+¢/2<||f\|, 40, and G¥R. Since Ry is topologically 
equivalent to Ry and to R by hypothesis, and since & contains §, each point 
rin § determines an open set Gy(r) = R(y <g <5), geM, such that reGy(r) ¢ G. 
Now the function 4=|g—g(r)| /n, where 0<n<min (g(r) —y, 5—g(t)), be- 
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longs to and the sets Hy(r)=R(A<1), are respectively 
open and closed in and satisfy the relations reHy(r) ¢ Fy (rt) ¢ Gy(r) G. 
As a closed set in the bicompact H-space %, the subspace § is bicompact. 
Hence there exist points rm, - - - , r, in § such that 


If the corresponding functions are ;,---, 4, respectively, the function 
h=min (ii, --- , 2») belongs to R and has the properties 


Hn = < 1) = Ha(ri)u--- 
jn = RA S 1) = Fal(ti)u--- vFalt,), 
Fn cG. 


Since ’ is a non-void closed subset of the bicompact space %, the function h 
has on this set a greatest lower bound é attained at some point r in @’; and 
the relations G’ ¢ § =R(k>1) show that &=f(r) >1. We can now define the 
desired function gag by the formula 


gas = — (8 + €/2)} {min [E, max 1)] — 1}/{€ — 1} + (6 + €/2). 


It is evident that gas is in %. The formula, together with the relations 
B+e/2<|\|f\| and &>1, makes it plain that gas satisfies the inequality 
B+e/2 < Since ¢ in accordance with our determination 
of £, we see that gas =||f|| in on the other hand, we have gas=B+¢/2>f 
in @. Hence the inequality f<g.s holds at every point in R. Since § ¢ Fy 
=(i<1) we see that gag=G+e/2 in §. Thus the function gas has all the 
properties required. 

With the aid of the functions g.s, we can now construct the desired func- 
tion g. We choose a finite number of open intervals (a, 8) of positive length 
8—a not greater than ¢€/2 which cover the range of the given function f in M. 
Let the functions g.s corresponding to these intervals be denoted by 
£1, ° respectively. The function g=min (gi, - - - , then belongs to 
It obviously has the property g=f since g.=>f for k=1,---, mu. If r is any 
point in §t, then f(r) belongs to at least one interval (a, 8) among those 
chosen above; and the relations a<f(r)<8, 0<8—ase/2 show that 
B<f(r)+e¢/2. Hence we have g(r) <gas(t) S$8+e/2<f(r)+e; and the in- 
equality g<f+e holds throughout 9%. With this the proof is completed. 

We may point out in detail that this proof establishes part (1) of the 
Weierstrass approximation theorem. If 8 is a closed subinterval of R, then 
the function f given by f(p)=p has the property that the sets R(a<f<£) 
constitute a basis for %. Hence if we take N as the subclass of M consisting 


1937] BOOLEAN RINGS 469 


of the function f alone, Ry is topologically equivalent to R and N* =M, as we 
wished to prove. 

Before applying the generalized approximation theorem, we shall general- 
ize a theorem established by Banach in the case of separable bicompact 
H-spaces (compact metric spaces). Our proof is necessarily somewhat differ- 
ent from the proof of Banach.f 


THEOREM 83. Jf R and KR* are bicompact H-spaces and if M and M* are 
the corresponding function-rings, then the existence of an isometric corres pond- 
ence f->Uf =f* between M and M* is equivalent to the existence of a topological 
equivalence t—p(r) between and KR*, the two correspondences being con- 
nected by the relations 


f(c) = — O*(e*)], Uf =f*, a(t) = 
U1=¢*, 
where |¢*| =1. If the relations U0=0, U1 =1 or, equivalently, the relations 


6* =0, ¢* =1 are satisfied, then the correspondence f—-Uf =f* is an analytical 
isomorphism between M and M*. 


By an isometric correspondence U is meant one with the property 
|| Uf —Ug!| =||f—g||. It is evident that such a correspondence is biunivoca] 
and has an isometric inverse U-'. 

If p, ¢*, and 6* are given arbitrarily, we define U by the equation 
f* =Uf=f(o(r))/b*(o(r)) +0*(p(r)). It is easily verified that U carries M 
isometrically into I*. With the special choice ¢* = 1, * =0, it is evident that 
U determines an analytical isomorphism between 92% and IM¢*. We may remark 
that if U defines such an isomorphism the necessary relations U0=0, U1=1 
imply 6* =0, ¢* =1. 

When U is given, we define 6* = UO and determine a new correspondence 
V by the relations f-Vf = Uf—6* =f* —6*. It is evident that V carries M 
isometrically into I* and that V has the additional property VO=0. A 
theorem of Mazur and Ulam now shows that V is a linear correspondence, 
satisfying the relation V(af+8g) =aVf+6V¢.t 

We now construct the topological equivalence p(r) in terms of the corre- 
spondence V. If r is any point in % we denote by M(r) the class of all func- 
tions f in M¢ which satisfy the equation |f(r)| =||f||. It is evident that 
Mr) >R. Also, if fi,---, f, are in M(r), the function sgn f,(r) 
belongs to M(r) and satisfies the relation || g|| =}-?="||f,||, as we infer from 
the inequalities 


t See Banach, Théorie des Opérations Linéaires, Warsaw, 1932, p. 170, Théoréme 3. 
t A proof is given by Banach, Théorie des Opérations Linéaires, Warsaw, 1932, pp. 166-168. 
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f(t) | = g(r) < |lall. 


fi 


sll = 
We can now show that the closed sets §*=MR*(|f*(r*)| =||/*||), where 
f*=Vf and feM(r), have a non-void intersection in R*. Since R* is bicom- 
pact, it suffices to prove that the intersection of a finite number of sets §* 
is non-void. If §*,---, §* are such sets corresponding to the respective 
functions fi, --- , fn in Mr), we consider the associated function g defined 
above and its correspondent 


v=n 


gt = Vg = sen f(t)) = (Vf,) sgn = sgn f,(r). 


v=1 


Since g* assumes its greatest lower and least upper bounds on the bicompact 
space 2*, there exists a point p* in R* such that | g*(p*)| =||g*||. We now 
observe the relations 


and the relations 

The latter show that we must have | f*(p*)| =||f*|| for k=1, - - - , m. Hence 
the point p* is common to §¥, - - - , §." as we wished to prove. We now let 


r* be a point common to all the sets §*. It is evident that feM(r) and f* = Vf 
imply f*eM*(r*); in other words, that V carries Mt(r) into a subclass of 
m*(r*). By symmetry, the inverse correspondence V~" carries I*(r*) into a 
subclass of some class IN(p). The inclusion relation M(p) > M(r) is now ob- 
vious; and it implies that p=r. In fact, if p¥r, there exists a function f in M 
such that f(p) =0, f(r) =1, O<f<1; and the equation || f|| =1 then shows that 
feM(r), feM(p). We can now infer that V carries M(r) into M*(r*); and, 
further, that V carries the family of all classes I(r) biunivocally into the 
family of all classes 92*(r*). This correspondence between the classes Nt(r) 
and 9N*(r*) determines a biunivocal correspondence = p(r) between 
® and R*. We have to prove that the latter correspondence is a topological 
equivalence. From the construction of p(r), it is seen that the sets R(|f| =||]|) 
and *(|f*| =||f*|]) correspond under the correspondence re—r* = p(r) 
when f and f* are connected by the relation {/* = Vf: for these two sets are 
specified by the relations fe§(r) and f*eM*(r*) respectively. Accordingly the 
complementary sets R(|f| <||f!,) and ®*(|f*| correspond likewise. 
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Thus it is sufficient for us to prove that the latter sets constitute bases for the 
respective spaces Jt and M*. Since the same discussion applies to both R and 
§*, we may consider the space # alone. Since ® is a bicompact H-space, it is 
a CR-space; and the sets R(a<g <8), geM, constitute a basis for §. If Rt has 
more than one point, we may discard the sets Rt(a <g <{) which coincide with 
§® or are void, and still have a basis for R. If R(a<g <Q) is one of the sets 
retained, we introduce the function 


fo t—maz [0, - 06 - Ol 


and show that R(a<g <8) =R(|f| <|lf||). It is evident that O<f<1. If ris 
in the complement of R(a<g <8), we have (g(r) —a)(8—g(r)) <0 and f=1. 
We infer that ||f||=1. On the other hand, if reR(a<g<@), we have 
(g(r) —a)(8—g(r))>0 and f<1. Thus we have R(a<g<B)=R(|f| 
as we wished to prove. It is evident that f is in I. Thus we have proved that, 
unless and are one-element spaces, the correspondence t* = p(r) 
is a topological equivalence; and the exceptional case is trivial. 

We now define ¢* as the function V1 in M*. Since ||¢*|| =||f|| =1 and 
R(|f| =9 for f=1, we conclude that R*(|g*| =||p*||) and hence 
that |¢*| =1. The correspondence W defined by Wf =¢*V/f therefore has the 
properties |Wf|=|Vf|, WO=0, Wi=9*6*=1, and 
W (af +Bg)=aWf+8Wg. Since the first two of these properties imply 
R*(| =||W#||), we see that the construction of the 
preceding paragraph leads to the same topological equivalence p if we start 
with W rather than with V. 

In terms of W the relation between U, ¢*, 0*, and p which we wish to 
establish assumes the equivalent but simpler form f(r) =/*(r*) where f* = Wf 
and r*=p(r). As a first step in proving this relation, we show that f20 
implies Wf=0. If a and 6 are the minimum and maximum, respectively, of 
the function f, the relations 0 <a <f imply that the function g=6—f2=0 has 
the number B—a=0 as its maximum. Hence ||g|| =8—a. If we now write 
=B—|\g|| =a=0, we obtain the 
desired result. As a second step, we prove that W|f| =| Wf|. Since |f| —f20, 
we have W|f|-Wf=W(|f|—f)20 and hence W|f|=Wf. Similarly 
|f| +f20 implies —W|f| <Wf. We therefore conclude that W|f| =| Wf|. 
By symmetry, W-"|Wf| =>|W-W/| =|f|. Since W| Wf| —|f| 20, we have 
|Wf| —W|f| =W(W-| —|f|)=0 and hence | Wf| =W|f|. Combining 
this inequality with the one obtained above, we conclude that | Wf| =W|f|. 
We are now in a position to complete our proof. Let a be the value of f at a 
fixed point r in 9 and let 8 be the maximum of the function |f—a|. Then the 
function g=6— lf—a| =0 belongs to Nt and has a maximum £ at the point r. 


472 M. H. STONE {May 


Hence ||g|| =8. Since re9(|g| =||g|]), we see that r*=p(r) belongs to the set 
R(| g*| =||g*||) where g*=Wg. Now 
=B8—|Wf—Wa| =6—|f*—al, |g*| =|Wg| =W|g|=Weg=g*, and ||g*| 
=||g||=8. Hence we see that 8—|f*(t*) —a| =g*(r*) =| g*(r*)| =||g*|| =8, 
{*(r*) =a=f(r). This completes the demonstration. 

We can now return to the analysis of the results of Theorem 81, obtaining 
the following additional information. 


THEOREM 84. The correspondence tr—X(r) from R to Ry described in 
Theorem 81 induces an analytical isomorphism between Nt* and the function- 
ring My for Ry. No function which belongs to M but not to N* is carried by this 
correspondence into a single-valued function in Ry. 


The correspondence r—X_(r) defines a function fy in Ny through the re- 
lation fy(X»(r)) =f(r). If f belongs to NR or N*, as we have already noted, 
then fy is single-valued, bounded and real. If f is in N, then fy is also cont nu- 
ous. Thus the induced correspondence f—fy carries N into a subclass Piy of 
the function ring My for Ry in such a way that |f|—|fy| and ||f|| =|| fall. 
It is obvious that the space (Ny)gy is topologically equivalent to Ry. Theo- 
rem 82 therefore shows that the analytical subring (By)* generated in My 
by By coincides with M,. Obviously the correspondence f—fy can be ex- 
tended analytically from the classes N, By to the corresponding classes 
N*, (By)* = My. The extended correspondence is then seen to be an analytical 
isomorphism between 2* and My; it coincides with the correspondence f—fy 
defined above for feM* before we had shown that fneM~. If f is not in N*, 
we wish to show that the corresponding function fy defined by fy(Xx(r)) =f(r) 
is not single-valued. To this end we consider the class § of all functions in M 
which are constant on each set Xy(r), reR. Since BI N* DMN, the space Ry is a 
continuous image of Rg by virtue of the correspondence Xg(r)—Xy(r) as we 
proved in Theorem 81. The definition of $ shows that Xg(r) =X»(r), so that 
this correspondence is biunivocal. Since Rg and Ry are bicompact H-spaces, 
it follows that they must be topologically equivalent.f If fe$, the function 
fg in Ng defined by fg(Xg(r)) =f(r) is a bounded continuous real function in 
accordance with Theorem 81. The correspondence X,(r)—X_(r) therefore 
carries fg into the bounded continuous real function fy defined by fy(X»(r)) 
=fg(Xg(r)) =f(r). Since fn is in My, there exists a function g in N* such 
that gr=fm, by virtue of the results established above. Hence we have 
f (vc) = = =g(r) throughout KR; and we conclude that feN*. 
We have thus shown that 2* >. It follows that B=N*. We therefore see 


+ AH, p. 95, Satz III. 
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that, if f is not in 2*, then f is not constant on every set X¥p(r) and that the 
corresponding function fy is not single-valued. 

With Theorems 80-84 we have obtained enough information to character- 
ize completely the algebraico-topological structure of the function-rings for 
bicompact H-spaces. We state first the results for the theory of closed ideals. 


THEOREM 85. Between the closed ideals in the function-ring IN for a bicom- 
pact H-space R and the closed subsets of RN, there exists a biunivocal corres pond- 
ence such that a closed ideal Nt consists of all functions in It which vanish on the 
corresponding closed set §. The quotient-ring IN/N, where N is a closed ideal 
distinct from IN, is isomorphic to the function-ring of the corresponding set §. 
Every product of divisorless ideals is a closed ideal; and every closed ideal distinct 
from MN is the product of all the divisorless ideals which contain it. 


We denote by @ the set of all points where some function f in a given 
closed ideal Jt does not vanish; and by § the set of all points where every 
function f in 3 vanishes. It is evident that G and § are complements of one 
another. We see also that G is open: for if reG and f(r) =a 0, feN, the open 
set R(a—e<f<a+e) contains r and is contained in @ whenever 0<e<|a|. 
Accordingly, § must be a closed set. At this point, it is convenient to 
show that §=0 implies N=M. Since §=0 implies G=R, the open sets 
R(a<f<B), where feM and 0 is outside the closed interval [a, 8], cover R. 
Since is bicompact, we can select a finite number of these sets which also 
cover ft. If the corresponding functions in M are fi, -- - , fn, we see that the 
function f=|fi| --- + |f,| has a positive lower bound in If f were in 
we could then conclude, since 9 is an ideal, that 1 =/-(1/f)e2 and hence that 
N=M. To prove that f actually belongs to N, it is evidently sufficient to 
show that 2 contains |f| together with f. Since |f| can be uniformly approxi- 
mated by polynomials of the form 


v=n v=n—1 
= 
each of which obviously belongs to the ideal It whenever f does, and since 2 
is closed, it is evident that N has the desired property. Thus § =0 implies 
X= M. In the general case, we apply the results of Theorems 81 and 84 by 
considering the construction and properties of the space Jy. The sets X(t) 
can be characterized as follows: if r is in G, then Xy(r) consists of the point r 
alone; and, if r is in §, then Xy(r) =§. First, if re, there exists a function f 
in % with the property f(r) #0; and, remembering that f must vanish in § 
and be constant in X¥»(r), we conclude that ¥y(r) is disjoint from §. Further- 
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more if 8 is a point of @ distinct from r, there exists a function g in It with the 
"properties g(r) =1, g(8)=0. The function h=fg belongs to the ideal N to- 
gether with f and has the properties /(r) #0, #(8) =0. Remembering again 
that / must be constant in ¥»(r), we conclude that ¥y(r) does not contain 8. 
We see therefore that Xy(r) = {r}. Since the sets ¥y(r) are disjoint, it follows 
that ref implies ¥y(r) ¢ §. On the other hand, the fact that every function 
in vanishes in § implies that Xy(r) when Consequently, we have 
Xy(r) =F when re}, as we wished to prove. Theorem 84 now shows that the 
analytical subring N* generated by N consists of those functions in Yt which 
are constant on §: for such functions are precisely the ones which are constant 
on each set Xy(r) and hence remain single-valued on passing from f to fy in 
the manner described in that theorem. On the other hand, we can construct 
N* directly. Let $ be the class of all functions of the form f+a where fe? 
and aeR. It is evident that 2 ¢$¢N*; and also, by virtue of the fact that 
OeN, that Ref. If we can now show that § is a closed subring of M, these 
relations enable us to conclude that it coincides with %*: for the second 
identifies $ as an analytical subring; and the first then shows that B=M*. 
To show that §$ is closed, we recall that we are assuming § to be non-void. 
If {f. +a} is a convergent sequence in §, the fact that f, vanishes in § shows 
that the sequences {a,} and {f,} converge separately. Since N is a closed 
subset in the complete metric space M, {f,} has a limit in N. Thus § is 
closed. Finally we show that § is a subring: if f+a and g+ are in §, 
then the difference (ft+a)—(g+8)=(f—g)+(a—f8) and the product 
(f+a)(g+B) =(fg+f8+ga)+( (a8) are in because the relations feN, geN, 
aeR, BeR, and ReM imply f—geN, fg+/B+gaeN, a—BeR and aPeR. Since 
%=N*, we now infer that every function in I which is constant in § has 
the form f+a where f is in N and a is its value in §. In particular, we see that 
every function 9% which vanishes in § belongs to 9%. Thus the relation be- 
tween the ideal 2 and the corresponding closed set § is that described in the 
theorem. The case where § =0, 2 = Mt may obviously be included under this 
statement. On the other hand, we can easily verify that, if § is an arbitrary 
closed set in %, the class of all functions in 9% which vanish in § is a closed 
ideal %. Thus the correspondence between closed ideals M and closed sets § 
is biunivocal. 

In order to determine the nature of the quotient-ring I/MN, where N is a 
closed ideal, we consider the associated closed set §. We may discard the 
trivial case where § =0, N=M. When § 0, we define the correspondence 
ffs, where fx is obtained from a given function f in IM by restricting it to 
the closed set §. It is evident that this correspondence determines a homo- 
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morphism between Jt and a subring of the function-ring for §. Since f; 
vanishes in § if and only if f is in 2, we see that this subring is an isomorph 
of M/NR. Now if g is any continuous function in §, a fundamental theorem 
concerning normal spaces in general and bicompact H-spaces in particular 
shows that there exists a function f in M such that f;=g in §.* Hence the 
indicated subring is identical with the function-ring for §; and this function- 
ring is an isomorph of I2/N. We may remark that §, being closed in MR, is a 
bicompact H-space. 

The intersection or product of divisorless ideals is certainly an ideal; but, 
since the divisorless ideals in MN are closed in accordance with Theorem 75, 
it is also closed. On the other hand, if Jt is a closed ideal distinct from IM! and 
§ is the associated non-void closed set, we see that the divisorless ideals 
% containing Jt are precisely those determined by the points of § in accord- 
ance with Theorem 80. Obviously, f belongs to the product of such divisor- 
less ideals if and only if it vanishes in §; or, in other words, if and only if it 
belongs to 2. Hence ¥ is the product of the divisorless ideals which contain it. 

We pass now to the consideration of isomorphism and subrings. Here we 
merely summarize the results of Theorems 80-84 in somewhat different 
language. 


THEOREM 86. Two bicompact H-spaces are topologically equivalent if and 
only if their function-rings are analytically isomorphic. One bicompact H-space 
is a continuous image of another if and only if its function-ring is analytically 
isomorphic to an analytical subring of the function-ring of the other. 


Finally we shall state without proof an equivalent of Tychonoff’s im- 
bedding theorem for bicompact H-spaces.f 


THEOREM 87. Let ¢ be an arbitrary infinite cardinal number; let A be an 
arbitrary class of cardinal number c, for example, the class of all ordinal numbers 
preceding some suitable (even the first suitable) ordinal number w; let KR, be the 
class of all real functions t=t(a) defined over A, where 0Sr(a) <1; and let B, 
be the class of all sets in R, generated from the special sets W., specified by the 
inequalities p<t(a) <o where p and o are rational numbers, by the formation of 
finite intersections. By the assignment of cach non-void set belonging to B, as a 
neighborhood of every one of its points, R, becomes a bicompact H-space of charac- 
ter c. Every bicompact H-space of character not exceeding ¢ is topologically equiva- 
lent to a closed subset of R.; and its function-ring is a homomor ph of the function- 
ring of R., in the sense indicated in Theorem 85. 


* AH, pp. 73-76. 
t Tychonoff, Mathematische Annalen, vol. 102 (1930), pp. 544-561. 
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We point out the rather striking parallel between the results obtained in 
Theorems 85-87 for bicompact H-spaces and those obtained in Theorems 
4, 7, 9, 10 for Boolean spaces. From this observation, we may surmise that 
both groups of theorems have the same, essentially algebraic, origin. To dis- 
cover this common origin, if there be any, it would apparently be necessary 
to give an abstract characterization of function-rings. 

We turn now to the application of the theory of function-rings to prob- 
lems in the theory of extensions. Some of our results bring out the quite 
remarkable properties of the bicompact H-extension of a CR-space which we 
have already constructed in Theorems 78 and 79: for we can generalize the 
latter theorem in a quite complete way. We shall now state this generalization. 


THEOREM 88. Let Rt be a CR-space; let 2 be the bicompact strict H-extension 
of R constructed in Theorems 78 and 79; let T be a CR-space which is a continu- 
ous image of KR by virtue of a correspondence t=r(r); and let S be any bicompact 
immediate or strict H-extension of =. Then there exists a continuous univocal 
corres pondence 8=a(q) from Q to S which coincides in KR with r(r). In particu- 
lar, every bicompact immediate or strict H-extension of KR is a continuous 
image of Q. 

If fs is any function in the function-ring for S, the replacement of its 
argument by 7(r) yields-a function fs(7(r)) in the function-ring for By 
Theorem 79, the latter function can be extended in a unique way over the 
space © so as to yield a function fg in the function-ring for 2. By virtue of 
the fact that 9 and T are everywhere dense in Q and in © respectively, the 
correspondence fs—/g is seen to be an analytical isomorphism between the 
function-ring for S and a certain analytical subring of the function-ring for 
&. By Theorem 86 the space © is a continuous image of Q. We examine the 
relation between S and Q in greater detail. If N is the analytical subring 
consisting of the functions fg, we construct the space Qy» described in 
Theorem 81. The correspondence defined by fx(¥n(q)) =fa(q), 
is an analytical isomorphism between ® and the function-ring for Qy in 
accordance with Theorems 81 and 84. The function-rings for S and Qa, 
being analytically isomorphic to N, are analytically isomorphic to each other. 
The correspondence fy—fe therefore defines a topological equivalence 
Xn (q)<—> 8 between Qy and S as described in detail in Theorem 83. Thus the 
continuous correspondence from Q to © is obtained by eliminating X»(q) 
from the correspondences q+— Xy(q), ¥n(q)<—> 8. Fora point r in R, we have 
fSn(¥n(t)) =fa(v) =fe(7r(r)). Hence we see that the correspondence from Q to 
S carries r into r(r), as we wished to prove. 

If we take T=, we see that © is a continuous image of Q, as before. 
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Hence every bicompact immediate or strict H-extension S of 9 is a con- 
tinuous image of Q. 

By a quite similar argument we can now complete the information ob- 
tained in Theorem 77. 


THEOREM 89. If a CR-space T is a continuous image of a To-space KR, then I 
is also a continuous image of the associated CR-space R* constructed in The- 
orem 77. 


If f is any function in the function-ring for T and if 7 is the continuous 
correspondence from to T, then f(r(r)) is in the function-ring for 8; and 
the correspondence r—X(r) from 9 to M* carries it into a function f* in the 
function-ring for R*. If we place ¥(r) and t in correspondence whenever 
r—X(r) and r—t=7r(r), we see therefore that the antecedent of the set 
T(a<f<f) is the set R*(a<f*<@), in accordance with the relation 
f*(X(r)) =f(7(r)). If t: and te are distinct points in T, there exists a function f 
which belongs to the function-ring for T and has the properties f(t,) =0, 
f(te) =1. Since the sets T(—1/2<f<1/2), £(1/2<f<3/2) are disjoint, their 
antecedents 2*(—1/2<f* <1/2), R*(1/2 <f* <3/2) are likewise disjoint. It 
follows that the correspondence X(r)—>+t defined above is univocal. Since the 
sets T(a<f<f) constitute a basis for ZT, and since their antecedents 
MR*(a<f*<B) are open, the correspondence is also continuous. Hence this 
correspondence represents ZT as a continuous image of Jt* as well as of R. 

We shall now consider in some detail the nature of the bicompact im- 
mediate H-extensions of a CR-space and their connections with the mapping 
theory. First, let us consider a modification of Theorems 78 and 79. 


THEOREM 90. If Ris a CR-space of infinite character c, then R has a bicom- 
pact immediate, and hence strict, H-extension Q of the same character c. 


In the given space St, there exists a basis of cardinal number c consisting 
of sets R(a<f<f) where f belongs to the function-ring I for KR. The associ- 
ated functions f constitute a subclass 2 of I with cardinal number not ex- 
ceeding c. If Q is the bicompact immediate /-extension of 3t constructed in 
Theorems 78 and 79, every function in 9 can be extended from # to OQ in 
accordance with Theorem 79. By this extension, Yi and N are replaced by 
Mo, the function-ring for Q, and a subclass ¥=No respectively. The con- 
struction of Theorem 81 yields a bicompact H-space Qg which is a continu- 
ous image of Q by virtue of a correspondence q—>Xg(q). This correspondence 
carries [ into a subclass Ng of the function-ring Mg for Qy. The analytical 
subrings generated by $ and Ng respectively are analytically isomorphic 
under this correspondence; and Theorem 84 shows that the analytical subring 
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generated by Ng coincides with Mig. If we refer to Theorem 82, we see that 
the sets Qg(a<fg <8), fgeMy, where a and # are unrestricted real numbers, 
constitute a basis for Qg. Obviously, we may restrict a and £ to be rational 
without disturbing the stated property. Since the cardinal number of Ng 
does not exceed c, we infer that the character of Qg does not exceed c. It is 
evident that the correspondence from © to Qg carries Rt, which is an every- 
where dense subset of 2, into a set Itg everywhere dense in Qg. Since the 
correspondence q—Xg(q) carries f(q) into fg(¥g(q)), we see that q=re® implies 
f(t) Xg(v)eMy. Hence the sets R(a<f<) are carried into the 
sets Ry(a<fy <8) whenever feM and fgeNy. We infer that the correspondence 
r—X,(r) carries 2 into Rg biunivocally and bicontinuously. Hence ® and Rg 
are topologically equivalent. Since the character of Mg is c, the character of 
Qig is not less than c. Thus Qg is the desired extension. 

We now return to the direct study of Boolean maps with particular refer- 
ence to CR-spaces. 


THEOREM 91. Jf Nis a To-space with a Boolean map m(R, B, X) in which 
X is a subfamily of a continuous covering family Z, then it is a CR-space. 


By Theorem 22, the space © defined by topologizing the family Z is a 
continuous image of 8; and © is therefore a bicompact H-space in accord- 
ance with Theorem 72. Since Q contains ® as a subspace, it follows that R 
is a CR-space. 


THEOREM 92. In a CR-space ®, let G be a basis consisting of sets R(a<f <B) 
where, for each f, the corresponding real numbers a and 8 are allowed to range 
over sets everywhere dense in R; and let A be the basic ring for R generated by G’. 
If m(R, B, X) is the algebraic map defined by A, then there exists a continuous 
covering family Z in 8 which contains X as a subfamily. The topological space 
2) defined by Z is a bicompact immediate H-extension of KR. Similarly, if 
m(R, B, X) is the irredundant (algebraic) map generated by A through the 
processes described in Theorems 61-63, the family X can again be imbedded 
as a subfamily in a continuous covering family Z. 


We start the proof with a construction like that employed in Theo- 
rem 90, using the class % of all functions f occurring in the given basis-sets 
R(a<f<f). Thus we imbed % as an everywhere dense set in a bicompact 
H-space Og, in such a way that every function f in N can be extended con- 
tinuously from to asa function fy. The sets Og(a<fg <8) where feN 
then constitute a basis for Qg; and this statement remains true even if the 
numbers a@ and 6 corresponding to each function fg are restricted to every- 
where dense sets in R. Thus each set 3t(a <f<@) determines a corresponding 
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set Og(a<fg<f), the latter sets constituting a basis Gy in Og. Since 
ROg(a<fg<B) =R(a<f<f), we see that the basic ring Ag for Qg gener- 
ated by the basis Gy is related to A in the manner described in Theorem 39 
for the rings A and B respectively. Hence we can apply Theorem 40 to the 
study of the maps generated by Ag and A. Since # is a CR- and hence an 
SR-space, Og is a strict H-extension of # in accordance with Theorem 65. 
Thus we see that the map generated by Ag can be simplified by the removal 
of the set &(6) corresponding to the ideal 6 of those members of Ag which 
are nowhere dense subsets of Rt’. The resulting map is equivalent to one 
obtained from m(R, 8, X) by augmenting the family X. We thus have a 
map m(Qg, %, Z). In order to prove the present theorem, it is thus sufficient 
to show that Z is a continuous covering family. We know that the sets in 
the family Z are disjoint by virtue of the fact that Qg is an H-space. Using the 
bicompactness of Qg, we can prove that Z covers B. Evidently, we can re- 
turn to the original map m(Qg, (Ag), Y) and prove instead that Y covers 
(Ag). If there exists a point p in €(Ag) which belongs to no set in Y, we can 
construct for each set 9) in Y a set &(a), aeAg, such that 9) ¢ E(a), peE’(a). 
Since the elements @ thus obtained constitute a family of subsets of Og with 
the property that their interiors cover Qg, we see that it is possible to select 


among them certain ones @,---,@n, such that --- 
va,'~’>Qgy. Since the relation --- va,=Qg implies peG(Ag) = 
E(a,v --- van)=€(a,)u--- uG(a,), we reach a contradiction. Thus Y 


covers G(Ag), and Z covers B. Using the fact that Qg is necessarily an 
R-space in accordance with Theorem 71, we can now prove that the family Z 
is continuous. Since Ag contains the basis Gy for the R-space Qg, Theorem 
69 shows that in the map m(Qg, E(Ag), Y) the family Y is continuous. 
Accordingly, Qg is a continuous image of the bicompact Boolean space 
(Ag) as we see by reference to Theorem 22. It follows that the removal of 
the set €(b) from €(Ag) leaves Og a continuous image of the set &’(b). Hence 
the map m(Qg, %, Z) represents Og as a continuous image of B. The family 
Z is therefore continuous in accordance with Theorem 22. 

Since Qg and St are both CR-spaces, we can also remove from $= G(A) 
the set €(a) corresponding to the ideal a of all nowhere dense sets in A, as 
described in Theorem 65. We thus obtain maps m(Qg,G’(a),Z) and 
m(R, E’(a), X) where Z is an extension of the family X. It is evident that Z 
covers &’(a); and the argument used above can be applied again to show that 
Z is continuous. 

Theorems 91 and 92 show that the CR-spaces are precisely those which 
have certain Boolean maps with the property that the family X can be ex- 
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tended to yield a continuous covering family Z. In order to complete the 
theory, we consider the problem of constructing such an extension in an 
arbitrary Boolean map. 


THEOREM 93. If m(R, B, X) is an arbitrary Boolean map of a To-space R 
and if I is the function-ring for B, then the class N of all functions in M which 
are constant in each set of the family X is an analytical subring of M. The 
space By constructed by the processes described in Theorem 81 is a continuous 
image of B defined by the Boolean map m(Sy, B,Xy). Each set ¥ in X is con- 
tained in a unique set Xp in Xp; and the correspondences r—X(r)—Xy, where 
X(r) CX, determine a continuous image of KR in By. In order that there exist a 
continuous covering family Z in 8 which contains the family X as a subfamily, 
it is necessary and sufficient that ¥ CXy imply X=Xy; when this condition is 
satisfied, the family Z may be taken as Z=Xy. 


The class 2% can be constructed in the following way. If X is any set in X, 
it is closed. As in the proof of Theorem 85, we see that the class 2t(X) of all 
functions in 2 which are constant in X is an analytical subring. It is obvious 
that M is the intersection of all the analytical subrings 9t(%). Hence M is 
also an analytical subring; that is, it is a closed subring which contains every 
constant function. We can now construct Xn=Xx(p), Xn, and By, as de- 
scribed in Theorem 81: It is evident from the construction of Jt that peX 
implies ¥ ¢ Xy(p). In Theorem 81, we saw that the correspondence p—X»(p) 
from $ to By is univocal and continuous; and Theorem 22 shows that this 
correspondence defines a Boolean map m(Sy, B, Xm). If we place Xy in corre- 
spondence with ¥ whenever ¥ ¢Xy, we obtain a univocal correspondence 
carrying 8 into a subspace of By; we identify 2 with the family X, topol- 
ogized in the usual way, of course. This correspondence can also be obtained 
by restricting the continuous correspondence a, from $ to By, to the union 
S(X) of all the sets in X. This description of the correspondence shows im- 
mediately that it is continuous. 

From the results already obtained, it is clear that the family Xy is a 
continuous covering family. Hence, if ¥ ¢ Xy implies ¥ =X», we can obtain a 
continuous covering family Z which contains X merely by taking Z7=X». 
On the other hand, if X has such an extension Z, we impose upon Z the usual 
topology, obtaining a bicompact H-space Q: for Theorem 22 shows that O 
is a continuous image of 8; and Theorem 72 then shows that © is a bicom- 
pact H-space. If p is the correspondence from % to © and if f is any function 
in the function-ring for OQ, then f(p(p)) is a bounded continuous function in 
% which is constant in each set 8. Since, in particular, f(p(p)) is constant in 
each set X, it belongs to the class % discussed above. Since Q is a bicompact 
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H-space, it is a CR-space. Hence f can be chosen so as to assume distinct 
values in any two distinct points which we may prescribe. Consequently, the 
corresponding function f(p(p)) may be chosen so as to assume distinct values 
in any two distinct sets in Z which we may prescribe. It follows that each set 
8 contains a set Xy. In particular, we infer that X¥ ¢ Xy implies X =Xy, as we 
wished to show. 


HARVARD UNIVERSITY, 
CAMBRIDGE, Mass. 


ERRATA, VOLUME 41 


A. P. Morse, Convergence in variation and related topics, pp. 48-83. 

Page 55, line 4. Instead of f’(¢)=y read | f’(t)| =u. 

Page 55. In the fourth line of the four line display replace — by +. 

Page 62, Lemma 4.4. Property (iii) should read, if ¢ 7s any function in CC 
which is applicable to f, then $ is applicable togand---. 

Also in Lemma 4.4, the last member of the first line which defines A(t) 
should read | @:f(t)—@:f(t—)|. 

Page 64. In the statement of Lemma 4.5 and Corollary 4.1, replace g by f. 

Page 74. In the second line of the statement of Theorem 5.8, replace 
(0, 1] by [0, ¢]. 

Page 80. The displayed line in the statement of Theorem 8.2 should be 
the same as the corresponding line in Theorem 8.3. 


OYSTEIN ORE, On the theorem of Jordan-Holder, pp. 266-275. 

In line 1, p. 274, there is a disturbing misprint. Theorem 7 is a conse- 
quence of Theorem 1, not of Theorem 5 as stated. It is essential that the 
conditions for Theorem: 5 are not satisfied in this case. A simple calculation 


shows however that the conditions for Theorem 1 are fulfilled. 
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